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1 Ú ó

3ó§+�¥2��3X�é=Ä��5Ä
åÆ�.. duù
�.  ¹kNõ��5Ï�,
äk��E,�ÄåÆ1�, Ïd&?Ù)��3
5Ú½5!Ï¦ØÓÄå�A)�L�ªäk
��nØ¿ÂÚA^d�.

Cc5, =ÄXÚ�éØ©ÛåÆ�ïÄFª
¹�, NõÆö�åu&¢$^y�êÆ¥��«
�{ïÄ�é=Ä��5ÄåÆ¯K, ®k�
ï
Ä¤J¯ [1−8]. Ù¥©z [1] ^©Û�{ïÄ

��5ÄåXÚ�ï�, &?
õgdÝXÚ�Ä
åÆ1�.©z [2, 3] ^õºÝ{ïÄ
	6-y
e�é=Ä��5ÄåXÚ, ©O��
�'XÚ
�AaØÓ���Ae�Cq). ©z [4, 5] A^
CþFÝ{Ú²þz{ïÄ
õª-ye���
5�é=ÄÄåXÚ, ©O��
�'XÚ3�

|Ü�Å�Ae�Cq)Ú|Ü��©�). ©
z [6, 7] ^ÓÔN��{Ú Yoshizawa ���5X
Ú±Ï)nØ, ïÄ
äk��r½±Ïå���
é=Ä��5ÄåÆ�., ©O��
�'�.�

?¿�Cq)Ú�Ag£XÚ��4����3
5±9½5^�.©z [7] |^ Melnikov �{ï
Ä
�a�é=Ä��5ÄåXÚ�·bLy, �
Ñ
·bu)�7�^�.

3��5¯K�ïÄ¥, $^y�êÆ�Ø
Ó�{&¢)û�Æ�+�¥ZyÑ���5�
.´A^êÆ.�~'5���¯K. Ø
þã
�{�	, Cc5�5z{!>.�?�{!
��{!L-P (Lindstcdt-Poincare) �{!Ü¤Ðm
{�3)û¢S�.�L§¥��±uÐÚ`
z [9−16]. �ö|^þã�{�&?
�
a.�
��5¯K [17−20].

3�é=Ä��5ÄåXÚ�ïÄ¥,�
)
ûdu)�L�ª¥�3�Ï�K�)·^�
��¯K,  �éXÚu)�,«a.�ü��
�, �Ø�Ï�¼�k�Cq). ���¿©5¿
�´: 3õª-ye���5XÚ�),�«��
�, 3·��^�e, XÚÙ¦��
���¬Ó
�u). ÏdïÄXÚÓ�u)õ«���^�,
&?3õ«��Ó�u)��.Cq)�L�ª
äknØ¿ÂÚA^d�. �©^�ÄnØ&?�
aõª-yeäk��5�5åÚ�{å���
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þ�é=Ä��5ÄåÆ�., ïÄ¦ØÓ��Ó
�u)�	-yªÇ��^�, ¿^�5z�{
�Ñ3�A^�eõ«��Ó�u)�)��
5ìCL�ª.

éu�é=ÄÄåXÚ, 3ó§¥4�'5�
´�é=��Cz. P�é=��� y = ϕ2 − ϕ1,
Ù¥ ϕi Ú ϕ̇i, i = 1, 2 ©O�ü�8¥�þ�=�
Ú=� [3,4]. 3©z [3, 4] ¥�.�Ä:þ, ±e�
Ä�a��2����þ�é=Ä��5ÄåÆ
�.:

y′′(t) + ω2
0y(t) + ε(αy′(t) + βy

′3(t) + γy3(t))

=
2∑

i=1

Ai cos(ρit + ϕi) + ε

2∑
j=1

Bj cos(σjt + ψj),

(1)

Ù¥ ω2
0y(t)+εγy3(t)���5�5å�, ε(αy′(t)+

βy
′3(t))���5�{å�, ω0, α, β, γ, ϕi, ψj , Ai,

Bj ��~ê, i = 1, 2, j = 1, 2, ε����ëê. 	
-yªÇ÷v

[H1] ρi 6= ω0, ρ1 < ρ2, i = 1, 2,

[H2] σj 6= ω0, σ1 < σ2, j = 1, 2.

2 Ì�(J

2.1 ���§§§ (1) ���===zzz

� τ = ω(ε)t, Kk

d
dt

= ω
d
dτ

,
d2

dt2
= ω2 d2

dτ2
. (2)

ò (2) ª�\ (1) ª, �

ω2y′′(τ) + ω2
0y(τ) + ε(αωy′(τ)

+ βω3y′3(τ) + γy3(τ))

=
2∑

i=1

Ai cos(ρiτω−1 + ϕi)

+ ε
2∑

j=1

Bj cos(σjτω−1 + ψj). (3)

�

ω(ε) = 1 + εω1 + ε2ω2 + · · · , (4)

Ù¥ ωl, l = 1, 2, · · · ��½~ê. ¿��§ (3) )
�/ªL�ª�

y(τ) = y0(τ) + εy1(τ) + ε2y2(τ) + · · · . (5)

ò (4), (5) ª�\ (3) ª, '� ε �Óg�Xê, k

y′′
0 + ω2

0y0 =
2∑

i=1

Ai cos(ρiτ + ϕi), (6)

y′′
k + ω2

0yk = Qk(y′′
λ, y′

µ, yν , τ, ωl)

(k = 1, 2, · · · ), (7)

Ù¥ Qk(y′′
λ, y′

µ, yν , τ, ωl) ´ y′′
λ, y′

µ, yν , τ , ωl �ëY
¼ê, 0 6 λ, µ, ν < k, 1 6 l 6 k. ´�� k = 1 �,

Q1 = −2ω1y
′′
0 − αy′

0 − βy
′3
0 − γy3

0

+ ω1

2∑
i=1

Aiρi sin(ρiτ + ϕi)

+
2∑

j=1

Bj cos(σjt + ψj).

du Qk(k = 1, 2, · · · ) ¥äk'u y0 Ú y′
0 �

��5�, Ïd (7) ª�	-y�äkõ«/ª�
|ÜªÇ. � ρi(i = 1, 2) Ú σj(j = 1, 2) ���÷
v�½^��, Ù¥,
ªÇò���kªÇ ω0,
l¦�§�)¥�)�Ï�, =�)�A���
y�. ÏdI�é (7) ª¥�	-y�©a&?.

