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1 Ú ó

� Callot � [1,2] JÑ
Û;,y��, �Uk
NõÆöéÛ;,nØ?1
ïÄ. �c, ��5
¯KÛ;,nØ2��3uÔnÆ!åÆ!)�
ÆÚÙ¦g,�Æ�Nõ+�A^¥. Cc5Nõ
Æö3nØÔn!>´!)z��¡ÑéÛ;,
�
�
ïÄ [3−7]. Û;,Ì��)ÃÞÛ;,!
kÞÛ;,�L�. �c��5XÚ�½þÚ½5
��«�{�þZy. #Wj� [8−19] �ïÄ
k
'��5�A*Ñ!�Å!-1óÀ!)�!�
íÔn�¯K. �©´|^�©XÚ�½5nØ�
E�aÛ;,.

;.�Û;,�§®kNõïÄ [4−7], §�L
�´�a�Ag,y��°{Úß . �©´|^
��{ö��{5?ØÚ�Eäk�2A^��
a2ÂÛ;,XÚ.

2 2Â Lienard XÚ

?ØXe�aXÚ:
dx

dt
− a1y = f1(x, y), (1)

dy

dt
+ a2x = 0, (2)

Ù¥ x, y �G�Cþ, a1 (i = 1, 2) ��ëê, ¿
� f1 = bx2y, ùp b ��~ê. XÚ (1), (2) áu�
�2Â Lienard XÚ.

2Â Lienard XÚ (1), (2) ´g£XÚ. g£X
Ú (1), (2) éA��5àgXÚ

dx

dt
− a1y = 0,

dy

dt
+ a2x = 0,

3 x-y �²¡þ�": (0, 0) ����Û:, =¥
%. qÏ

lim
x2+y2→0

|f1(x, y)|
(x2 + y2)1/2

= 0,

�éA�Û:�´g£XÚ (1), (2) �¥%. §´
­½�, ���ìC�. ¤±XÚ�;�´µ4�,
éA�)�±Ï�.

XÚ (1), (2) �±U��
dy

dx
=

−a2x

(a1 + bx2)y
. (3)

ØJ���§ (3) �)­��

(a1 + bx2) exp
by2

a2
= K, (4)

Ù¥ K > a1 �?¿~ê. (4) ªÒ´XÚ (1), (2)
3�²¡þ�4;�.
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ã 1, ã 2 ©O�XÚ (1), (2) �ëê a1 = a2 =
b = 1, �?¿~ê K = 3 Ú K = 2 �3�²¡
þ;��ã/. �±wÑ, ù�;�3�²¡þ'
u x ¶Ú y ¶é¡.

ã 1 XÚ (1), (2) )�;� (a1 = a2 = b = 1, x0 = 0, K = 3)

ã 2 XÚ (1), (2) )�;� (a1 = a2 = b = 1, x0 = 0, K = 2)

2�Ä�5XÚ
dx

dt
= a1y + f2(y), (5)

dy

dt
+ a2x = 0, (6)

Ù¥ f2(y) = bx2
0y, 
 x0 �~ê.

XÚ (5), (6) éA�àgXÚ�A���

λi = ±i(a2(a1 + bx2
0))

1/2), (i = 1, 2). (7)

ÏdA���"¢Ü��ÝE�. XÚ�)3�²
¡þ���ìC­½�. éA�Û: (":) �¥
%, ;��é¡u x ¶Ú y ¶�µ4­�.

�5XÚ (5), (6) �L«�
dy

dx
=

−a2x

(a1 + bx2
0)y

. (8)

�§ (8) �)­��

a2x
2 + (a1 + bx2

0)y
2 = K1, (9)

Ù¥ K1 > 0 �?¿~ê. ;� (9) ªL«�xý
�, ¿�;��é¡u x ¶Ú y ¶.

'�XÚ (1), (2) �XÚ (5), (6) ¤éA�3�
²¡þ��§ (3) Ú�§ (8), ØJwÑüXÚ3�
²¡þ�;�3 x = x0 ���Ç��. Ïdéu
?¿� y, 3: (x0, y) ?üxéA;�þ��. �
âù�5�, ·�3e¡5�Ä��Û;,XÚ.

3 2ÂÛ;,g£XÚ

ïÄXe�a2ÂÛ;,g£XÚ:
dx

dt
− a1y = f(x, y), (10)

dy

dt
+ a2x = 0, (11)

Ù¥

f(x, y) =

 f1(x, y), x > x0,

f2(y), x 6 x0,
(12)

w, f1(x0, y) = f2(y). � f(x, y) ∈ C0, = f(x, y)
�©ãL«�ëY¼ê.

Û;,g£XÚ (10), (11) 3>´nØ¥kA
^. ~X�Ä��>´£´Xã 3 ¤«, §ÑlX
eg£XÚ [7]

L1
di

dt
= −u + f(i), C1

du

dt
= i,

Ù¥ i, u ©O�£´�>6Ú>ØG�¼ê, L1

�>aþ, C1 �>Nþ, f(i) ��>6k'���
5Cz�>{�. 'uù�>´£´XÚ�Û;,
�?Ø�¹ë�©z [7].

