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ïÄ
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²ï:�{� 1 Ú{� 2 ©
, ¿é4��?1
òÿ, ��'�E,�©
/ª. ü�±Ï$Ä�fXÚ3ØÓ
�ÍÜëêe�p�^�, �U��±Ï$Ä!·b�´L�ÄåÆ1�, ÏLéÍÜc�²ï:�½5©Û, �
�
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1 Ú ó

ÍÜ���5XÚäkE,�ÄåÆ1�, 
�ù
XÚ3ó§þ�k�©2��A^ [1,2]. é
ùaXÚ�ïÄäk��nØ¿ÂÚ¢^d�.
3>´XÚ¥�²~����5ÍÜ�¯K [3], 8
c��'ïÄL²3��5ÍÜ>´¥�3�«
���ÄåÆ1� [4], X�Úy�!p��¡!
�·b� [5−8], NyÑfXÚm�p�^�E,
õ�5 [9]. duXÚÄåÆ1�ÉÍÜrÝCz
�K� [10], �\ïÄ>´XÚ�©
Ú·b1�,
éu~^>´`z±9#õU>´�9Ï�Oä
k�©��¿Â. 8céuÍÜXÚ�©Û, Ì
�kü� [11]!nØ©ÛÚê�O��(Ü [12,13]

��{.

Ü¡�� [14] ^ê��{ïÄ
�aÍÜ>´
XÚ�©
Ú·b1�, �duXÚ�E,5, v
kéÍÜXÚ�²ï:����ïÄ, XÚ²ï
:�©ÙéXÚ�ÄåÆ1�k��K�. �©
Äk¼�
dp�XÚ (1) �¤k²ï:�)ÛL
�ª, ¿���
ÍÜXÚ��²ï:�3«m,
ù�e�Ú�ÄåÆ©Û�e
ûÐ�Ä:; Ùg

é��5ÍÜ�>´XÚ?1�\�©
ïÄ, �
«
²ï:©
�XÚÄåÆ1��S3éX; �
��A½ëê, ¦�ü�fXÚ�±Ï$Ä, $^
ÍÜc�²ï:½5©ÛÚê��ý�(Ü��
{, éü�fXÚ3ØÓ�ÍÜëêe�p�^?
1ïÄ, ��
3fÍÜ�¹e²ï:C¤�¥á
.Q:�©
ãÑyØëYy��m�S3éX,
¼�'± ©z��\�(J.

�©?Ø�´ü�fXÚ¤�¤���5Í
Ü>´XÚ (äNÍÜ>´ãë�©z [14]). TX
Ú�Ãþj/ª�ÄåÆ�§Xe:

...
x = aẍ − ẋ + c(x − x2) + ε(x − y),
...
y = bÿ − ẏ − c(y − y3) + ε(y − x),

(1)

Ù¥ a, b, c ©OL«ÍÜ>´¥�¢Sëê,  ε

L«fXÚm�ÍÜrÝ.
�©Äk©ÛTÍÜXÚ�²ï:�3�^

�, �XéÍÜ>´?1©
©Û, ?é²ï:
Ú4��?1©
ïÄ.

2 ÍÜXÚ�²ï:©Û

� ε 6= 0 �,- x1 = x, x2 = ẋ, x3 = ẍ, x4 = y,
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x5 = ẏ, x6 = ÿ, ò>´ÍÜXÚ (1) C�

ẋ1 = x2,

ẋ2 = x3,

ẋ3 = ax3 − x2 + c(x1 − x2
1) + ε(x1 − x4),

ẋ4 = x5,

ẋ5 = x6,

ẋ6 = bx6 − x5 − c(x4 − x3
4) + ε(x4 − x1).

(2)

Ï d, X Ú (2) � ² ï : � L «� (x10, 0, 0,

x40, 0, 0), Ù¥ x40 = x10 +
c

ε
(x10 − x2

10). XÚ (2)

�²ï:�±d±e�§�Ñ:
c

ε
(x10 − x2

10) −
(
x10 +

c

ε
(x10 − x2

10)
)3

+ x2
10 = 0.