2.2 			 --- yyy ªªª ÇÇÇ ��� ��� ééé ))) ��� 555 ��� ÃÃÃ KKK
���������

d�àg�§nØ, �� (6) ª�Ï)�

y0 = C0 cos(ω0τ + θ)

+
2∑

i=1

Ai

ω2
0 − ρ2

i

cos(ρiτ + ϕi), (8)

Ù¥ C0 Ú θ�?¿~ê. d (7), (8) ª�

y′′
1 + ω2

0y1 =

{
2ω1

[
C0ω

2
0 cos(ω0τ + θ)

+
2∑

i=1

Aiρ
2
i

ω2
0 − ρ2

i

cos(ρiτ + ϕi)
]

+ α

[
ω0C0 sin(ω0τ + θ)

+
2∑

i=1

Aiρi

ω2
0 − ρ2

i

sin(ρiτ + ϕi)
]

+ ω1

2∑
i=1

Aiρi sin(ρiτ + ϕi)

+
2∑

j=1

Bj cos(σjτ + ψj)

}
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+

{
β

[
ω0C0 sin(ω0τ + θ)

+
2∑

i=1

Aiρi

ω2
0 − ρ2

i

sin(ρiτ + ϕi)
]3

− γ

[
C0 cos(ω0τ + θ)

+
2∑

i=1

Ai

ω2
0 − ρ2

i

cos(ρiτ + ϕi)
]3

}
= f1(τ) + f2(τ). (9)

� y′′
1 + ω2

0y1 = fp(τ)(p = 1, 2) � � A A
)� y1,p. �± e ? Ø � B, P (ω2

0 − ρ2
i )

−1 =
Ci(i = 1, 2). d^� [H1], [H2] ±9 f1(τ) �(
�, ´� y′′

1 + ω2
0y1 = f1(τ) �A)�

y1,1 =
{

ω0ω1C0τ sin(ω0τ + θ)

− 1
2
αC0τ cos(ω0τ + θ)

}
+

{ 2∑
i=1

Aiρ
2
i C

−2
i cos(ρiτ + ϕi)

+
2∑

i=1

AiρiC
−1
i (ω1 + αC−1

i ) sin(ρiτ + ϕi)
}

+ ω1

2∑
j=1

BjG
−1
j cos(σjτ + ψj)

= y1,1,1 + y1,1,2 + y1,1,3, (10)

Ù¥ y1,1,1 ��Ï�, y1,1,2 Ú y1,1,3 ©O��-y
ªÇ ρi Ú σj �'���Ï�, i, j = 1, 2.

f2(τ) d�
|ÜªÇ� 2ω0−ρi, ω0±ρi±ρj ,
ρi ± ρj ± ρk ���¤, 5¿�3^� [H1] e ρi �
��Eäk¿©�gd, Ïdù
|ÜªÇ��k
ªÇ ω0 mäk��E,�'X. Ïdò f2(τ) ��
�?1©a:

f2(τ) = β

[
ω0C0 sin(ω0τ + θ)

+
2∑

i=1

AiCiρi sin(ρiτ + ϕi)

]3

− γ

[
C0 cos(ω0τ + θ)

+
2∑

i=1

AiCi cos(ρiτ + ϕi)

]3

= f2,1(τ) + f2,2(τ) + f2,3(τ), (11)

Ù¥ f2,k(τ), k = 1, 2, 3 ©OL«ªÇw� ω0 �
�!éAu ρi(i = 1, 2) �?¿��¤�)�|Ü
ªÇðØ� ±ω0 ��!éA ρi(i = 1, 2) �ØÓ�
�, �A�)�|ÜªÇI�?Ø´Ä� ±ω0��.

d (11) ª�

f2,1(τ) = β

{
3
2
C0ω0

2∑
i=1

A2
i C

2
i sin(ω0τ + θ)

+C3
0ω3

0

3
4

sin(ω0τ + θ)
}

− γ

{
3
2
C0

2∑
i=1

A2
i C

2
i cos(ω0τ + θ)

+C3
0

3
4

cos(ω0τ + θ)
}

.

du f2,1(τ) ¥���ªÇþ� ω0, �ù
�þ¦
�§ y′′

1 + ω2
0y1 = f2,1(τ) �)¥�)�Ï�. ´

� y′′
1 + ω2

0y1 = f2,1(τ) �)�

y1,2,1 = −β

[
3
8
ω2

0C
3
0τ cos(ω0τ + θ)

+
3
4
C0

2∑
i=1

A2
i C

2
i τ cos(ω0τ + θ)

]

− γ

[
3
8
ω−1

0 C3
0τ sin(ω0τ + θ)

+
3
4
C0ω

−1
0

2∑
i=1

A2
i C

2
i τ sin(ω0τ + θ)

]
= y1,2,1(1) + y1,2,1(2), (12)

Ù¥ y1,2,1(1) Ú y1,2,1(2) ©O�� β Ú γ �'�
�Ï�.

d (11) ª�

f2,2(τ) = β

{
−1
4

C3
0ω3

0 cos(3ω0τ + 3θ)

+
3
2
C2

0ω2
0

2∑
i=1

AiCiρi sin(ρiτ + ϕi)

− 3
4
C2

0ω2
0

2∑
i=1

AiCiρi

× sin((2ω0 + ρi)τ + (2θ + ϕi))

− 3
4
C0ω0

2∑
i=1

A2
i C

2
i ρ2

i

× [sin((ω0 + 2ρi)τ + (θ + 2ϕi))

+ sin((ω0 − 2ρi)τ + (θ − 2ϕi))]

− 3
2
C0ω0A1A2C1C2ρ1ρ2
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× [sin((ω0 + ρ1 + ρ2)τ + (θ + ϕ1 + ϕ2))

− sin((ω0 − ρ1 + ρ2)τ + (θ − ϕ1 − ϕ2))]

+
3
4

2∑
i=1

A3
i C

3
i ρ3

i sin(ρiτ + ϕi)

+
3
2
A1A2C1C2ρ1ρ2 [A1C1ρ1 sin(ρ2τ + ϕ2)

