
Ô n Æ � Acta Phys. Sin. Vol. 61, No. 23 (2012) 234704

�íë�6�Ý�mS����
Lyapunov �ê±9ë6óÄ*

�U� 4° †̧ Nïû o�¹

( uÀnó�Æ, uíz9Uzó��Ü:¢�¿, þ° 200237 )

( 2012 c 3 � 16 FÂ�; 2012 c 6 � 20 FÂ�?Uv )

^9�º�¤æ8
����í�6��Ý�mS�, ¿æ^�«Äu�� Lyapunov �êØC5�·b�
mS�©Û�{, O�
Ñ�Xìê3 939 6 Re 6 3758 ��S��Ý&Ò��� Lyapunov �ê±9ë6��
[SóÄ. (JL², �� Lyapunov �ê�XXìê�O\O�, �Xlm��Ñ�ål�O\~�, ��
� Lyapunov �ê��ê�'é�m´��'�. ë6��[SóÄ�XXìê�O\±9�Xlm��Ñ�ål
�O\þ´ÅìO��, �ë6��[SóÄ� Kolmogorov ºÝ´K�'�.

'�c: ë�6, ·b, �� Lyapunov �ê, �[SóÄ

PACS: 47.27.wg, 05.45.Tp, 47.52.+j, 05.40.–a

1 Ú ó

gl 1963 c Lorenz JÑ(½5�§�3·b
y�±5, ·bÄåÆ±9·b�mS���{3
6N6Ä�¡��
2��A^, ¿®��
�½
�ïÄ?Ð. Brandstater � [1] uy Taylor-Couette
6ÄXÚ¥�3$�·b, ¿ïÄ
 Lyapunov �
ê!�Ú�ê�XXìê�Cz'X. Fin Ú del-
Castillo-Negrete[2] ïÄ
}�6Ä¥�.�KF·
bÚî.·b. Zhang � [3] ÏL��ê��[uy
7��²��6N6Ä�±d�=«�·b. a
| [4] �ã�·bÄåÆÚë6ÚOnØ�m�'
X. ��Ú7w� [5] Äu·báÚf/�£ã�
��5ÄåÆL��{, JÑ
ò·báÚf/�
A�þ?1|Ü�í�ü�66.©a�#�{.
Mcmackin � [6] ©Û
�í�6��Ý�mS�,
uylm���½ål��6C|«, Ùÿþ&Ò
´·b�. ±¦û� [7] æ^·bÄåÆ��{é

9�6[S(�?1
ïÄ. Zhang � [8] ÏL¢�
ïÄ
Y�6�·bÄåÆ1�. du�í�63
C|«äk·b1�, ÏdI�æ^·b�mS�
©Û��{éÙ?1ïÄ.

�âë6�[S©) [9,10] ��, ë6��6
|�©)�[S�²þÚ�[SóÄ�Ú, =

f = 〈f〉 + fr, (1)

Ù¥, 〈f〉 Ú fr ©OL«[S�²þÚ�[Só
Ä. duë6��[SóÄ´�Å�, ¿��[S
�²þ´�pÕá�, Ïd, �©rë6��[S
óÄ���mS�¥��ÅD(5?n, =�©
¥��[SóÄ��ÅD(äk�Ó�¹Â. �
� Lyapunov �ê´�äÚ£ãÄåXÚ·b�
�ëê [11], �é�ÅD(�©¯a [12]. duë�
6�Ý�mS�¹k�Å��[SóÄ, ÏdéT
�mS�O��, I��Ä�ÅT�ÅóÄ�K�.
,	, D(Y²�O���´�mS�©Û��
SN [13−15]. �©æ^�U�� [15] JÑ�Äu�
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� Lyapunov �êØC5�·b�mS�©Û�{,
é^9�º�¤ ({¡9�) æ8��í�6&Ò
?1
O�, ¿ïÄ
�� Lyapunov �ê±9ë
6�[SóÄ�XXìê±9lm��Ñ�ål
�Cz'X.