(3)
´�, �§ (3) kü�) x10 = 0 Ú x10 = 1, dXÚ
{e�)d�§ (4) û½:

β3x4
10 − β2(3 + 2β)x3

10

+ β(3 + 3β + β2)x2
10 − x10 − β = 0, (4)

Ù¥ β =
c

ε
. -

m0 = β4(27 + 108β + 36β2

+ 36β3 + 18β4 + 2β5),

m1 = −27β8(−27 + 40β − 312β2 + 72β3

− 112β4 + 4β5 + 4β6),

m2 =
(−3 − 2β)2

4β2
− 3 + 3β + β2

β2
+

3β + 3β2 + β3

3β3

+
21/3(12 + 3β + 6β2 + β3)

3
(√

m1 + m0

)1/3
+

(√
m1 + m0

)1/3

3 · 21/3β3
,

m3 =
(−3 − 2β)2

2β2
− 3 + 3β + β2

β2
− 3β + 3β2 + β3

3β3

− 21/3(12 + 3β + 6β2 + β3)

3
(√

m1 + m0

)1/3
−

(√
m1 + m0

)1/3

3 · 21/3β3
,

m4 =
8
β3

− (−3 − 2β)3

β3
+

4(−3 − 2β)(3 + 3β + β2)
β3

,

(5)

u´, �§ (4) kXe 4 �):

q1 = −
√

m2

2
− 1

2

√
m3 −

m4

4
√

m2
− −3 − 2β

4β
,

q2 = −
√

m2

2
+

1
2

√
m3 −

m4

4
√

m2
− −3 − 2β

4β
,

q3 =
√

m2

2
− 1

2

√
m3 +

m4

4
√

m2
− −3 − 2β

4β
,

q4 =
√

m2

2
+

1
2

√
m3 +

m4

4
√

m2
− −3 − 2β

4β
. (6)

�â±þ(J�±��½n 1.
½½½nnn 1 e�§ (4)÷v 1) β 6= 0; 2) m1 > 0;

3)
√

m1+m0 6= 0; 4) m2 > 0; K� m3−
m4

4
√

m2
> 0,

m3+
m4

4
√

m2
< 0 ½ m3+

m4

4
√

m2
> 0, m3−

m4

4
√

m2
<

0 �kü�¢ê), � m3 ±
m4

4
√

m2
> 0 �ko�¢

ê) (ùp��ê).
e¡�	¼ê m1 = m1(β), m2 = m2(β),

m3(β) − m4(β)
4
√

m2(β)
Ú m3(β) +

m4(β)
4
√

m2(β)
�A5.

1) m1 = m1(β) �ã/Xã 1 ¤«. dã 1 �
�, � β ∈ (0, 4.75) Ú β ∈ (−6.25, 0) �, m1 > 0.

ã 1 m1 = m1(β) �ã/ (a) β > 0; (b) β < 0

2) m2 = m2(β) �ã/Xã 2 ¤«. dã 2 �
�, � β ∈ (0, 4.75) Ú β ∈ (−6.25, 0) �, m2 > 0.

3) µ(β) ≡ m3(β) − m4(β)
4
√

m2(β)
�ã/Xã 3

¤ «. d ã 3 � �, � β ∈ (0, 4.75) Ú β ∈

(−6.25,−0.17) �, m3(β) − m4(β)
4
√

m2(β)
> 0.

4) ρ(β) ≡ m3(β) +
m4(β)

4
√

m2(β)
�ã/Xã 4

¤«. dã 4 ��, � β ∈ (−0.17, 0) �, m3(β) +
m4(β)

4
√

m2(β)
> 0.
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ã 2 m2 = m2(β) �ã/ (a) β > 0; (b) β < 0

ã 3 m3(β) −
m4(β)

4
√

m2(β)
�ã/ (a) β > 0; (b) β < 0

(Ü½n 1 Ú±þê��ý��Xe(Ø.