+A2C2ρ2 sin(ρ1τ + ϕ2)]
}

− γ

{
C3

0

1
4

cos(3ω0τ + 3θ)

+
3
2
C2

0

2∑
i=1

AiCi cos(ρiτ + ϕi)

+
3
4
C2

0

2∑
i=1

AiCi cos ((2ω0 + ρi)τ

+(2θ + ϕi))

+
3
4
C0

2∑
i=1

A2
i C

2
i [cos ((ω0 + 2ρi)τ

+(θ + 2ϕi))

+ cos((ω0 − 2ρi)τ + (θ − 2ϕi))]

+
3
2
C0A1A2C1C2 [cos ((ω0 + ρ1 + ρ2)τ

+(θ + ϕ1 + ϕ2)) + cos ((ω0 − ρ1 + ρ2)τ

+ (θ − ϕ1 − ϕ2))]

+
3
4

2∑
i=1

A3
i C

3
i cos(ρiτ + ϕi)

+
3
2
A1A2C1C2 [A1C1 cos(ρ2τ + ϕ2)

+A2C2 cos(ρ1τ + ϕ2)]
}

.

du3^� [H1] e, ÃØ ρi(i = 1, 2) N�
��, 7k (2ω0 + ρi) 6= ±ω0, (ω0 ± 2ρi) 6= ±ω0,
(ω0 + ρ1 + ρ2) 6= ±ω0, (ω0 − ρ1 + ρ2) 6= ±ω0, u´
d�àg�5�§)�(�� f2,2(τ) ¥��þØ
¦�§ y′′

1 + ω2
0y1 = f2,2(τ) �)¥�)�Ï�.

�� B ± e ? Ø, � y′′
1 + ω2

0y1 = f2,2(τ)
�)�

y1,2,2 = y1,2,2(1) + y1,2,2(2), (13)

Ù¥ y1,2,2(1)� y′′
1 + ω2

0y1 = f2,2(τ) �)¥� β �
'��, y1,2,2(2)�� γ �'��.

|^n�¼êð�C/, d (9), (11), (13) ª�

y1,2,2(1) = β

{[
−1
4

C3
0ω3

0

(ω2
0 − 9ω2

0)
cos(3ω0τ + 3θ)

+
3
2
C2

0ω2
0

( 2∑
i=1

AiC
2
i ρi sin(ρiτ + ϕi)

−1
2

2∑
i=1

AiCiρi

(ω2
0 − (2ω0 + ρi)2)

× sin((2ω0 + ρi)τ + (2θ + ϕi))
)

− 3
4
C0ω0

2∑
i=1

A2
i C

2
i ρ2

i

(ω2
0 − (ω0 + 2ρi)2)

× sin((ω0 + 2ρi)τ + (θ + 2ϕi))

−3
4
C0ω0

2∑
i=1

A2
i C

2
i ρ2

i

(ω2
0 − (ω0 − 2ρi)2)

× sin((ω0 − 2ρi)τ + (θ − 2ϕi))

−3
2
C0ω0

A1A2C1C2ρ1ρ2

(ω2
0 − (ω0 + ρ1 + ρ2)2)

× sin((ω0 + ρ1 + ρ2)τ + (θ + ϕ1 + ϕ2))

+
3
2
C0ω0

A1A2C1C2ρ1ρ2

(ω2
0 − (ω0 − ρ1 + ρ2)2)

× sin ((ω0 − ρ1 + ρ2)τ + (θ − ϕ1 + ϕ2))
]

+
3
2
A1A2C

2
1C2

2ρ1ρ2

[
A1ρ1 sin(ρ2τ + ϕ2)

+
3
2
A2ρ2 sin(ρ1τ + ϕ1)

]
+

3
4

2∑
i=1

A3
i C

4
i ρ3

i sin(ρiτ + ϕi)

}
. (14)

aq/, d (9), (11), (13) ª�

y1,2,2(2) = −γ

{[
C3

0

1
4(ω2

0 − 9ω2
0)

cos(3ω0τ + 3θ)

+
3
2
C2

0

2∑
i=1

AiC
2
i cos(ρiτ + ϕi)

+
3
4
C2

0

2∑
i=1

AiCi

(ω2
0 − (2ω0 + ρi)2)

× cos((2ω0 + ρi)τ + (2θ + ϕi))

+
3
4
C0

2∑
i=1

A2
i C

2
i

(ω2
0 − (ω0 + 2ρi)2)

× cos((ω0 + 2ρi)τ + (θ + 2ϕi))

+
3
4
C0

2∑
i=1

A2
i C

2
i

(ω2
0 − (ω0 − 2ρi)2)

× cos((ω0 − 2ρi)τ + (θ − 2ϕi))
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+
3
2
C0

A1A2C1C2

(ω2
0 − (ω0 + ρ1 + ρ2)2)

× cos((ω0 + ρ1 + ρ2)τ + (θ + ϕ1 + ϕ2))

+
3
2
C0

A1A2C1C2

(ω2
0 − (ω0 − ρ1 + ρ2)2)

× cos ((ω0 − ρ1 + ρ2) τ + (θ − ϕ1 + ϕ2))

]
+

3
2
A1A2C

2
1C2

2 [A1 cos(ρ2τ + ϕ2)

+A2 cos(ρ1τ + ϕ1)]

+
3
4

2∑
i=1

A3
i C

4
i cos(ρiτ + ϕi)

}
. (15)

du (14) Ú (15) ª��þØ��Ï�, lþØ�
�u)��.