2 ¢�C�9�6&Òæ8

¢�6§Xã 1 ¤«. 5gÛ]�ºÅ��í,
Ï\�À-. �À-º�Ñ�íN, d=f6þO
Oþ, ÏL·¶��6�, ²���Ñ, ¿^ DAN-
TEC úi)�� Streamline 4 .ð§9�º�¤æ
8�6¥%�þ�¶��Ý�mS�. ��º�X
ã 2 ¤«, Ñ��»� D = 10 mm. Ñ�Xìê Re

UeªO�
Re =

UD

v
, (2)

Ù¥, U L«��Ñ�²þ6�, v ��í�$Ä
ÆÅÝ. 9��æ�ªÇ� F = 104 Hz, æ��m
� T = 100 s. ã 3 �Ñ
 Re = 2818, x = 3D �9
�æ8� 0.05 s ��Ý&Ò, Ù¥, x L«ÿþ �
lm��Ñ��ål, ã 3 ¥� u L«9�ÿþ�
]��Ý. �±wÑ, T&ÒÑl,«(½5�5

ã 1 ¢�6§ã 1 Û]�ºÅ; 2 �À-; 3 z�; 4 =f6
þO; 5 ��; 6 9�&Þ; 7 9�ÌÅ; 8 >M

ã 2 ���º�ã (ü : mm)

ã 3 0.05 s ��Ý�mS�, Re = 2818, x = 3D

Æ, �qØ��´±Ï�, ¿�¹kë6��[S
óÄ, éaqu¹k�ÅD(�·b�mS�.

3 Äu�� Lyapunov �êØC5�·
b�mS�©Û�{ [15] {0

é u ü C þ · b � m S � {xn : n = 1,

2, · · ·, Ns}, Ns �æ�:ê8, æ��mm�� ∆t.
¹k�ÅD(�ÿþ&Ò yn�

yn = xn + en, (3)

ùp, en��ÅD(.
�â Takens �mò´i\½n [16], ò xn ?

1��m�, �

xn = [xn, xn+l, · · · , xn+(d−1)l], (4)

l Ú d © O�� m ò ´ Ú i \�ê, {xn}
� �áÚ f. Ó n, � ± � �, yn = [yn,
yn+l, · · · , yn+(d−1)l], en = [en, en+l, · · · , en+(d−1)l].

é uÃD � � m {xn} ¥ � ? ¿ � : xn,
ò xn �¤k�:P� {xr

n}, Ù¥, r = 1, 2, · · · , N ,
N �¤k�:�ê8. xr

n ²�m t = T∆t üz�
� xr

n(T ). ò N ��:©¤üÜ©, {xi(n)} ±
9 {xi+s(n)}, ùp, i = 1, 2, · · ·, s, Ù¥, s � N/2
��êÜ©. du��;,�ålU�ê5ÆO
� [12,17], K∣∣xi

n(T ) − xi+s
n (T )

∣∣ =
∣∣xi

n − xi+s
n

∣∣ · eλ1T∆t, (5)

ùp, |•| L«î.ål, λ1��� Lyapunov �ê.
(5) ªü>²��, éØÓ� i �²þ, ¿ü>

�éê, ��

lnh(T ) = 2λ1T∆t + lnh(0), (6)

ù p, h(T ) =
〈∣∣xi

n(T ) − xi+s
n (T )

∣∣2〉, h(0) =〈∣∣xi
n − xi+s

n

∣∣2〉, Ù ¥, 〈•〉 L « é ¤ k � i �
�²þ.
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éu¹kD(�ÿþ&Ò, � Ns → ∞ �, k

h(T ) = H(T ) − 2dσ2
e , (7)

Ù¥, H(T ) =
〈∣∣yi

n(T ) − yi+s
n (T )

∣∣2〉, σe �D(�
IO�. ò (7) ª�\ (6) ª, =���O� λ1 �?
�úª, �¢SL§¥D(� σe ¯k  ¿Ø�
�. d�b�D(�IO�� σ, ¿½Â��¼ê

f(d, σ2)

=
ln(H(T2) − 2dσ2) − ln(H(T1) − 2dσ2)

