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1 Ú ó

6Äp�í{Aå´���LN3¿�6Ä
Ú�ØÖ�L§¥É�Øþï�p}��^, �©
fó÷6Ä��ü��½����È(�)�
�«SAå [1]. 6Äp�í{Aå�)����
Ï´�©fó3LK\óL§¥/¤�Ø²ï�
�, 3e%�z�ØU
á=¡E���¸^��
·A�²ï��. TØ²ï����«�_�p�
/C, È(�p�/C²�± U/ª�;3�
��¬¥, 3·¨�^�e, ù«É�å�Ø½
��ò�gd�½���=z, U=C�ÄU
º�Ñ5. ��©fóm��^åÚ�p�(å
«ÉØ4ù«º��ÄU�, SAå²ï=;�»
�, ���¬Ò¬�)Aåm�±9�C/�y
� [1]. Ïdé¤.L§¥6Äp�í{AåïÄä
k�¿Â. ,, 8céí{Aå�ïÄÌ�´
æ^¢���{, |^AåVò��A*	�¬�
SAå. 8cmk©zéí{Aå?1ê��[ï
Ä, Ó�, ÿÃ©zé�gdL¡6�¿WL§�
6Äp�í{Aå?1Lê�ïÄ.

¢S5�¤.¥�àÜÔLNÑ´Å�5á
�, =LN� (��) �Aå-AC'Xäk�Úî
5�, I�d�NÅ�5�����§5£ã. 
Rc� [2] ïáåÅ�5LN¿�L§�Úî-Å�
ü��§�.. òL�Å�5LN�ÚîíN�Ø
Ó���§¤õ/Ú�����§|, ¤õ�[

Å�5LN�§¿WL§. �©3©z [2] �Ä:
þ, í�
Äu Extended Pom-Pom (XPP) ��'X
�Uþ�§, ¿ïá
Úî-Å�ü���§�..
^ÄuÓ ��k�NÈ{� SIMPLER �{éÅ
�5LN��§¿WL§?1
�[, ¤õÓP�

¢�L§¥*	��v��y�, ¿lê�þ�
Ñ
¿WL§(å��6Äp�í{Aå, �¢�
(J��.

2 Å�5LN¿�6Ä�í-�ü��
�§�.

2.1 .¡ÓP�§

æ^ Level Set �{ [3−5] ÓPLNc÷.¡.
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DÚ� Level Set 9Ù#Ð©z�§Xe:
∂ϕ

∂t
+ u · ∇ϕ = 0, (1)
∂ϕ

∂tr
+ sign(ϕ0)(|∇ϕ| − 1) = 0,

ϕ(x, y, 0) = ϕ0(x, y),
(2)

Ù¥ ϕ ´Y²8¼ê, §�"��¡=�.¡ 
�, u = (u, v) ´�Ý¥þ, t ´�m, tr ´#Ð©
z�<ó�m, sign (ϕ0) ´ ϕ �ÎÒ¼ê, ½Â�

sign(ϕ0) =
ϕ0√

ϕ2
0 + [min(∆x,∆y)]2

, (3)

Ù¥, ∆x � ∆y ©O´÷ x � y �����°Ý,
[min(∆x,∆y)]2 ^u;�©1�"Ø.

nØþ, #Ð©z�§ (2) ØUC"Y²
8 (.¡) � �. ,3ê�O�¥, duê�°
Ý9Ø��K�, ¦�.¡ �  ¬u)UC,
cÙ´�.¡k�ÿÀC/��¹e, .¡ ��
UCþ¬é�, lE¤�þØÅð.

�©æ^ Sussman � [6] JÑ�?�� Level
Set �{ÓPLNc÷.¡, =3#Ð©z�§
¥\\�þ?��, �±k�;� Level Set �{J
l$Ä.¡L§¥��þØÅð¯K.