2.3 			 --- yyy ªªª ÇÇÇ ��� ��� ééé ))) ��� 555 ��� kkk KKK
���������

f2,3(τ) ¥���ªÇ��kªÇ ω0 �'X�
X ρi(i = 1, 2) �ØÓ��Cz. ��B?ØÚA
^, ±e©¤©O� β Ú γ �'�üÜ©.

d (11) ª� f2,3(τ) ¥� β �'���

f∗
2,3(τ) = β

{
3
4
ω2

0C
2
0

2∑
i=1

AiCiρi sin ((2ω0 − ρi)τ

+(2θ − ϕi)) −
3
2
ω0C0A1A2C1C2ρ1ρ2

× [sin((ω0 − ρ1 − ρ2)τ + (θ − ϕ1 − ϕ2))

− sin((ω0 + ρ1 − ρ2)τ + (θ + ϕ1 − ϕ2))]

− 1
4

2∑
i=1

A3
i C

3
i ρ3

i sin(3ρiτ + 3ϕi)

− 3
4
A2

1C
2
1ρ2

1A2C2ρ2

× [sin((2ρ1 + ρ2)τ + (2ϕ1 + ϕ2))

− sin((2ρ1 − ρ2)τ + (2ϕ1 − ϕ2))]

− 3
4
A2

2C
2
2ρ2

2A1C1ρ1

× [sin((2ρ2 + ρ1)τ + (2ϕ2 + ϕ1))

− sin((2ρ2 − ρ1)τ + (2ϕ2 − ϕ1))]
}

=
10∑

d=1

f∗
2,3,d(τ). (16)

aq/, � f2,3(τ) ¥� γ �'���

f∗∗
2,3(τ) = −γ

{
3
4
C2

0

2∑
i=1

AiCi cos ((2ω0 − ρi)τ

+(2θ − ϕi)) +
3
2
C0A1A2C1C2

× [cos ((ω0 − ρ1 − ρ2) τ + (θ − ϕ1 − ϕ2))

+ cos ((ω0 + ρ1 − ρ2)τ + (θ + ϕ1 − ϕ2))]

+
1
4

2∑
i=1

A3
i C

3
i cos(3ρiτ + 3ϕi)

+
3
4
A2

1C
2
1A2C2

× [cos((2ρ1 + ρ2)τ + (2ϕ1 + ϕ2))

+ cos((2ρ1 − ρ2)τ + (2ϕ1 − ϕ2))]

+
3
4
A2

2C
2
2A1C1

× [cos((2ρ2 + ρ1)τ + (2ϕ2 + ϕ1))

+ cos((2ρ2 − ρ1)τ + (2ϕ2 − ϕ1))]
}

=
10∑

d=1

f∗∗
2,3,d. (17)

é (16) Ú (17) ª ¥ z � � Ó � d, f∗∗
2,3,d(τ)

� f∗
2,3,d(τ) äk�Ó�ªÇ.
·�5¿�, ��¡, 3^� [H1] e, �é ρ1,

ρ2 �ØÓ��, éz�(½� d, gd� f∗
2,3,d(τ)

�|ÜªÇ v∗2,3,d Ñkü«�U: v∗2,3,d = ±ω0

½ v∗2,3,d 6= ±ω0. 3ùü«�/e, �§ y′′
1 +ω2

0y1 =
f∗
2,3,d(τ) )�5�ÚL�ªØÓ, � v∗2,3,d = ±ω0

��)�A���. aq/, �§ y′′
1 + ω2

0y1 =
f∗∗
2,3,d(τ)(d = 1, 2, · · · , 10) )�5�ÚL�ª�þ

�XÙªÇ v∗∗2,3,d � ω0 �'XØÓ. ,��¡,
3 ρi(i = 1, 2) ��·��, ò¦õ�ªÇÓ��
� ±ω0, l¦õ���Ó�u). Ïd, ��Ñ
�§ y′′

1 + ω2
0y1 = f2,3(τ) 3�«ØÓ�/e)�

L�ª, ÄkLéz��(½� d, �Ñ�|Üª
Ç v∗2,3,d, v

∗∗
2,3,d = ±ω0 ½ v∗2,3,d, v

∗∗
2,3,d 6= ±ω0 ü«

�/e�)�ØÓL�ª, 3dÄ:þ?�Ú(½
õ�|ÜªÇ v∗2,3,d, v∗∗2,3,d Ó��� ±ω0 �^�,
23�A^�e�Ñõ���Ó�u)�)�L
�ª.

2.3.1 éAz� d, �A�§3ØÓ�/e
)�L�ª

±e�Ñ�§ y′′
1 + ω2

0y1 = f∗
2,3,d(τ) Ú y′′

1 +
ω2

0y1 = f∗∗
2,3,d(τ) )�L�ª, ©OP� y∗

1,2,3,d(τ)
Ú y∗∗

1,2,3,d(τ)(d = 1, 2, · · · , 10).
� d = 1, 2 �, d^� [H1] �é?¿� ρ1, ρ2,

7k 2ω0 − ρi 6= ω0, ÏdéØÓ� ρ1, ρ2 ��U
k 2ω0 − ρi = −ω0 Ú 2ω0 − ρi 6= −ω0 ü«�/,
�k
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y∗
1,2,3,d(τ) =


3
4
βω2

0C
2
0AiCiρi

(ω2
0 − (2ω0 − ρi)2)

sin((2ω0 − ρi)τ + (2θ − ϕi)) = y∗
1,2,3,d(1)(τ)

(
ω0 6= pi

3

)
,

3
8
βω0C

2
0AiCiρiτ cos(ω0τ − (2θ − ϕi)) = y∗

1,2,3,d(2)(τ)
(
ω0 =

pi

3

)
,

(18)

y∗∗
1,2,3,d(τ) =


−3

4
γC2

0AiCi

(ω2
0 − (2ω0 − ρi)2)

cos((2ω0 − ρi)τ + (2θ − ϕi)) = y∗∗
1,2,3,d(1)(τ)

(
ω0 6= pi

3

)
,

−3
8
γC2

0ω−1
0 AiCiτ sin(ω0τ − (2θ − ϕi)) = y∗∗

1,2,3,d(2)(τ)
(
ω0 =

pi

3

)
,

(19)

Ù¥ d = 1 � i = 1, d = 2 � i = 2.
� d = 3 �, d^� [H1] �, é?¿� ρ1, ρ2, 7k (ω0−ρ1−ρ2) 6= ω0, ���UÑy (ω0−ρ1−ρ2) = −ω0

� (ω0 − ρ1 − ρ2) 6= −ω0 ü«�/, �k

y∗
1,2,3,3(τ) =



−3
2
βω0C0

A1A2C1C2ρ1ρ2

(ω2
0 − (ω0 − ρ1 − ρ2)2)

sin((ω0 − ρ1 − ρ2)τ + (θ − ϕ1 − ϕ2))

= y∗
1,2,3,3(1)(τ)

(
ω0 6= ρ1 + ρ2

2

)
,

−3
4
βC0A1A2C1C2ρ1ρ2τ cos(ω0τ − (θ − ϕ1 − ϕ2)) = y∗

1,2,3,3(2)(τ)
(

ω0 =
ρ1 + ρ2

2

) (20)

y∗∗
1,2,3,3(τ) =



3
2
γC0

A1A2C1C2

(ω2
0 − (ω0 − ρ1 − ρ2)2)

cos ((ω0 − ρ1 − ρ2)τ + (θ − ϕ1 − ϕ2))

= y∗∗
1,2,3,3(1)(τ)

(
ω0 6= ρ1 + ρ2

2

)
,

3
4
γC0ω

−1
0 A1A2C1C2τ sin(ω0τ − (θ − ϕ1 − ϕ2)) = y∗∗

1,2,3,3(2)(τ)
(

ω0 =
ρ1 + ρ2

2

)
.