2∆t(T2 − T1)
, (8)

w,, � σ = σe �, f(d, σ2) = λ1 ¿�Ø�6ui
\�ê d. (7) ª�\ (8) ª�, ò f(d, σ2) é d ¦ 
�, �

∂f(d, σ2)
∂(d)

=
{
(σ2 − σ2

e ) [h(T2) − h(T1)]
}

÷
{
∆t(T2 − T1)

[
h(T1) + 2dσ2

e − 2dσ2
]

×
[
h(T2) + 2dσ2

e − 2dσ2
]}

. (9)

é u · b X Ú, λ1 > 0, d (6) ª

�
h(T2) − h(T1)

T2 − T1
> 0, KkXe(Ø

(i) � σ2 < σ2
e �,

∂f(d, σ2)
∂(d)

< 0, d� f(d, σ2)

�X�ê�O\~�;

(ii) � σ2 = σ2
e �,

∂f(d, σ2)
∂(d)

= 0, d �

f(d, σ2) Ø ��ê � C z  C z, ¿ � f(d, σ2
e )

= λ1;

(iii) � σ2
e < σ2 < σ2

e +
min (h(T1), h(T2))

2d

�,
∂f(d, σ2)

∂(d)
> 0, d� f(d, σ2) �X�ê�O

\O�.
Ïd, �±�â f(d, σ2) ��ê�Czª³, �

OÑ�ÅD(�IO� σe ±9�� Lyapunov �
ê λ1. �,, ¢SO��, f(d, σ2

e ) 3ØÓ�êe�
,�3��ÅÄ. d�, ò f(d, σ2

e ) éØÓ� d ��
²þ, ¿òT²þ����� Lyapunov �ê��
O�, =

λ1 =
1

dM − dm + 1

dM∑
d=dm

f(d, σ2
e ), (10)

Ù¥, dm Ú dM ©O���i\�êÚ��i\�
ê. T�{��[í�L§±9O�[!, �ë�
©z [15].

4 (J�?Ø

æ^�U�� [15] JÑ��{O��, ÄkI
�é�mS�?1��m�. ��m��¤I
��mò´æ^ Rosenstein � [17] JÑ�g�'¼
ê1�geü�Ð©�� 1-1/e ��m����m
���mò´ l. du�'¼êéD(Ø¯a, Ï
dT�{´�«k��(½D(&Ò�mò´�
�{. éu��m��¤I���i\�ê, �
©æ^�±�ØD(K�(½i\�ê�ÛÉ�
©Û�{ [18]. ÛÉ�©Û{�Ä�g�Xe: éu
lÑ��mS� yn, Ùò´þ� τ �g�'¼ê
� C(τ), ½Âé¡� M × M g�'Ý


C =



C(0) C(1) C(2) · · · C(M − 1)

C(1) C(0) C(1) · · · C(M − 2)

C(2) C(1) C(0) · · · C(M − 3)

· · · · · · · · · · · · · · ·

C(M − 1) C(M − 2) C(M − 3) · · · C(0)


, (11)

Ù¥, C �1 i 11 j ���� Cij = C(|i − j|).
P Sm ´ C � l � � � ü � � Û É � Ì, Ù
¥ m = 1, 2, · · · ,M , @o� m �����, Sm

� m �O�~�, � m ��,���, Sm â,
C�ð½�, = Sm-m �m©Ñy²�. Kdâ
C: (fÐÑy²�) ?� m �Ò´��m��
¤I���i\�ê.

± Re = 2818, x = 3D ?æ8��Ý&Ò�

~, T&Ò�g�'¼ê C(τ) Xã 4 ¤«, �±w
Ñ, � τ = 7 �, g�'¼ê��CÐ©�� 1-1/e,
Ïd� l = 7 �����mò´. T&Ò�ÛÉ
�ÌXã 5 ¤«, �±wÑ, � m �u�u 4 �, Û
É�Ä�ØC, =����i\�ê��� 4. [
!þw, S5 ��' S4 Ñ�,�
��å�, ¢SO
����i\�ê� dm = 6.