···KKK 1 � β ∈ (−6.25,−0.17) ∪ (0, 4.75) �,
�§ (4) kü�¢) q1, q2; � β ∈ (−0.17, 0) �, �
§ (4) kü�¢) q3, q4.

ã 4 m3(β) +
m4(β)

4
√

m2(β)
�ã/ (a) β > 0; (b) β < 0

3 ÍÜXÚ�©
©Û

3 e ¡ © 
 � ê � ï Ä ¥, � ë ê X e:
a = −1.1, b = −2, c = 1, ε ��©
ëê. d·
K 1 ��XeíØ.

íííØØØ 1 � ε ∈ (−5.88,−0.16) ∪ (0.21,+∞)
�, �§ (4) kü�¢) q1, q2; � ε ∈ (−∞,−5.88)
�, �§ (4) kü�¢) q3, q4.

3.1 ²²²ïïï:::���©©©




²ï: U1 = (0, 0, 0, 0, 0, 0) l ε = 0.4 m©ò
ÿ, 3 ε = 1.8720 �Ñy¥á.Q: (neutral sad-
dle, =T:?�3�é����!�����¢A
��), 3 ε = −0.6774 �u) Hopf ©
 (H), Ù1
� Lyapunov Xê l1 = −0.0667 (Xã 5(a) ¤«).

²ï: U2 = (1, 0, 0, 1, 0, 0) l ε = 0.4 m©
òÿ, 3 ε = 0.4883 �Ñy¥á.Q:, 3 ε = 2
�Ñy©| (BP) ²ï:, 3 ε = −0.0976 �u
) Hopf ©
, Ù1� Lyapunov Xê l1 = −0.2414
(Xã 5(b) ¤«).

� ε = −0.4 �, � 3 ² ï : U3 =
(−0.4668, 0, 0, 1.2450, 0, 0), éT:?1òÿ��
� ^ ² ï :  �, 3 ε = 2 � Ñ y BP ² ï
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: U2 = (1, 0, 0, 1, 0, 0), � ε = 6.5372 �u) Hopf
© 
, Ù 1 � Lyapunov X ê l1 = −0.0898 (X
ã 6(a) ¤«).

ã 5 ©
ã (a) ²ï: U1 �©
ã; (b) ²ï: U2 �©

ã

ã 6 ©
ã (a) ²ï: U3 �©
ã; (b) ²ï: U4 �©

ã

ã 7 ©
ã (a) ²ï: U5 �©
ã; (b) ²ï: U6 �©

ã

ã 8 ¤k²ï:�9©
ã (a) ���©
ã; (b) ÛÜ�
�©
ã

� ε = –0.4 �, ² ï : U4 = (0.7181, 0,

0, 0.2120, 0, 0), éT:?1òÿ���^²ï:
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�. � ε = 0.0801 �u) Hopf ©
, Ù1� Lya-
punov Xê l1 = −0.2418, � ε = 0.2094 �u)4
�: (LP) ©
, � ε = 0.0356 �u) Hopf ©
, Ù
1� Lyapunov Xê l1 = −0.2422, 3 ε = −0.1074
�Ñy¥á.Q:, � ε = −0.1598 �u) LP ©

, � ε = −0.4322 u) Hopf ©
, Ù1� Lya-
punov Xê l1 = −0.1575 (Xã 6(b)¤«).

� ε = –7 �, ² ï : U5 = (−9.4739, 0,

0, 4.7016, 0, 0), éT:?1òÿ���^²ï:
�, 3¤ïÄ�²ï:«mSØu)©
 (X
ã 7(a) ¤«).

� ε = –7 �, ² ï : U6 = (0.1359, 0,

0, 0.1191, 0, 0), éT:?1òÿ���^²ï:
�, 3¤ïÄ�²ï:«mSØu)©
 (X
ã 7(b) ¤«).

dã 5—7 �±xÑ U1—U6 ¤k�²ï:�
©
ã (Xã 8 ¤«).