ã 3 ��g£XÚ>´£´

dþ¡�2Â Lienard XÚ (1), (2) Ú�5X
Ú (5), (6) �?Ø��, 2ÂÛ;,g£XÚ (10),
(11) �)3�²¡þ�;�3 x > x0 Ü©d (4)
ªL«, 3 x 6 x0 Ü©d (9) ªL«, ¿3 x = x0

?1wë�. Ïd·�U
�E2ÂÛ;,g
£XÚ (10), (11) �)3�²¡þ�µ4;�­
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� ABCDA Xe: ­� ABC ã�XÚ (1), (2) �
½,?¿~ê K �;� (4) ª�¿3 x > x0 �
«�Ü©, Ù¥: A, C 3 x = x0 þ, 
: B 3 x

¶þ. Ïdd (4) ª�O�: A, B, C ��I:

A
(
x0,

(a2

b
ln

k

a1 + x2
0

)1/2)
, B

((K − a1

b

)1/2

, 0
)

,

C
(
x0,−

(a2

b
ln

K

a1 + bx2
0

)1/2)
, ­� CDA ã��

5XÚ (5), (6) �;� (9) ª¿3 x 6 x0 �«�
Ü©, Ù¥: D 3 x ¶þ. d (9) ªÚ: C(½

: A) ��I, �û½ K1 =
a2

b
(a1 + bx2

0) ln
K

a1
.

Ïd, 2d (9) ª, : D ��I� D
(
0,−1

b

(
a1 +

bx2
0

)
ln

K

a1

)
.

dþ¡À½�µ4­� ABCDA Ò�¤
�
^g£XÚ (10), (11) �©ãL«�ëY�1w4
;�. d�©XÚ½5nØ��, §Ò´÷vg£
XÚ (10), (11) �kÞÛ;,, 3¤û½�Û;,
¥, �ã CDA (d� x 6 x0) � “ÛÞ” Ü©, �
ã ABC (d� x > x0) � “Û�” Ü©, �Û;,´
áuòz “ÛJ” .�4;�.

4 Þ ~

Äk�E2ÂÛ;,g£XÚ (10), (11) ��
^{ü
AÏ�kÞÛ;,. �
�Bå�, �X
Ú (10), (11) Ú6Ä¼ê�ëê�: a1 = a2 = b = 1,
x0 = 0. =2ÂÛ;,g£XÚ (1), (2) �/ª�

dx

di
− y = f(x, y), (13)

dy

di
+ x = 0, (14)

Ù¥

f(x, y) =

 bx2y, x > 0,

0, x 6 0.

y�EÛ;,XÚ (13), (14) �kÞÛ;,�
Ú½Xe.

(i) �;� (4) �ëê K = 3, K3�²¡þ�
: A ��I�

(
0,

√
ln 2

)
.

(ii) ÏL A
(
0,
√

ln 2
)

À� (4) ª3 x > 0 �;
�ã ABC:

(1 + x2) exp y2 = 3, x > 0,

Ù ¥ : B Ú : C � � I © O � B(
√

2, 0),
C

(
0,−

√
ln 2

)
.

(iii) d (9) ª, Ï L C(0,−(ln 2)1/2) � û
½ K1 = ln 2. ¿ À � (9) ª 3 x 6 0 � ; �
ã CDA:

x2 + y2 = ln 2, x 6 0,

Ù¥ D ��I� D
(
−
√

ln 2, 0
)
.

(vi) u´kÞÛ;,4;�� ABCDA.
ù�Û;,XÚ (13), (14) äkkÞÛ;,4

;��­� ABCDA Xã 4 ¤«.

ã 4 kÞÛ;,: ABCDA (a1 = a2 = b = 1, K = 3, x0 = 0)

ã 5 kÞÛ;,: ABCDA (a1 = a2 = b = 1, K = 3,
x0 = −1/2)

Ù g, � X Ú (10),(11) Ú 6 Ä ¼ ê � ë ê
�: a1 = a2 = b = 1, x0 = −1/2. �;� (4)
� ë ê K = 3, K 3 � ² ¡ þ � : A � � I
� (−1/2,

√
ln 12/5). ÏL A(−1/2,

√
ln 12/5) À

� (4) ª3 x > −1 �;�ã ABC:

(1 + x2) exp y2 = 3, x > −1,

Ù ¥ : B Ú : C � � I © O � B(
√

2, 0),
C(−1/2,−

√
ln 12/5). d (9) ª, Ï L C(−1/2,

−
√

ln 12/5) �û½ K1 = 1/4 + 4 ln 12/5. ¿À
� (9) ª3 x 6 −1 �;�ã CDA:

x2 + 4y2 =
1
4

+ 4 ln
12
5

, x 6 −1,
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Ù¥ D ��I� D(−1/2(1 + 16 ln 12/5)1/2, 0). u
´kÞÛ;,4;�� DABCD. ù�kÞÛ;
,4;��­�Xã 5 ¤«.

5 ( Ø

^��©ãL«�ëY¼ê5�� Lenard �

§¥���5¼ê, ���Û;,. {ü�Û;,
�^;��°()Ûª�êÆ£ã. d	Û;,
��?1��\�ïÄ, ~XÃÞÛ;,!kÞÛ
�!µÜ��;��.

éu��5Û;,nØ��±^�©XÚ�
½5nØ, ò°()ÚìC)�(Ü��{A^u
nØÔn!>´!)z��¡�A�ïÄ.
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Abstract
A class of generalized phase tracks of canard system is obtained. Firstly, the solutions to the generalized Lienard system are

considered. Then the canard-with-head solutions are constructed, and illustrated by the examples to construct the canard. Using the
same method, we may also construct more extensive canards.
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