�â�U�� [15] JÑ��{�Ä�g�,

234704-3



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 23 (2012) 234704

��X�ØÓ� σ �, O���� f(d, σ2) ��
ê d �CzXã 6 ¤«. �±wÑ, � σ ���
��, f(d, σ2) �X d �O\~�, � σ ��
�, f(d, σ2) �X d �O\O�, ¿��½�3
�� σ, ¦� f(d, σ2) Ä�Ø��ê d Cz, ù�
�ÎÜ¹kD(�·b�mS��5�. �Ò´
`, �6C|«(¢�3äk·b1��6Ä, �
T(½5�·b$Ä¥¹k�½þ��ÅD( (=
ë6��[SóÄ). éØÓ� σ �, ©Oæ^�5
���¦[Ü�{O� f(d, σ2) �i\�ê d C
z��Ç k(σ), k(σ) � σ �CzXã 7 ¤«. æ^
�5S���{, O�Ñ¦� k(σ) = 0 � σ �, w
,, T σ �=��Ý�mS�¹k��[SóÄ�
IO� σe, �� σe = 0.0756 m/s. �� σe �, K�
d (10) ª�OÑT&Ò��� Lyapunov �ê, �
� λ1 = 364.6 s−1.

ã 4 C(τ)-τ �, Re = 2818, x = 3D

ã 5 Sm-m �, Re = 2818, x = 3D

æ^�Ó��{, éØÓÑ�Xìê±9Ø
Óÿþ �æ8��Ý&Ò?1O�, ����
� Lyapunov �ê λ1 ±9ë6�[SóÄþ σe �
�XL 1 ¤«. ,	, L 1 ��Ñ
'é�m τc

±9 Kolmogorov �ÝºÝ η ��. Ù¥ τc ½Â�
g�'¼ê C(τ) ü�Ð©� C(0) � 1/e �� τ

� [19],  η KUeªO� [20]

η =

[
v2 〈u〉2

15 〈(∂u/∂t)2〉

]1/4

. (12)

ã 6 f(d, σ2) � d �Cz�, Re = 2818, x = 3D

ã 7 k(σ) � σ �Cz�, Re = 2818, x = 3D

L 1 ØÓ�Ý�mS��O�(J

U /m·s−1 Re x/D λ1/s−1 τc/10−4 s σe/m·s−1 η/mm

1.415 939 3 92.3 21.78 0.0160 0.1757

2.830 1879 3 271.5 11.17 0.0428 0.1670

4.244 2818 2 411.3 7.09 0.0503 0.1651

3 364.6 9.00 0.0756 0.1440

4 295.4 10.89 0.1138 0.1356

5 251.0 11.36 0.1451 0.1206

5.659 3758 3 488.5 7.03 0.1102 0.1252

lL 1 �±wÑ, éÓ�ÿþ � x = 3D 
ó, �XXìê�O\, �� Lyapunov �ê λ1 Å
ìO\, 'é�mÅì~�, `²ë6$Ä��ý
�5UÅìü$, ù�Ï~éë�6�@£�Î
Ü [21]. éuÓ�Ñ�Xìê Re = 2818 ��/, 3
lm���½ål�C|«S (= 2D 6 x 6 5D),
�Xlm��Ñ�ål�O\, �� Lyapunov �
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êÅì~�, 'é�mÅìO�, `²ë6$Ä�
�ý�5UÅìO\. ùÌ�´du�X�6�u
Ð, ��ºÝ��µ^(�Åì)¤ [22], ¦�XÚ
$Ä�c��'5�r, Ïdë6$Ä��ý�5
UO\. I�5¿�´, � x > 5D �, �mS��
���mÄ�Ø�3(½5·b���;�U
�êuÑ�IÝ«m, `²6NÅìLÞ�¿©u
Ð�ë6,  l
(½5�·b5�, d�ÒØU
æ^·b�mS��©Û�{éÙ?1O�.

