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1 Ú ó

é¡5�n´ÔnÆ¥p�g�{K��, 3
©ÛåÆuÐL§¥, ^é¡5�{ïÄÄåÆX
Ú�ÅðþÓâX�~­��/  [1,2]. Cc5,

'uÄåÆXÚ� Noether é¡5!Lie é¡5!
/ªØC5��ïÄ®²É��þ'5 [2]. Ï¦
ÄåÆXÚ�Ù¦é¡5�ïÄ�kÐm, X La-

grange é¡5!�/ØC5�. Galiullin � [3] 3ï
Ä Birkhoff XÚ�, �Ñ
�/ØC5Ú�/Ïf
�Vg, ¿�ïá
�/ØC5�Åðþ�m�'
X. Cc5, ÆöéØÓåÆXÚe�/ØC5�
Ù¦é¡5�m�'X�L�
ïÄ [4−10]. �C,

o�¯ [10] ïÄ
C�þ���åÆXÚ��/
ØC5, ©¥?Ø
�/ØC5� Lie é¡5�'
X, ±9ÏL Noether é¡5�Ñ� Noether Åð
þ, �Ù©¥�JÑ�õ�'u�/ØC5ÚÙ¦
é¡5�m�'X. �©KÄk�ÑC�þ��X
Ú�/ØC5�½ÂÚ(½�§, 2ïÄ
XÚ�
�/ØC5� Noether é¡5!Lie é¡5nö�
m�'X!�Ñ�/ØC5Ó´Ù¦é¡5�^
�, ¿�é�
�/ØC5��� Noether Åðþ

Ú Hojman Åðþ.

2 C�þ��XÚ��/ØC5

b�XÚd N ��:|¤, 3�� t, 1 i ��
:��þ� mi(i = 1, · · ·, N), 3�� t + dt, d�
:©l (½¿\) ��â�þ� dmi. b�XÚ� 
/d n �2Â�I qs(s = 1, · · · , n) 5(½, ¿�
�:�þ�6�mÚ2Â�I

mi = mi(t, q), (i = 1, · · · , N), (1)

C�þ��åÆXÚ�$Ä�©�§�L«�
d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + Ps, (s = 1, · · · , n), (2)

L=L(t,q,q̇) �XÚ� Lagrange ¼ê,Qs=Qs (t,q, q̇)

��³2Âå,Ps �2Â�íå,

Ps = ṁi[ui + ṙi] ·
∂ri

∂qs
− 1

2
ṙi · ṙi

∂mi

∂qs
, (3)

Ù¥ ri Ú ṙi ©O�1 i ��:�¥»Ú�Ý,ui �
�â�é1 i ��:��é�Ý.Ðm�§ (2), k

Askq̈k + Bs − Qs − Ps = 0, (s, k = 1, 2, · · · , n),
(4)
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Ù¥

Ask =
∂2L

∂q̇s∂q̇k
, Bs =

∂2L

∂q̇s∂qk
q̇k+

∂2L

∂q̇s∂t
− ∂L

∂qs
. (5)

b�XÚ (2) �ÛÉ, =�

det(
∂2L

∂q̇s∂q̇k
) 6= 0, (6)

d�§ (2) ��Ñ

q̈s = αs(t, q, q̇). (7)

Ú?�mÚ2Â�I�Ã��C�

t∗ = t + ∆t, q∗s(t∗) = qs(t) + ∆qs,

(s = 1, · · · , n), (8)

½ÙÐmª

t∗ = t + εξ0(t, q, q̇), q∗s(t∗) = qs(t) + εξs(t, q, q̇),

(s = 1, · · · , n), (9)

Ù¥ ε �Ã��ëê,ξ0, ξs �Ã��)¤�. �Ã
��)¤��þ

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
. (10)

�g*Ð�

X(1) = X(0) + (ξ̇s − q̇sξ̇0)
∂

∂q̇s
, (11)

�g*Ð�

X(2) = X(1) + [(ξ̇s − q̇sξ̇0)· − q̈sξ̇0]
∂

∂q̈s
. (12)

-
Fs = Askq̈k + Bs − Qs − Ps. (13)

½½½ ÂÂÂ � � � © � § Fs, 3 Ã � � ) ¤
� ξ0(t, q, q̇), ξs(t, q, q̇) �C�e, e÷v^�

X(2)Fs = `k
sFk, (14)

K¡���©�§��/ØC, �AØC5�XÚ
��/ØC5, `k

s ´��?¿�òzÝ
, ¡��
/Ïf.