½Â Heaviside ¼ê

Hε (ϕ) =


0 ϕ < −ε,

1
2

[
1 +

ϕ

ε
+ sin (πϕ/ε)/π

]
|ϕ| 6 ε

1 ϕ > ε,

,

(4)
Ù¥ ε�.¡°Ý, Ï~� ε = ∆x. Heaviside ¼ê
��ê� Dirac δ ¼ê δε (ϕ)

δε (ϕ) =


1
2ε

(1 + cos (πϕ/)) |ϕ| < ε,

0, Ù¦.

(5)

½ÂY²8 ϕ 3z���«� Ωij þ�¡
È�

Aij =
∫

Ωij

Hε (ϕ) dΩ, (6)

¡È÷	{��� n �CzÇ�

∇Hε (ϕ) · n = H ′
ε (ϕ)∇ϕ · ∇ϕ

|∇ϕ|
= H ′

ε (ϕ) |∇ϕ|

= δε (ϕ) |∇ϕ| . (7)

#Ð©z�, duê�Ø�, ¬¦��� Ωij ¥
�¡È�)UCþ ωijδε (ϕ) |∇ϕ|, Ù¥ ωij ´�½

Xê, Ïd�ò#Ð©z�§ (2) U��
∂ϕ

∂tr
+ sign(ϕ0)(|∇ϕ| − 1)

= ωδε (ϕ) |∇ϕ| . (8)

e¡(½ ωij ��. du#Ð©z�, nØþ
ØUC"���, �.¡þ�� Ωij �¡È���
m tr �CzÇA� 0, =k

∂Aij

∂tr
=

∫
Ωij

H ′ (ϕ) ϕtrdΩ = 0, (9)

ò�§ (5), (8) �\�§ (9), ��∫
Ωij

δε (ϕ) (−sign(ϕ0)(|∇ϕ| − 1)

+ωijδε (ϕ) |∇ϕ|) dΩ = 0, (10)

�)�

ωij =

∫
Ωij

δε (ϕ) (−sign(ϕ0)(|∇ϕ| − 1)) dΩ∫
Ωij

δ2
ε (ϕ) |∇ϕ|dΩ

. (11)

nþ¤ã, �©æ^� Level Set 9Ù#Ð©
z�§� [6]

∂ϕ

∂t
+ u · ∇ϕ = 0, (12)
∂ϕ

∂tr
+ sign(ϕ0)(|∇ϕ| − 1)

= ωδε (ϕ) |∇ϕ| ,

ϕ(x, y, 0) = ϕ0(x, y).

(13)

2.2 6N���§

2.2.1 $Ä�§ [2]

í!�ü��±��Ø�Ø 6N5?n.

ëY�§
∂ρ

∂t
+

∂u

∂x
+

∂v

∂y
= 0, (14)

u-Äþ�§
∂ (ρu)

∂t
+

∂ (ρuu)
∂x

+
∂ (ρvu)

∂y

− 1
Re

(
∂2 (µu)

∂x2
+

∂2 (µu)
∂y2

)
= −∂p

∂x
Hε (ϕ) +

(β − 1)
Re

×
(

∂2 (µu)
∂x2

+
∂2 (µu)

∂y2

)
Hε (ϕ)

+
1

Re

∂τxx

∂x
Hε (ϕ) +

1
Re

∂τxy

∂y
Hε (ϕ) , (15)

v-Äþ�§
∂ (ρv)

∂t
+

∂ (ρuv)
∂x

+
∂ (ρvv)

∂y
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− 1
Re

(
∂2 (µv)

∂x2
+

∂2 (µv)
∂y2

)
= −∂p

∂y
Hε (ϕ) +

(β − 1)
Re

×
(

∂2 (µv)
∂x2

+
∂2 (µv)

∂y2

)
Hε (ϕ)

+
1

Re

∂τyx

∂x
Hε (ϕ) +

1
Re

∂τyy

∂y
Hε (ϕ) , (16)

Ù¥ Reynolds ê Re = ρlLU/µl, ρ (ϕ) = ξ+(1 − ξ)
Hε (ϕ), µ (ϕ) = η + (1 − η) Hε (ϕ), ξ = ρg/ρl,

η = µg/µl, β �ÚîÅ5�oÅ5�', eI l
� g ©OL«���í�, L � U ��ÝÚ�Ý�
Ãþjzëê.