(21)

� d = 4 �, d^� [H1] � (ω0+ρ1−ρ2) 6= ω0, ��UÑy (ω0+ρ1−ρ2) = −ω0 � (ω0+ρ1−ρ2) 6= −ω0

ü«�/, �k

y∗
1,2,3,4(τ) =



3
2
βω0C0

A1A2C1C2ρ1ρ2

(ω2
0 − (ω0 + ρ1 − ρ2)2)

sin((ω0 + ρ1 − ρ2)τ + (θ + ϕ1 − ϕ2))

= y∗
1,2,3,4(1)(τ)

(
ω0 6= ρ2 − ρ1

2

)
,

3
4
βC0A1A2C1C2ρ1ρ2τ cos(ω0τ − (θ + ϕ1 − ϕ2)) = y∗

1,2,3,4(2)(τ)
(

ω0 =
ρ2 − ρ1

2

)
,

(22)

y∗∗
1,2,3,4(τ) =



3
2
γC0

A1A2C1C2

(ω2
0 − (ω0 + ρ1 − ρ2)2)

cos((ω0 + ρ1 − ρ2)τ + (θ − ϕ1 − ϕ2))

= y∗∗
1,2,3,4(1)(τ)

(
ω0 6= ρ2 − ρ1

2

)
,

3
4
γC0ω

−1
0 A1A2C1C2τ sin(ω0τ − (θ + ϕ1 − ϕ2)) = y∗∗

1,2,3,4(2)(τ)
(

ω0 =
ρ2 − ρ1

2

)
.

(23)

� d = 5, 6 �, Ïé�ê ρi(i = 1, 2) �ØÓ��, 3ρi �k�u ω0 ½Ø�u ω0 ü«�/, �k

y∗
1,2,3,d(τ) =


−1

4
β

A3
i C

3
i ρ3

i

(ω2
0 − 9ρ2

i )
sin(3ρiτ + 3ϕi) = y∗

1,2,3,d(1)(τ) (ω0 6= 3ρi) ,

1
8
βω−1

0 A3
i C

3
i ρ3

i τ cos(ω0τ + 3ϕi) = y∗
1,2,3,d(2)(τ) (ω0 = 3ρi) ,

(24)
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y∗∗
1,2,3,d(τ) =


1
4
γ

A3
i C

3
i

(ω2
0 − 9ρ2

i )
cos(3ρiτ + 3ϕi) = y∗∗

1,2,3,d(1)(τ) (ω0 6= 3ρi) ,

1
8
γω−1

0 A3
i C

3
i τ sin(ω0τ + 3ϕi) = y∗∗

1,2,3,d(2)(τ) (ω0 = 3ρi) ,

(25)

Ù¥ d = 5 � i = 1, d = 6 � i = 2.
� d = 7 �, du ω0, ρ1, ρ2 þ��~ê, �é?¿� ρ1, ρ2, Ñk 2ρ1 + ρ2 6= −ω0, éØÓ� ρ1, ρ2, ��

Uk (2ρ1 + ρ2) = ω0 Ú (2ρ1 + ρ2) 6= ω0 ü«�/,�k

y∗
1,2,3,7(τ) =



−3
4
β

A2
1C

2
1ρ2

1A2C2ρ2

(ω2
0 − (2ρ1 + ρ2)2)

sin((2ρ1 + ρ2)τ + (2ϕ1 + ϕ2)) = y∗
1,2,3,7(1)(τ)

(ω0 6= 2ρ1 + ρ2) ,
3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2τ cos(ω0τ + (2ϕ1 + ϕ2)) = y∗
1,2,3,7(2)(τ)

(ω0 = 2ρ1 + ρ2) ,

(26)

y∗∗
1,2,3,7(τ) =



3
4
γ

A2
1C

2
1A2C2

(ω2
0 − (2ρ1 + ρ2)2)

cos((2ρ1 + ρ2)τ + (2ϕ1 + ϕ2)) = y∗∗
1,2,3,7(1)(τ)

(ω0 6= 2ρ1 + ρ2) ,

3
8
γω−1

0 A2
1C

2
1A2C2τ sin(ω0τ + (2ϕ1 + ϕ2)) = y∗∗

1,2,3,7(2)(τ)

(ω0 = 2ρ1 + ρ2) .

(27)

� d = 8 �, d^� [H1] �|ÜªÇ 2ρ1 − ρ2 �éu ρ1, ρ2 �ØÓ��, ��) 2ρ1 − ρ2 = ω0,
2ρ1 − ρ2 = −ω0 ½ 2ρ1 − ρ2 6= ±ω0 �n«ØÓ�/, �k

y∗
1,2,3,8(τ) =



3
4
β

A2
1C

2
1ρ2

1A2C2ρ2

(ω2
0 − (2ρ1 − ρ2)2)

sin((2ρ1 − ρ2)τ + (2ϕ1 − ϕ2)) = y∗
1,2,3,8(1)(τ)

(ω0 6= 2ρ1 − ρ2�ω0 6= −2ρ1 + ρ2)

−3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2τ cos(ω0τ + (2ϕ1 − ϕ2)) = y∗
1,2,3,8(2)(τ)

(ω0 = 2ρ1 − ρ2) ,

3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2τ cos(ω0τ − (2ϕ1 − ϕ2)) = y∗
1,2,3,8(3)(τ)

(ω0 = −2ρ1 + ρ2) ,

(28)

y∗∗
1,2,3,8(τ) =



3
4
γ

A2
1C

2
1A2C2

(ω2
0 − (2ρ1 − ρ2)2)

cos((2ρ1 − ρ2)τ + (2ϕ1 − ϕ2)) = y∗∗
1,2,3,8(1)(τ)

(ω0 6= 2ρ1 − ρ2�ω0 6= −2ρ1 + ρ2) ,

3
8
γω−1

0 A2
1C

2
1A2C2τ sin(ω0τ + (2ϕ1 − ϕ2)) = y∗∗

1,2,3,8(2)(τ) (ω0 = 2ρ1 − ρ2) ,

3
8
γω−1

0 A2
1C

2
1A2C2τ sin(ω0τ − (2ϕ1 − ϕ2)) = y∗∗

1,2,3,8(3)(τ) (ω0 = −2ρ1 + ρ2) .