3 C � þ � � X Ú � � / Ø C 5
� Noether é¡5

Noether é¡5´ Hamilton �^þ3Ã��C
� (8) �^e��«ØC5. Noether nØ�Ñ, X
J�35�¼ê GN = GN(t, q, q̇) ¦Ã��)¤
� ξ0,ξs ÷v Noether �ª [2]

Lξ̇0+X(1)(L)+(Qs+Ps)(ξs−q̇sξ0)+ĠN = 0, (15)

ù«ØC5�C�þ��XÚ� Noether é¡5.

···KKK 1 éuC�þ��åÆXÚ, XJÃ��
C� (8) �AuXÚ� Noether é¡5, ��/Ï
f `k

s �

`k
s = Es(ξk − q̇kξ0), (s, k = 1, · · · , n), (16)

�÷v^�

(
∂

∂qs
(Qk + Pk) − ∂

∂qk
(Qs + Ps) −

d
dt

∂

∂q̇s
(Qk + Pk)

)
(ξk − q̇kξ0)

−
(

∂

∂q̇k
(Qs + Ps) +

∂

∂q̇s
(Qk + Pk)

)
(ξ̇k − q̇kξ̇0 − q̈kξ0) = 0. (17)

KÃ��C� (8) ´�/ØC�, =�/ØC5�(½�§�

X(2)Fs = Es(ξk − q̇kξ0)Fk. (18)

yyy²²²

X(2)Fs − Es

{
Lξ̇0 + X(1)(L) + (Qk + Pk)(ξk − q̇kξ0) + ĠN

}
= X(2){Es(L)} − X(1)(Qs + Ps) − Es

{
Lξ̇0 + X(1)(L) + (Qk + Pk)(ξk − q̇kξ0) + ĠN

}
= − d2

dt2

[
∂L

∂q̇k

∂ξk

∂q̇s
−

(
∂L

∂q̇k
q̇k − L

)
∂ξ0

∂q̇s
+

∂GN

∂q̇s

]
+Es(ξk − q̇kξ0)Ek(L) − X(1)(Qs + Ps) − Es[(Qk + Pk)(ξk − q̇kξ0)]

+
(

∂ξk

∂q̇s
− q̇k

∂ξ0

∂q̇s

)
(Q̇k + Ṗk)

= Es(ξk − q̇kξ0)[Ek(L) − Qk − Pk] + Es(ξk − q̇kξ0)(Qk + Pk)

−X(1)(Qs + Ps) − Es[(Qk + Pk)(ξk − q̇kξ0)] +
(

∂ξk

∂q̇s
− q̇k

∂ξ0

∂q̇s

)
(Q̇k + Ṗk)
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= Es(ξk − q̇kξ0)[Ek(L) − Qk − Pk] +
{(

∂

∂qs
(Qk + Pk) − ∂

∂qk
(Qs + Ps) −

d
dt

∂

∂q̇s
(Qk + Pk)

)
(ξk − q̇kξ0)

−
(

∂

∂q̇k
(Qs + Ps) +

∂

∂q̇s
(Qk + Pk)

)
(ξ̇k − q̇kξ̇0 − q̈kξ0)

}
. (19)

e

(
∂

∂qs
(Qk + Pk) − ∂

∂qk
(Qs + Ps) −

d
dt

∂

∂q̇s
(Qk + Pk)

)
(ξk − q̇kξ0)

−
(

∂

∂q̇k
(Qs + Ps) +

∂

∂q̇s
(Qk + Pk)

)
(ξ̇k − q̇kξ̇0 − q̈kξ0) = 0, (20)

K� `k
s � `k

s = Es(ξk − q̇kξ0),(s, k = 1, . . . , n),
= (19) ª�

X(2)Fs − Es(ξk − q̇kξ0)Fk

=Es

{
Lξ̇0 + X(1)(L)

+(Qk+Pk)(ξk−q̇kξ0)+ĠN

}
. (21)

dª�C�þ��XÚ3Ã��C� (8) e��
�­�'X. Ïd, XJÃ��C� (8) �AuXÚ
� Noether é¡5, =÷v Noether �ª (15) 9^
� (17), Kk

X(2)Fs = Es(ξk − q̇kξ0)Fk. (22)

d½Â��, Ã��C� (8) ´�/ØC�. y..

íííØØØ 1 XJÃ��C� (8) �AuC�þ�
�XÚ´�/ØC�, ��÷v^� (17), KÃ�
�C��´ Noether é¡�. éudXÚ, XJÃ�
�)¤� ξ0,ξs ´ Noether é¡5�, � ξ0, ξs, Qs,

Ps ÷v^� (17), K)¤� ξ0, ξs 7´ Lie é¡5
� [2]. XJØ÷v^� (17), KØ´ Lie é¡5�.