���§ $
∂ψ

∂t
+ ∇ · ($uψ) −∇ · (Λ∇ψ) = Sψ.

(17)

�©À�äk XPP ��'X����§, �
§¥�ëê�½ÂdL 1[7] �Ñ, Ù¥ Weissenberg
ê½Â�We = λ0bU/L, λ0b L«àÜÔ©fó�
��tµ�m.

L 1 ���§¥�ëê [7]

�§ m ψ Λ Sψ

�Aå τxx We τxx 0

2 (1 − β)
∂u

∂x
+ 2Weτxx

∂u

∂x
+ 2Weτxy

∂u

∂y
− f(λ, τ )τxx

−[f(λ, τ ) − 1]
1 − β

We
− α

We

1 − β
(τ2

xx + τ2
xy)

}Aå τxy We τxy 0

(1 − β)

(
∂v

∂x
+

∂u

∂y

)
+ Weτxx

∂v

∂x
+ Weτyy

∂u

∂y

−f(λ, τ )τxy − α
We

1 − β
τxy(τxx + τyy)

�Aå τyy We τyy 0

2 (1 − β)
∂v

∂y
+ 2Weτyy

∂v

∂y
+ 2Weτxy

∂v

∂x
− f(λ, τ )τyy

−[f(λ, τ ) − 1]
1 − β

We
− α

We

1 − β
(τ2

yy + τ2
xy)

Aå τzz We τzz 0 −f(λ, τ )τzz − [f(λ, τ ) − 1]
1 − β

We
− α

We

1 − β
τ2
zz

2.2.2 Uþ�§
3Nõ�¹e, ¿�L§´��§�, Ïd, �

©ïáÅ�5LN¿�L§���§ü��..

2.2.2.1. Äu XPP ��'X�Uþ�§í�

Peters � í � Ñ 
 � � Å � 5 6 N � U þ
�§� [8]

ρC
∇
T = −∇q + σ : D −

(
1 − THT +

T

ρ

∂ρ

∂T

)
× σ : (D − A) , (18)

Ù¥ C ´'9N, T ´§Ý, q ´9Ïþ, σ ´
Cauchy AåÜþ, HT ´á�5Uëê, A ´w£
Üþ. éuØÓ����§, duw£ÜþØÓ, �
§ (18) �äNL�ªØÓ. �©í�Ñ
Äu XPP
��'X�Uþ�§.

5¿��§ (18) ¥, éu XPP ���§k

HT =
1
ρ

∂ρ

∂T
+

ζ

T
, (19)

A =
α

2G0λ0b
σ +

[
1 − α − 3αλ4tr (S · S)

2λ0bλ2

+
eν(λ−1)

λ0s

(
1 − 1

λ

)]
I − G0 (1 − α)

2λ0b
σ−1,

(20)

Ù ¥ S ´ Ì ó ã ½ � Ü þ, ÷ v ' X ª σ =
3G0λ

2S.
Ó�, d Fourier 9D�½Æ, k

q = −K∇T, (21)

Ù¥ K �9D�Xê.
ò � § (19)—(21) � \ � § (18), � � Ä

u XPP ��'X�Uþ�§�
∂

∂t
(ρlClT ) + ∇ · (ρlCluT )

= ∇ · (Kl∇T ) + ζσl : D + (1 − ζ)
{

α

2G0λ0b
σl : σl

+
[
1 − α − 3αλ4tr (S · S)

2λ0bλ2
+

eν(λ−1)

λ0s

(
1 − 1

λ

)]
×tr (σl) −

G0 (1 − α)
2λ0b

tr (I)
}

, (22)
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þª¥mà¹ σl �1���N��5 (p�5) �
�z, �����NUþ�5 (Ê�5) ��z, ª
¥ ζ ∈ [0, 1].