(29)
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� d = 9 �, aqu d = 7 ��/, k

y∗
1,2,3,9(τ) =



−3
4
β

A2
2C

2
2ρ2

2A1C1ρ1

(ω2
0 − (2ρ2 + ρ1)2)

sin((2ρ2 + ρ1)τ + (2ϕ2 + ϕ1)) = y∗
1,2,3,9(1)(τ)

(ω0 6= 2ρ2 + ρ1) ,

3
8
βω−1

0 A2
2C

2
2ρ2

2A1C1ρ1τ cos(ω0τ + (2ϕ1 + ϕ2)) = y∗
1,2,3,9(2)(τ)

(ω0 = 2ρ2 + ρ1) ,

(30)

y∗∗
1,2,3,9(τ) =



3
4
γ

A2
2C

2
2A1C1

(ω2
0 − (2ρ2 + ρ1)2)

cos((2ρ2 + ρ1)τ + (2ϕ2 + ϕ1)) = y∗∗
1,2,3,9(1)(τ)

(ω0 6= 2ρ2 + ρ1) ,

3
8
γω−1

0 A2
2C

2
2A1C1τ sin(ω0τ + (2ϕ1 + ϕ2)) = y∗∗

1,2,3,9(2)(τ) (ω0 = 2ρ2 + ρ1) .

(31)

� d = 10 �, d^� [H1], é?¿� ρ1, ρ2, Ñk 2ρ2 − ρ1 6= −ω0. �éu ρ1, ρ2 �ØÓ��, ��U
k 2ρ2 − ρ1 = ω0 Ú 2ρ2 − ρ1 6= ω0 ü«�/. �k

y∗
1,2,3,10(τ) =



3
4
β

A2
2C

2
2ρ2

2A1C1ρ1

(ω2
0 − (2ρ2 − ρ1)2)

sin((2ρ2 − ρ1)τ + (2ϕ2 − ϕ1)) = y∗
1,2,3,10(1)(τ)

(ω0 6= 2ρ2 − ρ1) ,

−3
8
βω−1

0 A2
2C

2
2ρ2

2A1C1ρ1τ cos(ω0τ + (2ϕ1 − ϕ2)) = y∗
1,2,3,10(2)(τ)

(ω0 = 2ρ2 − ρ1) ,

(32)

y∗∗
1,2,3,10(τ) =



3
4
γ

A2
2C

2
2A1C1

(ω2
0 − (2ρ2 − ρ1)2)

cos((2ρ2 − ρ1)τ + (2ϕ2 − ϕ1)) = y∗∗
1,2,3,10(1)(τ)

(ω0 6= 2ρ2 − ρ1) ,

3
8
γω−1

0 A2
2C

2
2A1C1τ sin(ω0τ + (2ϕ2 − ϕ1)) = y∗∗

1,2,3,10(2)(τ)

(ω0 = 2ρ2 − ρ1) .

(33)

n þ � �, é d = 1, 2, · · · , 10, � § y′′
1 +

ω2
0y1 = f∗

2,3,d(τ) Ú y′′
1 + ω2

0y1 = f∗∗
2,3,d(τ) �

) y∗
1,2,3,d Ú y∗∗

1,2,3,d��(½.

2.3.2 õ«��Ó�u)�^�
3 ^ � [H1] e, � ρi(i = 1, 2) � � � ¦

f2,3(τ) ¥�õ�ªÇÓ��� ±ω0 �, XÚõ
«��Ó�u).

L 1 �Ñ
 f2,3(τ) ¥õ�ªÇÓ�� ±ω0 �
¤k�UÑy��/±9��/e	-yªÇ ρ1,
ρ2 ���A÷v�^�.

2.4 õõõ«««������ÓÓÓ���uuu)))���)))���ìììCCCÐÐÐmmmªªª

nþd (5), (8), (10), (12)—(15), (18)—(33) ª,
�� (1) ª)�Ú�ìCL�ª�

y

= y0 + ε

[
y∗ + y∗∗ +

10∑
d=1

(y∗
1,2,3,d(h) + y∗∗

1,2,3,d(h))

]
+ O(ε2), (34)

Ù¥ 0 < ε ¿ 1, y∗ Ú y∗∗ þ�	-yªÇ��
Ã', y∗ = y1,1,2 + y1,1,3 + y1,2,2(1) + y1,2,2(2) ´�
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�Ï�, y∗∗ = y1,1,1 + y1,2,1(1) + y1,2,1(2) ´�Ï�.
10∑

d=1

(y∗
1,2,3,d(h) + y∗∗

1,2,3,d(h)) ¥��þ�	-yªÇ

���', � h � 1 ����Ï�, � h � 2 Ú 3
���Ï�, ùp h ���d ρi(i = 1, 2) ���^
�(½.

±e± 2ρ1 − ρ2 = ω0 ��/�~, 5Ð«d

þã(Ø����B/©a¦Ñ�A)�L�ª.
=ÄkdL 1 (½Ù¦|ÜªÇ�� 2ρ1 − ρ2 Ó
��� ω0 �¤k�U�/, �éz«�/(½�
A��Ï�, |^�5nØ±9L�ª¥�
�
½þ��ÀJ5)û�Ï�, ��u)�«½Ó�
u)õ«���/e�A)��5zìCL
�ª.