ã 8 1/λ1 � τc �Cz'X

ã 9 σe � η �Cz'X

du·b$Ä�ýÿ����m��� Lya-
punov �ê��ê¤�' [23], 'é�m�´L�
�ýÿ�m�é���þ [19], Ïd 1/λ1 � τc ´�
�'�. lã 8 ¤«�±wÑ, 1/λ1 � τc Ä�¥y
�5'X, ÏL���¦[Ü, ��

1
λ1

= 5.9448τc − 0.0025. (13)

lL 1 ��±wÑ, �Ý�mS�þ¹k�½
þ�ë6�[SóÄ. éuÓ�ÿþ � x = 3D

��/, �[SóÄþ σe �X Re �O\O\.
éuÓ�Ñ�Xìê Re = 2818 ó, �Xlm

��Ñ�ål�O\, �[SóÄþ σe �´Åì
O\�. ë6´d��ØÓºÝ�µ^|¤, Ù¥
�µ^�[S$Ä, �µ^��Å$Ä, ë6�
�[SóÄK´d�µ^��Å$ÄÚå� [10].
��µ^��µ^��ÝºÝ©.�� ld, Kol-
mogorov �ÝºÝ η L«ë6U-uÑ���µ^
��ÝºÝ [24], @oéuë6ó, k ld > η. X
J η ��, K ld � η ��O��, `²ë6-uÑ
��µ^��g��, d��ÝºÝ3 ld � η �m
�k�þ�g���Å$Ä��µ^, @o��Å
$Ä��µ^�oUþò��, Ïdë6��[S
óÄ��; ��, XJ η ��, @oë6��[Só
Äò��. Ïd, ë6��[SóÄ� Kolmogorov
ºÝ η ´K�'�. lL 1 �±wÑ, η �X Re �
O\±9�Xlm��Ñ�ål�O\þ´Åì
~��, Ïd�±íÑ σe �X Re �O\±9�X
lm��Ñ�ål�O\þ´ÅìO\�, ù�Ï
L·b�mS�©Û�{O����(J�Î.

dþã©Û��, ë6�[SóÄþ σe � η

¥K�'. lã 9 �±wÑ, �[SóÄþ σe � η

Ä�¥y�5'X, ÏL���¦[Ü, ��

σe = −2.0503η + 0.3817. (14)

5 ( Ø

æ^�U�� [15] JÑ�Äu�� Lyapunov
�êØC 5�·b�mS�©Û�{, O�

����í�6ØÓÑ�Xìê��Ý&Ò�
�� Lyapunov �ê±9ë6��[SóÄ. (
JL², �6C|«(¢�3äk·b1��
6Ä. éÓ�ÿþ �ó, �� Lyapunov �ê
� X X ì ê � O \  O �,  é � Ó X ì ê 
ó, �� Lyapunov �ê�Xlm��Ñ�ål
�O\~�. �� Lyapunov �ê��ê�'
é�mÄ�¥�5'X, ¿��ö[Ü'Xª�:
1
λ1

= 5.9448τc − 0.0025.

O�(J�uy, �Ý�mS�þ¹k�½þ
�ë6�[SóÄ, ÏdéT�mS�O��, I
��Ä�Å�[SóÄ�K�. éuÓ�ÿþ �
ó, �[SóÄþ�XXìê�O\O�, é
�ÓXìêó, �[SóÄþ�Xlm��Ñ�
ål�O\�´ÅìO��. ë6�[SóÄþ
� Kolmogorov �ÝºÝ¥K�', �ö[Ü'X
ª�: σe = −2.0503η + 0.3817.
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The largest Lyapunov exponent and the turbulent
fluctuation of the time series from air turbulent jets∗
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Abstract

The velocity time series of round air jets are acquired with the hot-wire anemometer. We compute the largest Lyapunov exponent

and the turbulent incoherent perturbation of the velocity signals at 939 6 Re 6 3758 using an analytical method of chaotic time series

which is based on the invariant of the largest Lyapunov exponent. The results show that the largest Lyapunov exponent increases with

exit Reynolds number, and decreases with the distance away from nozzle exit. The reciprocal of the largest Lyapunov exponent is

positively correlated with correlation time. The incoherent perturbation of turbulence increases either with exit Reynolds number or

with the distance away from nozzle exit. The incoherent perturbation of turbulence is negatively correlated with Kolmogorov scale.
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