2.2.2.2. í!�ü�Uþ�§�Ú�

é.n¥�íN, Ù§Ý�§�
∂

∂t
(ρgCgT ) + ∇ · (ρgCguT )

= ∇ · (Kg∇T ) + σg : D. (23)

�§ (23) ¥ σg : D �O���B\�¥, Ïd
�§ (23) �L«�

∂

∂t
(ρgCgT ) + ∇ · (ρgCguT )

= ∇ · (Kg∇T ) + STg, (24)

Ù¥
STg = σg : D. (25)

aq/, é.n¥�LN, Ù§Ý�§�L«�
∂

∂t
(ρlClT ) + ∇ · (ρlCluT )

= ∇ · (Kl∇T ) + ST l, (26)

Ù¥

ST l = ζσl : D + (1 − ζ)
{

α

2G0λ0b
σl : σl

+
[
1 − α − 3αλ4tr (S · S)

2λ0bλ2

+
eν(λ−1)

λ0s

(
1 − 1

λ

)]
tr (σl)

−G0 (1 − α)
2λ0b

tr (I)
}

. (27)

�Äþ�§�Ú�aq, �±òÅ�56N�
Úî6N�Uþ�§Ú�L��Xe/ª:

∂

∂t
(ρCT ) + ∇ · (ρCuT )

= ∇ · (K∇T ) + ST lHε (ϕ) + STgTε (ϕ) , (28)

Ù ¥, C(ϕ) = Cg + (Cl − Cg)Hε(ϕ), K(ϕ) =
Kg +(Kl−Kg)Hε(ϕ), Hε(ϕ) �L�ªÓ (4), Tε(ϕ)
�L�ª�

Tε (ϕ) =


1 ϕ < −ε,

1
2

[
1 +

ϕ

ε
+ sin (πϕ/ε)/π

]
|ϕ| 6 ε,

0 ϕ > ε.

(29)

©z [9] �Ñ, (27) ª¥ëê ζ �CzØv±
K���6Cëþ. Ïd, �ò�§ (28) Ãþj
z, - (27) ª¥ ζ = 1. - K = KlK

′, C = ClC
′,

T = T0T
′, K�§ (28) �Ãþjz/ª� (E^�

CþL«Ãþjþ)

Pe

(
∂

∂t
(ρCT ) + ∇ · (ρCuT )

)
= ∇ · (K∇T ) + Br (ST lHε (ϕ) + STgTε (ϕ)) ,

(30)

Ù¥, Peclet ê Pe = ρlClUL/λl, Brinkman ê Br =
ηlU

2/KlT0 �

ρ (ϕ) = ρg/ρl + (1 − ρg/ρl) Hε (ϕ) ,

C (ϕ) = Cg/Cl + (1 − Cg/Cl) Hε (ϕ) ,

K (ϕ) = Kg/Kl + (1 − Kg/Kl) Hε (ϕ) .

2.2.2.3. ÅÝ�.

Uþ�§¥Ø=��Ä�5��^, Ó��k
�NLNÅÝCz�ÅÝ�.. �©À�LNÅÝ
÷vÔëê Cross-WLF �ÅÝ�. [1]

ηl (T, γ̇, p) =
η0 (T, p)

1 + (η0γ̇/τ∗)1−n0
, (31)

ª¥ n0 ��Úî�ê, η0 �"}�ÅÝ, τ∗ �á
�~ê, £ã
dÚîÅÝLÞ��ÆÅÝ�}�
AåY². "}�ÅÝ η0 ´§ÝÚØå�¼ê, �
N
§Ý!ØåéLNÅÝ�K�, �æ^ WLF
.L�ª£ã�, k

η0 = W1 exp
(

−J1(T − T ∗)
J2 + (T − T ∗)

)
, (32)

Ù¥ T ∗ = W2 + W3p, J2 = Ĵ2 + W3p, J1 ´á�~
ê, L«"}�ÅÝe�Àæz=C§Ý�§Ý�
'5. W1 ´á�~ê, L�3"}�ÅÝ!Àæz
=C§Ý±9�íØre�LNÅÝ; T ∗ ´LN
�Àæz=C§Ý, Ï~�Øåk'. W2 ´á��
Àæz=C§Ý; W3 ´á�~ê, L«LN�Àæ
z=C§Ý�Øå�Czþ; Ĵ2 ´�À��àÜÔ
LNá��'�ëê.

nþ¤ã, K�§| (12)—(17), (30)—(32) �
Ó�¤
Å�56N¿�L§���§�..