3.2 444���������©©©




dã 5(a) ��, ²ï: U1 = (0, 0, 0, 0, 0, 0)
3 ε = −0.6774 �u) Hopf ©
, �Ù1� Lya-
punov X ê l1 = −0.0667. e ¡ ?Ø3 U1 ?
² Hopf ©
�)�4���ëê ε Czu)
�©
. dã 9 �, � ε = −0.7411 �u)��
4�: (LPC) ©
 (ã 9(a), =ü����,��
�), � ε = −0.7243 �u) Neimark-Sacker (NS)
©
 (ã 9(b), =Ñy�é�� 1 ��ÝEA�¦
f), � ε = −0.6506 �u) period doubling (PD)
©
 (ã 9(c)), � ε = −0.5670 �qu)
 PD ©

(ã 9(d)).

ã 9 4��©
 (a) LPC ©
; (b) NS ©
; (c) PD ©
; (d) PD ©


3.3 LP ©©©


���òòòÿÿÿ

d ã 8(b) � �, � ε = 0.2094 �, 3 ²
ï: (1.2910, 0, 0,−0.5027, 0, 0) ?u) LP ©
,
� d LP © 
 : ? 1 ò ÿ, � � 3 (ε, b) ë ê
² ¡ þ � LP © 
  � 9 © 
 ã (ã 10(a)).
l ã 10(a) � �, � (ε, b) = (0.2094, 0.1290)

�, 3 (1.2910, 0, 0,−0.5029, 0, 0) ? u ) {� 2
� Fold-Hopf ©
 (^ ZH IP, =d:?äk�
�"A��Ú�éXJA��).

� ε = –0.1598 �, 3 ² ï : U = (0.4151,

0, 0,−1.1045, 0, 0) ? u ) LP © 
, � d LP ©

 : ? 1ò ÿ, �� 3 (ε, a) ë ê ² ¡ þ � LP
© 
  � 9 © 
 ã (ã 10(b)). l ã 10(b) �
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�, � (ε, a) = (−0.1598,−2.0582) �, : U �"
¥ á . Q : (zero-neutral saddle :, ^ ZH I P,
= ä k � �"A � � � neutral saddle ² ï :).
� (ε, a) = (−0.1598, 0.0045) �, 3: U ?u)
{� 2 � Fold-Hopf ©
.

ã 10 Vëê©
ã (a) 3 (ε, b) ëê²¡þ� LP ©
�
9©
ã; (b) 3 (ε, a) ëê²¡þ� LP ©
�9©
ã

4 ±Ï$Ä�fÍÜ�^©Û

�ëê a = −0.8, b = −0.4, c = 1, ε ��©

ëê. �âíØ 1 ��, 3 ε ∈ (−0.10, 0.10),
= ε = 0 N C, Í Ü X Ú (2) � k ü � ² ï
: U1 = (0, 0, 0, 0, 0, 0) Ú U2 = (1, 0, 0, 1, 0, 0), e
¡éùü�²ï:?1©Û.

4.1 ²²²ïïï:::���òòòÿÿÿ

² ï : U1 l ε = −5.0 m © ò ÿ, 3 ε =
0.2620 �Ñy¥á.Q:; 3 ε = 0.9 �u) Hopf
©
, Ù1� Lyapunov Xê l1 = −0.5076. ²ï
: U2 l ε = −5.0 m©òÿ, 3 ε = −0.0024 �Ñ
y¥á.Q:; 3 ε = 0.2181 �u) Hopf ©
, Ù
1� Lyapunov Xê l1 = −1.3913; 3 ε = 2.0 �Ñ
y BP ²ï: (Xã 11 ¤«).