�eÃ��C� (8) �éuXÚ´�/ØC�, �

÷v^� (17), KÃ��C��7´ Lie é¡5�.

···KKK 2 éuC�þ��XÚ, XJÃ��C
� (8) �)¤�÷v Noether �ª (15) 9^� (17),

KdXÚ��/ØC5��� Noether Åðþ, /
X

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) + GN = const. (23)

4 C�þXÚ��/ØC5� Lie é
¡5

�©�§3+�Ã��C�e�ØC5�
� Lie é¡5, �C�þ��åÆXÚ�§� Lie

é¡5�(½�§�L«� [2]

X(2)[Es(L)] = X(1)(Qs) + X(2)(Ps), (24)

�Ò´
X(2)Fs|Fs=0 = 0. (25)

²Lí� [9], �n��

X(2)Fs − X(2)Fs|Fs=0 = Br
sFr, (26)

Br
s = Ask

[
∂2ξk

∂t∂q̇m
+

∂2ξk

∂ql∂q̇m
q̇l +

∂ξk

∂qm
+

d
dt

∂ξk

∂q̇m
− q̇k[

∂2ξ0

∂t∂q̇m
+

∂2ξ0

∂ql∂q̇m
q̇l +

∂ξ0

∂qm
+

d
dt

∂ξ0

∂q̇m
]
]

Amr

−2δr
s ξ̇0 + (

∂ξk

∂q̇m
− q̇k

∂ξ0

∂qm
)Amr ∂(Bs − Qs − Ps)

∂q̇k
+ X(0)(Ask)Akr. (27)

···KKK 3 éuC�þ��XÚ, Ù�/ØC5Ó�q´ Lie é¡5�¿©7�^�´Ã��)¤� ξ0,

ξs ÷v

`k
s = Br

s = Ask

[
∂2ξk

∂t∂q̇m
+

∂2ξk

∂ql∂q̇m
q̇l +

∂ξk

∂qm
+

d
dt

∂ξk

∂q̇m
− q̇k[

∂2ξ0

∂t∂q̇m
+

∂2ξ0

∂ql∂q̇m
q̇l +

∂ξ0

∂qm
+

d
dt

∂ξ0

∂q̇m
]
]

Amr

−2δr
s ξ̇0 + (

∂ξk

∂q̇m
− q̇k

∂ξ0

∂qm
)Amr ∂(Bs − Qs − Ps)

∂q̇k
+ X(0)(Ask)Akr. (28)
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íííØØØ 2 XJÃ��C� (8) �AuC�þ
��XÚ´ Lie é¡5, ��35�¼ê GN =
GN(t, q, q̇) ¦÷v Noether �ª (15), K Lie é¡5
´ Noether é¡5. eØ÷v, KØ´ Noether é¡
5 [2]. �eÃ��C� (8) �éuXÚ´�/ØC
�, �÷v¿�^� (28) Ú Noether �ª (15), KÃ
��C��7´ Noether é¡5�.

···KKK 4 ��mØC�AÏÃ��C�

t∗ = t, q∗s(t∗) = qs(t) + εξs(t, q, q̇),

(s = 1, . . . , n), (29)

XJ3AÏÃ��C� (29) e, )¤� ξs ÷v
d
dt

d
dt

ξs =
∂αs

∂qk
ξk +

∂αs

∂q̇k

d
dt

ξk, (30)

Ù¥
d
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
, (31)

��3,¼ê µ = µ(t, q, q̇) ¦�
∂αs

∂q̇s
+

d
dt

lnµ = 0, (32)

K�/ØC5Ó�´ Lie é¡5, ¿�±�� Hoj-

man Åðþ,

IH =
1
µ

∂

∂qs
(µξs) +

1
µ

∂

∂q̇s
(µ

d
dt

ξs) = const. (33)

5 �~

��C�þÄåÆXÚ� Lagrange ¼ê�

L =
1
2
m(t)(q̇2

1 + q̇2
2), (34)

Ù¥

m(t) = m0e−γt (γ = const.), (35)

�³2Âå

Q1 = 0, Q2 = q̇2 + q1q̇1, (36)

db��â©l�ýé�Ý�", d (3) ª�

P1 = P2 = 0. (37)

d�§ (13) �Ñ

F1 = m(q̈1 − γq̇1),

F2 = m[q̈2 − γq̇2 −
1
m

(q̇2 + q1q̇1)], (38)

