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2007 c MacPherson Ú Srolovitz JÑ�«U

O(L�n��N¬âNÈCzÇ��Ç�. [2],
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, (1)

ª¥, V ´n��N¬âNÈ, ` Ú L ©O´T¬
â��«�5º� (the mean width) Ú¤kn¬c
�o�Ý, M �¬.[£Ç, γ ´L¡Üå (½¡
¬.U). ÔnÆ¥ÆÚí����L§��^þ
ã�§\±£ã, TïÄ(J´��­V±5n�
¬â/Æ��ÄåÆnØïÄ+��­�â»5¤
J, ­#Úå�Æ.�2�'5 [3−9]. (1) ª�@�
´�� von Neumann �§3n��m�ò�, Ïd
§��¡�n� von Neumann �§. dun� von

Neumann �§�í�L§4ÙE,, �©�öQæ
^�«{B�{Õáí�Ñ
·^uà/õ¡N
�N¬â�n� von Neumann �§ [9].

,
, �X Kinderlehrer 3©z [1] ¥�Ñ��
�, þãn� von Neumann �§ [2] ´3��Ó5
�b� (b�¬.UÚ¬.[£Ç??��, l

n¬c?ü¡�� 60◦, ¬cY�� 109◦28′6′′) Ä
:þí�
5�,���Ñ
¢S¬â��L§¥
¬.UÚ¬.[£Ç�Øþ!5Ú��É5. 

¯¢þ, ��É52��3 [10,11], 3¢S¬â��
L§¥�´Ø�;��K�Ï�, �CNõ¢�Ú
�ýÑ®²y²
��É5Ï�é¬â���­
�K� [12,13]. Ïd, n� von Neumann �§=·^
u��Ó5�n��¹, ¿ØUA^u¢Sõ¬N
|��üC. ~X, éu��¢S�²¡õ¡N¬
â, duÙØ÷vn¬c?ü¡�� 60 ˚ , ¬cY
�� 109◦28′6′′ ���Ó5�^�, Ù¬â���
ÇØU^n� von Neumann �§5£ã.
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[£Ç�Øþ!5Ú��É5�����5ü
¡�, ²í���
·Üuà/¬â���5n
� von Neumann �§, ¿ÏL
 Kelvin �o¡N
Ú 5 «5K�õ¡N��y, éun� von Neu-
mann �§ [2] ?�Úí2¿A^u¢S7áÚ>b
á�äk­��¿Â.

2 �{�?Ø

¢Sõ¬N|�  äk.¡UÚ¬.[£
Ç���É5, 
�N¬â�n¬c?�ü¡� χ

���, û½u¬.�5�, ¿�É�¬.[£�
K�.
·�b�����É5��¹, ÄN¬â��

X,��¬â A, Xã 1 ¤«, ÄN¬â�m�.
¡U� γ, ¬.[£Ç� M ; ��¬â A(çÚÜ
©) �����ÄN¬â (�ÚÜ©) �m�.¡U
� γA, ¬.[£Ç�MA. ��É5��3ò��
K�n¬c?�ü¡� χ(½Â�n¬c? 2 ��
�.¡�{�Y�) ���.

ã 1 ¬cþ,:?�Üå²ï«¿ã [14] (�ÚÜ©´ü�
ÄN¬â, çÚÜ©´����¬â. ü�ÄN¬âm.¡�.
¡U� γ, ÄN¬â���¬âm�.¡U� γA)

eüÕ�Ä.¡U��É5éü¡� χ �
K�, ���âÜå²ï, ü¡� χ ���û½
u γA/γ �ê�. � γA/γ = 1(��Ó5) �, n¬c
?�ü¡� χ� π/3; � γA/γ 6=1(��É5) �, n
¬c?�ü¡� χ  l��Ó5�²ï�Ý π/3.

d	, Ø
.¡U�K�, ØÓ�¬.[£
Ç M , MA �ØÓ�òK�ü¡� χ ���; 
�,
®²k¢�Ú�ýy²n¬cäk�¬.ØÓ�

k�[£Ç M
[12,13]
Edge , ù�ò��ü¡� χ �Cz,

?
K�¬â����Ç. Ïd, ü¡� χ ���
�±�N.¡UÚ[£Ç���É5.