L 1 f2,3(τ) ¥��ªÇ� ±ω0 �-yªÇ ρ1, ρ2 ��A��^�

2ρ2 + ρ1 2ρ1 + ρ2 2ρ2 − ρ1 2ρ1 − ρ2 ρ2 − 2ρ1 3ρ1 3ρ2
1
2
(ρ1 + ρ2) 1

2
(ρ2 − ρ1) 1

3
ρ1

1
3
ρ2

2ρ2 + ρ1

2ρ1 + ρ2
ρ2 = 3ρ1

ω0 = 5ρ1

2ρ2 − ρ1
ρ2 = 3ρ1 ρ2 = 2ρ1

ω0 = 5ρ1 ω0 = 3ρ1

2ρ1 − ρ2
ρ2 = 5

3
ρ1 ρ2 = 5

3
ρ1 ρ2 = 3

2
ρ1

ω0 = 1
3
ρ1 ω0 = 1

3
ρ1 ω0 = 1

2
ρ1

ρ2 − 2ρ1
ρ2 = 5ρ1 ρ2 = 5ρ1 ρ2 = 7

3
ρ1

ω0 = 3ρ1 ω0 = 3ρ1 ω0 = 1
3
ρ1

3ρ1
ρ2 = 2ρ1 ρ2 = 5ρ1 ρ2 = 5ρ1 ρ2 = 7ρ1 ρ2 = 9ρ1

ω0 = 3ρ1 ω0 = 3ρ1 ω0 = 3ρ1 ω0 = 3ρ1 ω0 = 3ρ1

3ρ2

1
2
(ρ1 + ρ2)

ρ2 = 5ρ1 ρ2 = 5ρ1

ω0 = 3ρ1 ω0 = 3ρ1

1
2
(ρ2 − ρ1)

ρ2 = 5
3
ρ1 ρ2 = 7ρ1 ρ2 = 5

3
ρ1

ω0 = 1
3
ρ1 ω0 = 3ρ1 ω0 = 1

3
ρ1

1
3
ρ1

ρ2 = 5
3
ρ1 ρ2 = 7

3
ρ1 ρ2 = 5

3
ρ1

ω0 = 1
3
ρ1 ω0 = 1

3
ρ1 ω0 = 1

3
ρ1

1
3
ρ2

ρ2 = 3
2
ρ1 ρ2 = 9ρ1

ω0 = 1
2
ρ1 ω0 = 3ρ1

d L 1 � 3 f2,3(τ) � � ¤ k � U Ñ y �

| Ü ª Ç ¥, � k
1
2
(ρ2 − ρ1),

1
3
ρ1 Ú

1
3
ρ2 U

3 ρi(i = 1, 2) ·���^�e� 2ρ1 − ρ2 Ó�
� ω0. � 2ρ1 − ρ2� ω0 �k±en«�/.

1) 2ρ1 − ρ2,
1
2
(ρ2 − ρ1),

1
3
ρ1 Ó�� ω0

d [H1] ÚL 1 � ρi(i = 1, 2) ���÷v^

� ρ2 =
5
3
ρ1 � ω0 =

1
3
ρ1 �, 2ρ1 − ρ2,

1
2
(ρ2 − ρ1),

1
3
ρ1 Ó �� ω0, d (5), (8), (10), (12), (14), (15),

(18)—(34) ª�d��. (1) )¥��Ï��

y∗∗ + y∗
1,2,3,1(2) + y∗∗

1,2,3,1(2) + y∗
1,2,3,4(2) + y∗∗

1,2,3,4(2)

+ y∗
1,2,3,8(2) + y∗∗

1,2,3,8(2).

d�5nØ, - τ sin(ω0τ +θ) Ú τ cos(ω0τ +
θ) Xê�", �

− 1
2
αC0 − β

3
8
ω2

0C
3
0 − β

3
4
C0

2∑
i=1

A2
i C

2
i

+
3
8
βω0C

2
0A1C1ρ1 cos(3θ − ϕ1)

+
3
8
γC2

0ω−1
0 A1C1 sin(3θ − ϕ1)

+
3
4
βC0A1A2C1C2ρ1ρ2 cos(2θ + ϕ1 − ϕ2)

− 3
4
γC0ω

−1
0 A1A2C1C2 sin(2θ + ϕ1 − ϕ2)

− 3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2 cos(2ϕ1 − ϕ2 − θ)
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+
3
8
γω−1

0 A2
1C

2
1A2C2 sin(2ϕ1 − ϕ2 − θ)

= 0, (35)

ω0ω1C0 − γ

[
3
8
ω−1

0 C3
0 +

3
4
C0ω

−1
0

2∑
i=1

A2
i C

2
i

]

− 3
8
γC2

0ω−1
0 A1C1 cos(3θ − ϕ1)

+
3
8
βω0C

2
0A1C1ρ1 sin(3θ − ϕ1)

+
3
4
βC0A1A2C1C2ρ1ρ2 sin(2θ + ϕ1 − ϕ2)

+
3
4
γC0ω

−1
0 A1A2C1C2 cos(2θ + ϕ1 − ϕ2)

+
3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2 sin(2ϕ1 − ϕ2 − θ)

+
3
8
γω−1

0 A2
1C

2
1A2C2 cos(2ϕ1 − ϕ2 − θ)

= 0. (36)

d�d (34)—(36) ª, ��§ (1) ��5z)

y(1)

= y0 + ε

[
y∗
1 +

10∑
d=2

�d6=4,d 6=8

(y∗
1,2,3,d(1) + y∗∗

1,2,3,d(1))

]

+ O(ε2), (37)

Ù¥ 0 < ε ¿ 1, ?¿~ê C0 Ú�½~ê ω1

d (35) Ú (36) ª(½.