3 ê��{9k�5�y

Äþ�§9���§dÓ ��k�NÈ
{ ¦ ), Ø å-� Ý � A å-� Ý � Í¯K $ ^
� � � { [2,10,11] � ± ) û. Level Set 9 Ù 
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#Ð©z�§æ^p©EÇ�ª¦), Ù¥�
mlÑæ^Ê� WENO (weighted essentially non-
oscillatory) �ª [12−14], �mlÑæ^n� TVD-
Runge-Kutta�ª [15].

���[dg? Fortran §S¢y.

L 2 ?�� Level Set �{¦)�� Zalesak¯K

�Ø��Âñ�

∆x Ø� Âñ�

1 3.66×10−2 N/A

1/2 1.64×10−3 4.5

1/3 9.66×10−4 1.3

�©�Ñ�� Zalesak¯K5�yê��{�
k�5. O�«�� 100 × 100. �"���� 
u (50, 75), �»� 15. ��"��°ÝÚ�Ý©O
´ 6 Ú 24. Ð©�Ý u �½Xe:

u0 = (π/314) (50 − y) ,

v0 = (π/314) (x − 50) , (33)

O��m t = 0—628, O���©O� 100 × 100,
200 × 200 Ú 300 × 300. �mÚ�©ª�u ∆x. O
�(JXã 1 ¤«. Ø��Âñ�dL 2 ¥�Ñ,
�±wÑ�©æ^�?�� Level Set �{U
°
(ÓP$Ä.¡, ;�DÚ� Level Set �{Úå�
�þØÅð¯K.

ã 1 ^?�� Level Set �{¦)�� Zalesak¯K�(J (a) ∆x = ∆t = 1; (b) ∆x = ∆t = 1/2; (c) ∆x = ∆t = 1/3

4 �[(J

¿�á�æ^à%�| (polycarbonate, PC), Ù
Ô5ëêXL 3 ¤«.

¿��Ý©O� u = 5.0 � u = 2.0, 9¡�.
nSíN§Ý 323, LN§Ý 523. .n«¿ã9O
�«�dã 2 ¤«.

ã 2 .n«¿ã9O�«� (ÒKÜ©�O�«�)

ã 3 �Ñ
¿�L§¥ØÓ5��Çe��
��c÷.¡/G�'�. �±wÑ u = 2.0 �c
÷.¡3 y = 0.5 NCÇ�u u = 5.0 ��/. L
N3¿�L§¥�C9¡�LN§Ýü$, Ñyv

��, ¦�6�CdÄ, l.n¥Ü��Ý7,
¬O\. 5��Ç��, v���þ, Ïd u = 2.0
�c÷.¡3 y = 0.5 NCÇ��.

ã 3 ØÓ5��Çe����.¡/G�'� (a) u = 5.0;
(b) u = 2.0

ã 4 � Ñ 
 5 � � Ç © O� u = 2.0 Ú
u = 5.0 �LN¿÷.n�.n¥�v��©Ù.
du5��Ý��, ��LN3.nS¢3�mL
�, �C.n9¡�LN§Ýeü�L:±e, l
/¤v��. ~�½�Øv����{kJp5
��Ç½ö·�Jp�ä§Ý�. lã 4 �±wÑ,
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L 3 PC á��Ô5ëê [1]

ëê ρl Cl λl n0 τ∗ W1 W2 W3 J1 J2

(ü ) /kg·m−3 /J·kg−1·K−1 /W·m−1·K−1 /Pa /Pa·s /K /Pa·K−1 /K

� 1020 1700 0.173 0.574 182680 1.9×1011 417.15 0.0 27.396 51.6

ã 4 Ø Ó 5 � � Ç e ¿ W ( å � . n ¥ v � � © Ù
(a) u = 2.0; (b) u = 5.0

5��Ç u = 5.0 �v��²w' u = 2.0 �v
���.