e¡·�òü¡� χ ��L���É5�ë
þ, ïÄ��É5^�e�n��N¬â���O
(�Ç. n�¬â�o�È©²þ­Ç K �¹

¬â1wL¡8Ü Y Ú¬ân¬c8Ü E üÜ©
��z, ���±�ÑØO, Ïd

K =
∫ ∫

total

κdS = K(Y ) + K(E), (2)

ª¥, K(Y ) Ú K(E) ©O�¬.­¡8ÜÚn
¬c8Üé¬âo�È©²þ­Ç��z. cö
� K(Y ) =

∫ ∫
Face

κdS, Ù¥ κ ´ÛÜ¬.ü��
²þ­Ç, κ �½Â�¬.ü�?ü�Ì­Ç κ1

Ú κ2 �Ú, È©HÙ�½¬â���1w­L¡.
éu¬c,·��±òÙL«��ü��¬.

¡������»é��1w�Î¡ [15], Ïd, �
�¬â�c8Ü E é�N¬âL¡o�È©²þ
­Ç��z�

K(E) =
∫ ∫

Edge

κdS =
∫

Edge

χdL, (3)

XÓ (1) ª, (3) ª¥ L �´¤�Ä¬â�¤kn¬
c�o�Ý. ã 1 ¥n��N¬â A �NÈ��m
�CzÇ [2] �deªL«:

dV

dt
=

∫ ∫
Face

νndS = −MAγA

∫ ∫
Face

κdS, (4)

ª¥, vn ´­Ç°Äe�¬.ü�{�£Ä�Ý.
�â (2)—(4) ª,

dV

dt
= −MAγA

(
K −

∫
Edge

χdL
)
. (5)

éuà/âf [16]

1
2

∫ ∫
total

κdS = 2πH̄, (6)

ª¥, H̄ ´à/¬â�²þ��» (¬â3?¿
�m��þ� 2 �²1�¡m�ål H �²þ
�), §��n�õ¡N¬â�¬âº�ëþ®²
2�^uá��ÆïÄ�¥ [15−19]. d (2) ªÚ (6)
ª��

K = 4πH̄, (7)

(Ü (5) ªÚ (7) ª, �±��Xe'X:
dV

dt
= −2πMAγA

(
2H̄ − 1

2π

∫
Edge

χdL
)
. (8)

(8) ª=��Ä��É5Ï��à/¬â��
�5n� von Neumann �§. T�§L², n��
N¬â���Çû½u¬â²þ��»!n¬c
��ÝÚn¬c?�ü¡���.
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©z¥�n� von Neumann �§¥, MacPher-
son Ú Srolovitz ½Â�¬â�5º� ` 3ê�þ�
u¬â����þ Euler º� (Euler width) ²þ�
� 2 � [2]. éuà/õ¡N�N¬â, Kk ` = 2H̄ .
Ïd, 3��Ó5�n�^�e (¬.UÚ[£Ç
??��, d�¬ân¬c?�?¿�:�ü¡
� χ þ�²ï� π/3), ò χ = π/3 �\ (8) ª=
���n� von Neumann �§ ((1) ª); 3��É
5^�e, n¬c?�ü¡� χ ò l²ï� π/3,
K (8) ª�±A^u£ãd«�¹e�n��N
¬â���Ç. Ïd, ��5 von Neumann �§Ê
H·^u��Ó5Ú��É5��¹, 
n� von
Neumann �§�±À���5 von Neumann �§
3��Ó5^����A~.

¢S¥~^àõ¡N5CqL«¬â. éuà
õ¡N, ��5 von Neumann �§���

dV

dt
= −2πMAγA

(
2H̄ − 1

2π

n∑
i=1

χiLi

)
, (9)

ª¥, Li ´õ¡N1 i ^n¬c��Ý, χi 1 i ^
n¬c?�ü¡�, n �¬âc>ê. g,.¥�
3 5 «5K�²¡àõ¡N, Xã 2 ¤«, =�o¡
N!�8¡N (á�N)!�l¡N!���¡N
Ú���¡N. XJ��¬âäkþã5Kõ¡N
/G, w,duÙØ÷v��Ó5�^�, n� von
Neumann �§ØU^5O�§����Ç, 
�Ä
��É5���5 von Neumann �§K�±·^
uù«�¹. L 1 �Ñ
þã 5 «5Kõ¡N�²
þ��» H̄!ü¡� χ Úcê n. òL 1 ¥�ê�
�\ (9) ª=�O���ù 5 «5Kõ¡N���
�Ç dV/dt = 0. w,ù�¢S�¹´�Î�, Ï
�ù
5Kõ¡N�.¡Ñ´²¡, �â­Ç°Ä,
Ù���Ç7,� 0.