ã 11 ²ï: U1 Ú U2 �©
ã

4.2 ÍÍÍÜÜÜccc���fffXXXÚÚÚ

3 ε = 0 �=ØÍÜ��¹e, éA�ü�
fXÚ a, b þ�±Ï$Ä, ü�fXÚ©OéA
3 x1-x2, x4-x5 �²¡�ÝKXã 12(a), (b) ¤«.

ã 12 �²¡ã (a) fXÚ a 3 x1-x2 �²¡�ÝK; (b) f
XÚ b 3 x4-x5 �²¡�ÝK

e¡éfXÚ a ?1©Û, XÚ�²ï:�:
A1(0, 0, 0) Ú A2(1, 0, 0). 3 A1 Ú A2 ?� Jacobi

200505-6



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 20 (2012) 200505

Ý
 M1 Ú M2 ©O�

M1 =


0 1 0

0 0 1

1 −1 −0.8

 ,

M2 =


0 1 0

0 0 1

−1 −1 −0.8

 .

M1 A��§� f(λ) = λ3 + 0.8λ2 + λ − 1 = 0,
A��� 0.5647, −0.6827 ± 1.1424i; M2 A��§
� f(λ) = λ3+0.8λ2+λ+1 = 0, A���−0.9095,
0.05473 ± 1.0472i.

e¡éfXÚ b ?1©Û, XÚ�n�²ï:
�: A3(0, 0, 0), A4(1, 0, 0) Ú A5(−1, 0, 0). 3 A3 ?
� Jacobi Ý
 M3�

M3 =


0 1 0

0 0 1

−1 −1 −0.4

 ,

A��§� f(λ) = λ3 + 0.4λ2 + λ + 1 = 0, A��
� −0.7749, 0.1874 ± 1.1204i.

3 A4 Ú A5 ?� Jacobi Ý
�Ó, þ�

M4 =


0 1 0

0 0 1

2 −1 −0.4

 ,

A��§� f(λ) = λ3 + 0.4λ2 + λ− 2 = 0, A��
� 0.9112, −0.6556 ± 1.3285i.

d±þ©Û��, ü�fXÚØÑy¢Ü� 0
�A��, Kù
²ï:þ�V²ï:, Ïdù

²ï:Ñ´(�½�, 3��6ÄeØäk©

1�, duù
²ï:�3¢Ü���A��,
Kù
²ï:Ñ´Ø½�. e¡éÍÜXÚ��
¹?1ïÄ.

4.3 ÍÍÍÜÜÜ������XXXÚÚÚïïïÄÄÄ

��Ä ε ∈ (−0.10, 0.10) �, ÍÜ��fXÚ
��3ü�²ï:, e¡éü�²ï: U1 Ú U2 ?

1ïÄ, 3 U1 Ú U2 � Jacobi Ý
 M5 Ú M6�

M5 =



0 1 0 0 0 0

0 0 1 0 0 0

1 + ε −1 −0.8 −ε 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−ε 0 0 −1 + ε −1 −0.4


,

M6 =



0 1 0 0 0 0

0 0 1 0 0 0

−1 + ε −1 −0.8 −ε 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−ε 0 0 2 + ε −1 −0.4


.

Ý
 M5 A��§�

f(λ) = 25λ6 + 30λ5 + 58λ4 + 30λ3

+ (10ε + 35)λ2 − (50ε2 + 50ε + 25)

= 0. (7)

duT�§�¹ëê ε � 6 g�§, Ïd,Ã{)Û
/¦ÑT�§�L�ª. e¡é ε ∈ (−0.10, 0.10)
æ^ê��{¦), éuØÓ�ëê���éA�
§�é¢A��ÚüéEA��. ù
A��¢Ü
����� λmax ∈ (0.5307, 0.6005), ��X ε üN
O\.