ã 5 �Ñ
 x = 2.5 ?�}�Ç©Ù�¹, �
�LN3�C9¡NCv��?}�Ç�", 3.
ng9¡?}�Ç��, 3�l9¡, =.n¥
Ü}�Çé�. Ó�, 5��Ç��, }�Ç���.
ù�©z [16] �(J��.

5 6Äp�í{Aå©Û

ã 6 �Ñ
¿��Ý u = 5.0, ¿W(å�.

n¥Aå÷ x = 2.5 �©Ù�¹, �©z [16] �(
J��.

éuã 6 ¤«�Aå©Ù�¹��Xe)
º [1]: 5��¬S6Äí{Aå����ûu�
©fóSAå9Ùtµ�§Ý. 3�¬L�;��
9�/�, LNe%�Ýé¯, �©fó5Ø9�
Ü��=�È(, ÏdÙ6Ä��Ý¿Øp. 3�
¬gL�� �, 3}��^e, �©fóÅì÷
6Ä����!?1��, d?�e%�Ý�¯,
�ø�©fótµ��méá, Ù6Ä��Ý�
p, ©fó¤ÉÜå�p, ��S6Äí{Aå�
�p; 3�l�9�/�, e%�Ç�$, �©f
ók����mtµ, ��Ý�$, 6Äí{Aå
���.

3¢S)�¥, �U~��¬¥�©fó��
Ý��«Ï�, þk|uü$Ù6Äí{Aå. ¢
�(JL², JpLN§ÝÚ�ä§Ý, ü$¿�
ØåÚ¿��Ç, Ñ¬3ØÓ§Ýþ¦�¬�6Ä
í{Aå~� [1]. éd�©?1
ê��y, ¿�
�Ý u = 2.0 ��6Äp�í{AåXã 7 ¤«,
�±wÑ, �¿��Ç~��, �¬�6Äí{A
å~�, llê�þ�y
¢����(Ø.

ã 5 x = 2.5 ?�}�Ç©Ù (a) u = 5.0; (b) u = 2.0
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ã 6 ¿��Ý u = 5.0, ¿W(å�Aå÷ x = 2.5 �©Ù�¹

ã 7 ¿��Ý u = 2.0, ¿W(å�Aå÷ x = 2.5 �©Ù�¹

6 ( Ø

í�
Äu XPP ��'X�Uþ�§, ?ï
á!¦)
Å�56N��§¿�6Ä�í-�ü
��.. ��
K���åÆ5U�6Äp�í{
Aå, ¿éK�í{Aå�Ï�?1
©Û. (J
L², �©ïá�Å�56N��§¿�6Ä�ü

��.U
O(�yÅ�5LN¿WL§, ¿UO
(ÓP�v���Ôny�9}��ÇÚí{A
å©Ù. v��þÝ��mO\, ��5��Çk
'. }��Ç�í{Aå©ÙÄ���, ���Ñ
y3�¬gL� �, v��S}��ÇÚí{A
åÄ��", .n¥% �}��ÇÚí{Aå�
��.
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Simulation of residual stress in viscoelastic mold
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Abstract
Flow induced residual stress is the major reason for stress cracking and warping of plastic products, the study on which is

significant to overcome the flaws of products. In this paper, the energy equation based on Extended Pom-Pom constitutive relationship
is deduced. A non-isothermal viscoelastic-Newtonian two-phase fluid model for mold filling process of viscoelastic materials is set
up. The conservative interface capturing technique and the flow field solving method are coupled to perform a dynamic simulation.
The distribution of the frozen skin layer and the shear rates are given. The flow induced residual stress is predicted and analyzed. The
numerical results show that the thickness of the frozen skin layer is dependent on the injection velocity and a higher injection velocity
corresponds to a thin frozen skin layer. Near the walls of the product, the shear rate and the residual stress are almost zero. At the
position of subsurface, the shear rate and the residual stress reach their largest values. At the positions far away from the walls of the
product, the shear rate and the residual stress are small.
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