ã 2 g,.�3� 5 «5Kõ¡N [20]

L 1 5 «5Kõ¡N�²þ��»9�'ëê (ü^c�þ� a)

²¡õ¡N cê n ü¡� χ(lÝ) ²þ��» H̄

�o¡N 6 cos−1(-1/3) 0.91a

�8¡N 12 π/2 1.50a

�l¡N 12 cos−1(1/3) 1.175a

���¡N 30 cos−1(
√

5/5) 2.643a

���¡N 30 cos−1(
√

5/3) 1.742a

þã5Kõ¡N¬â���Ç�O�, ==´
��5n� von Neumann �§A^���~f. 5
Kõ¡N�ü¡�??��, ¿�.¡�²¡, 

3¢S�¹e, du��É5��3¬Ñy�«
¬â/G, ~Xü¡��c>�ØÓ
Cz!.
¡�­¡��¹, ��5n� von Neumann �§Ó
�·^. ~Xéu Kelvin �o¡N, §k 36 ^c,
Ù¥ 12 ^c�ü¡�� cos−1(1/3), ,	 24 ^c
�ü¡�� cos−1(1/

√
3), ¿�·���Ù²þ�

�»� 3a, òù
ëê�\ (9) ª=�O�ÑÙ�
��Ç� 0, �¢S�¹�Î. nþ¤ã, ��5n
� von Neumann �§, du�Ä
��É5�Ï�,
�"A^u7á½>bá��¢Sõ¬N|�¥
�N¬â���5ÆïÄ.

�©´±à/¬â�~, '�{B�í��Ñ

�Ä��É5Ï����5n� von Neumann
�§; éu]/¬â, ��5n� von Neumann �
§E,·^, �´í�L§�éE, [21], ¿�, é
u]/¬âÚà/¬â, �5º�ëþ�¶¡k¤
ØÓ (à¬â: ²þ��» H̄; ]¬â: Euler º�).

3��Ó5^�e, von Neumann �§Ú²;
� Hillert �§ [22] ´ü«ØÓa.¬â���Ç
�§, cö·^uýÿn��N¬â�O(��
�Ç, �öK£ã
º�©|S¬â�²þ���
Ç, �ö�·^��ØÓ. �©ò von Neumann �
§d��Ó5í2�
��É5����¹, 
é
u Hillert �§, XÛòÙí2���É5��e�
Ú�\&?.

I��Ñ�´, �©=´é��É5n� von
Neumann �§�ÐÚïÄ, æ^ü¡� χ 5L�¬
.UÚ¬.[£Ç���É5, 3�Y�ó�¥,
I�|^¢�*ÿ½�ý(½��É5§Ý, =ÿ
ÑÔn~ê M , MA, γ, γA ���, ?
(½§��
ü¡� χ �O(½þ'X, �ªk"^¬.UÚ¬
.[£Ç��É5ëþ��ëþ χ, {z��5n
� von Neumann �§.

3 ( Ø

�©ÏL�Ä¢Sõ¬N|�¥�3���
É5Ï�, JÑ
·^u¢Sõ¬N|����5
n� von Neumann �§, T�§L²à/¬â��
�O(�Çû½u¬â�²þ��»!n¬co
�ÝÚn¬c?ü¡����.
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Study on 3D von Neumann equation with anisotropy
for convex grains∗
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Abstract
Understanding the laws of grain growth in three dimensions is one of the classic problems of materials science. By considering

the anisotropy in real polycrystalline structure and the relationship between the integral of surface mean curvature and the mean caliper
diameter of a convex individual grain, three-dimensional von Neumann equation for accurate grain growth rate is studied. The result
shows that accurate grain growth rate of a convex grain is related to the grain mean caliper diameter, the sum of the length of grain
edges and the corresponding dihedral exterior angles. This result is verified by Kelvin tetrakaidecahedron and the only five convex
regular polyhedra.
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