2) 2ρ1 − ρ2,
1
3
ρ2 Ó�� ω0

d [H1] ÚL 1 � ρi(i = 1, 2) ���÷v^

� ρ2 =
3
2
ρ1 � ω0 =

1
2
ρ1 �, 2ρ1 − ρ2,

1
3
ρ2 Ó�

� ω0, d (5), (8), (10), (12), (14), (15), (18)—(34) ª
�d��. (1) ª)¥��Ï��

y∗∗ + y∗
1,2,3,2(2) + y∗∗

1,2,3,2(2)

+ y∗
1,2,3,8(2) + y∗∗

1,2,3,8(2).

d�5nØ, -üa�Ï��Xê�", �

− 1
2
αC0 − β

3
8
ω2

0C
3
0 − β

3
4
C0

2∑
i=1

A2
i C

2
i

+
3
8
βω0C

2
0A2C2ρ2 cos(3θ − ϕ2)

+
3
8
γC2

0ω−1
0 A2C2 sin(3θ − ϕ2)

− 3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2 cos(2ϕ1 − ϕ2 − θ)

+
3
8
γω−1

0 A2
1C

2
1A2C2 sin(2ϕ1 − ϕ2 − θ)

= 0, (38)

ω0ω1C0 − γ

[
3
8
ω−1

0 C3
0 +

3
4
C0ω

−1
0

2∑
i=1

A2
i C

2
i

]

+
3
8
βω0C

2
0A2C2ρ2 sin(3θ − ϕ2)

− 3
8
γC2

0ω−1
0 A2C2 cos(3θ − ϕ1)

+
3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2 sin(2ϕ1 − ϕ2 − θ)

+
3
8
γω−1

0 A2
1C

2
1A2C2 cos(2ϕ1 − ϕ2 − θ)

= 0. (39)

d���§ (1) ��5z)�

y(2)

= y0 + ε

[
y∗ +

10∑
d=1

�d6=2,d 6=8

(y∗
1,2,3,d(1) + y∗∗

1,2,3,d(1))

]

+ O(ε2), (40)

Ù¥ 0 < ε ¿ 1, ?¿~ê C0 Ú�½Xê ω1

d (38) Ú (39) ª(½.
3) = 2ρ1 − ρ2 = ω0, Ù¦|ÜªÇþØ� ω0

d [H1] Ú L 1 � ρi(i = 1, 2) � � ÷ v ^

� ρ2 6= 5
3
ρ1 � ρ2 6= 3

2
ρ1 �, 3¤k�|Üª

Ç¥Ø�U�3� 2ρ1 − ρ2 Ó��� ω0 �ªÇ,
aquþã&?�d��. (1) )¥��Ï�
� y∗∗ + y∗

1,2,3,8(2) + y∗∗
1,2,3,8(2).

aq/, d�5nØ, -üa�Ï��Xê
�", �

− 1
2
αC0 − β

3
8
ω2

0C
3
0 − β

3
4
C0

2∑
i=1

A2
i C

2
i

− 3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2 cos(2ϕ1 − ϕ2 − θ)

+
3
8
γω−1

0 A2
1C

2
1A2C2 sin(2ϕ1 − ϕ2 − θ)

= 0, (41)

ω0ω1C0 − γ

[
3
8
ω−1

0 C3
0 +

3
4
C0ω

−1
0

2∑
i=1

A2
i C

2
i

]

+
3
8
βω−1

0 A2
1C

2
1ρ2

1A2C2ρ2

× sin(2ϕ1 − ϕ2 − θ)

+
3
8
γω−1

0 A2
1C

2
1A2C2

× cos(2ϕ1 − ϕ2 − θ)

= 0. (42)
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d���§ (1) ��5)�

y(3)

= y0 + ε

[
y∗ +

10∑
d=1

�d6=8

(y∗
1,2,3,d(1) + y∗∗

1,2,3,d(1))

]

+ O(ε2), (43)

Ù¥ 0 < ε ¿ 1, C0 Ú ω1 d (41) Ú (42) ª(½.
aq/, éuÙ¦�«u)ü���½Ó�u

)õ«����/, |^ (5)—(34) ª±9L 1 ��
�B/�Ñ�. (1) )��5ìCÐmª.

3 ( Ø

�é=ÄXÚ´ó§+�¥2��3�Äå
D4Ä�ÄåXÚ, �©&?��é=��Cz¯
K´ó§¥4É'5�¯K. õª-ye��é=
Ä��5ÄåXÚ, 3�½�^�e, XÚòÓ�
u)õ«a.���, Ïdäk��E,�ÄåÆ
1�. 8c�'ïÄ©z¥, ±,«ü����c
J�Ñ)�CqL�ª�õ�, �©^�ÄnØ
&?
�a3EÜõª-yeäk��5�5å
Ú�{å���þ�é=Ä��5ÄåÆ�., �
Ñ
¦ØÓ��Ó�u)�	-yªÇ��^�,
¿3�«�A�/e^�5z�{�Ñ
õ«

��Ó�u)��é=�Cz�ìCL�ª.
d �© 2.4 ! ¥ (35)—(43) ª, � � 3 ^

� [H1], [H2] e��5�. (1) ª���ìC)
¥ � � Ï � = � ä k � � � Ì �	- y ª
Ç ρi(i = 1, 2) ���k', ���Ì	-y
ªÇ σj(j = 1, 2)Ã', dL 1 9 (18)—(34) ª´�
3Ù¦�«�/¥�kd(Ø. dd�«
	-y
ªÇ ρi(i = 1, 2) �����K�XÚ��g��
�u)Úa., ��Ì	-yªÇ σj(j = 1, 2)
=é�p�g���kK�. ���3A^¥��
�½|^g��, N�äk���Ì�	-yª
Ç ρi(i = 1, 2) ´k��.

3�©&?��. (1) ¥- Ai = 0(i = 1, 2),
B2 = 0, ψ1 = 0, =©z [3] ¥ïÄ�äk��5�
5å�Ú��5�{å���Å-y¯K. 3�©
&?��. (1) ¥- β = 0, Bj = 0(j = 1, 2), =©
z [4] ¥ïÄ�äk��5�5å��é=Ä�g
£¯K. ±þ 2.4 !� (3) ¥^�5z{����
A(J�©z [3, 4] ¥A^õºÝ{�Ù¦�{�
���A(J´�Î�. �©^�5z�{&?

�. (1) ª, Ù(J´L
®k©z�(J,��
'a.���é=ÄÄåXÚ'u���©Û�
��Jø
nØ�â, ���'a.���5�.
�ïÄJø
�«��k���{.
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The renormalization solution for a class of relative
rotation nonlinear dynamic model with

multi-frequency excitation∗
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Abstract
Using the perturbation theory, a class of relative rotation nonlinear dynamical model possessing nonlinear elastic force, friction

force and multi-frequency excitation is investigated. The relations for the frequency syntheses are investigated, and the conditions under
which multi-typical resonance happens at the same time are given. Using the renormalization method, the asymptotic expansions for
the solutions of the model under corresponding conditions are obtained.
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