�Ã��)¤�

ξ0 = 0, ξ1 = 0, ξ2 = (mq̇2 − q2 −
1
2
q2
1)

2 (39)

�,

X(2) = ξ2
∂

∂q2
+ ξ̇2

∂

∂q̇2
+ ξ̈2

∂

∂q̈2
, (40)

@o

X(2)F = m

(
ξ2

∂

∂q2
+ ξ̇2

∂

∂q̇2
+ ξ̈2

∂

∂q̈2

)  q̈1 − γq̇1

q̈2 − γq̇2 −
1
m

(q̇2 + q1q̇1)


= m

 0

−2(2γm + 1)(mq̇2 − q2 −
1
2
q2
1)[q̈2 − γq̇2 −

1
m

(q̇2 + q1q̇1)]


= m

 0 0

0 −2(2γm + 1)(mq̇2 − q2 −
1
2
q2
1)

  q̈1 − γq̇1

q̈2 − γq̇2 −
1
m

(q̇2 + q1q̇1)

 . (41)

Ïd�/Ïf�

`r
s =

 0 0

0 −2(2γm + 1)(mq̇2 − q2 −
1
2
q2
1)

 .

(42)

d·K 3 ��C�þ��ÄåÆXÚ�/ØC�
¿©7�^��

`r
s =

 0 0

0 −2(2γm + 1)(mq̇2 − q2 −
1
2
q2
1)

 ,

(43)

Ï��Ã��Cþ ξ0, ξs ÷v Lie é¡5�(½�

§ (30), d (32) ª�Ñ

2γ +
1
m

+
d̄
dt

lnµ = 0, (44)

�� µ ���)

µ = exp(−2γt − 1
m0γ

eγt). (45)

d (33) ª,(45) ª�� Hojman Åðþ

IH = −2(mq̇2 − q2 −
1
2
q2
1) = const. (46)

Noether �ª (15) �Ñ

(q̇2 + q1q̇1)ξ2 + ĠN = 0. (47)
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ò (39) ª�\ (47) ª�¦�

GN = −(q2 +
1
2
q2
1)(mq̇2 − q2 −

1
2
q2
1)

2. (48)

d·K 2 ��, ¤��Ã��C��éuXÚ
� Noether é¡5, ¿�¤��Ã��)¤� (39)

÷v^� (17), �)¤� (39) �AuXÚ� Noether

é¡5, ´�/ØC�, ��/Ïf�

`k
s =

 0 2q1(mq̇2 − q2 −
1
2
q2
1)

0 −2(γm − 1)(mq̇2 − q2 −
1
2
q2
1)

 , (49)

ò)¤� (39) Ú5�¼ê (48) �\ (23) ª, �

IN =
∂L

∂q̇2
ξ2 + GN = (mq̇2 − q2 −

1
2
q2
1)

3 = const.

(50)

6 ( Ø

C�þ��åÆXÚ3Ã��C�e�©�
§��/ØC5, �ÏL Noether é¡5é�(½
�§¥��/Ïf, �Ã��C�I÷v^� (17),

KXÚ´�5ØC�; ��ÏL Lie é¡5é�(
½�§¥��/Ïf, T�/Ïf�Ò´XÚ�
�/ØC5Ó�´ Lie é¡5�¿©7�^�. Ó
�Ã��C��éuXÚ´�/ØC�, e÷v^
� (17), K´ Lie é¡5�; e÷v¿�^� (28)

Ú Noether �§ (15), K´ Noether é¡5�. ù
�, �Ò��C�þ��XÚd�/ØC5��
� Noether ÅðþÚ Hojman Åðþ, ïá
�/Ø
C5�Åðþ�m�'X.
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Conformal invariance, Noether symmetry and Lie
symmetry for holonomic mechanical system with

variable mass

Chen Rong Xu Xue-Jun†
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Abstract

The conformal invariance of holonomic mechanical system with variable mass is studied. Firstly, the definition of conformal

invariance for holonomic mechanical system with variable mass is given; secondly, the relation between the conformal invariance and

the Noether symmetry is discussed, and the Noether conserved quantity led by the conformal invariance is obtained; finally, the relation

between the conformal invariance and the Lie symmetry is discussed, and the Hojman conserved quantity caused by the conformal

invariance of the systems is obtained. In the paper, an example is given to illustrate the application of the results.

Keywords: variable mass holonomic system, conformal invariance, conformal factor, conserved quantity
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