Ón, éÝ
 M6 æ^�Ó��{, �ÑÙA
��§�

f(λ) = 25λ6 + 30λ5 + 58λ4 + (30 − 50ε)λ3

+ (−30ε + 35)λ2 − 50ελ − 25

= 0, (8)

Ï L ê � � { ¦ ) Ù A � � � ¢ Ü � � � �
� λmax, KTA�� λmax ∈ (0.8879, 0.9352) �
�X ε üNO\, K3 ε ∈ (−0.10, 0.10) ��S²
ï: U1 Ú U2 þ�Ø½�.
�
? � Ú ï Ä ε ∈ (−0.10, 0.10) � X Ú

� � Û Ä å Æ 1�, ? 1 ê � � ý. � � ²
¡ Π : {(x1, x2, x3, x4, x5, x6)|x5 = 0} � Poincare
�¡, ÏL��²¡þ�:, 3XÚ6��^e2
g���¡þ, lïá Poincare N� P : Π → Π ,
Xã 13(a)�ÏLê��ý��{��N� P �©

ã, Ù¥©
ëê� ε.
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ã 13 ©
ã (a) ÍÜ>´�©
ã; (b) ÛÜ��ã

dê��ý�(J��� ε ∈ (−0.05, 0.05)
�, XÚ�U�3±Ï$ÄÚ·b$Ä. d²ï:
òÿ�&E��, ²ï: U2 3 ε = −0.002427 �Ñ
y¥á.Q:, =ÏL¦)éAëê��Ý
 M6

A��, ���TÝ
��é����!����
�A�� λ = ±0.9107. �
?�ÚïÄTëê�
NC�ÄåÆ1�, éT:NC�©
ã?1��,
dã 13(b) ��, 3Tëê�NC�X ε �~�, ¬

Ñyd±Ï�C�±Ïo�±Ï$Ä, �Ñy
©

ã�ØëYy�, =©
��a�, ùL²¥
á.Q:�Ñy��©
ã�ØëY5. �X ε �
UY~�½öO�, þ¬Ñy±Ï\�?éy�l
��·b$Ä. ù«a�y�éAu>´¥��
'Cþu)ì�Cz, Ïd3>´�O�AT�â
¢S�¹éëê�?1N�, ;�T«y��Ñy.

� ε ∈ (−0.1,−0.05) ∪ (0.05, 0.1) �Ø�3±
Ï$ÄÚ·b$Ä. 3�r�ÍÜrÝe, fXÚ
m�ÍÜ�AÅì²w, l��·báÚfÚ±
ÏáÚf(��, ¦�XÚ�;��ªuÑ.

5 ( Ø

�©Ì�?Ø
dü�f>´XÚÍÜ¤�
¤�XÚ, ¿�\ïÄ
TÍÜXÚ²ï:�AÛ
(�. 3éÍÜ>´XÚ�ïÄ¥, �Ü©�©

ïÄ=Û�3{� 1 �©
��S. �©3ïÄX
Ú{� 1 ©
�Ä:þ, é²ï:�{� 2 ©
�
?1
�A�©Û, ¿?Ø
4���©
, ��
'�E,�©
y�. 3�½�ëêe, ü�±Ï
$Ä�fXÚ3ØÓ�ÍÜëêe�p�^�, ¬
��±Ï$Ä!·b�´L�ÄåÆ1�. �©Ï
LéÍÜc�XÚ�²ï:?1ïÄ, uy
ÍÜ
�XÚ�²ï: U2 3C�¥á.Q:�, 3éA
�ëê�NC©
ãÑy
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Abstract

A coupled system composed of two nonlinear circuit systems is investigated. In this paper, the existence condition and the

analytical expressions of equilibrium in higher-dimensional system are derived, and the co-dimension 1 and co-dimension 2 bifurcations

of equilibrium are also studied. Furthermore, the complicated bifurcations are obtained through the continuation of limit cycles. It may

lead to various dynamical behaviors such as periodic motion, chaos, etc., for the interaction of two subsystems with periodic motions

under different coupling parameters. Using the qualitative analysis of equilibrium before and after coupling, the relation between the

discontinuity of bifurcation diagram and occurrence of neutral saddle in the case of weak coupling is presented.
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