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1 Ú ó

��Zì/.ZAÚH�7Ä (ENSO) ´©O
u)39��íÚ°�¥�É~¯�. �é ENSO

¯�¤?Ø��.´K��¥íÿL����E
,��ºÝ��5°�-�íÍÜ�., ENSO ¯�
�u)î­/K�X�¥íÿÚ)���¡�C
z. NõÆö^�«�{é§�ÛÜÚ�N5��

&?, XgÁ5�n�{!Fokker-Plank �{!
p�ÛÉÌ©Û�{�, ¿òïÄ(JA^uý�
5ïÄ��¡ [1−3].

8c, ��5ìCnØÚ�{3Æâ.´��
�©9��ïÄ+� [4−7], NõÆö�
�þó
� [8−10], ©z [11—16] �?Ø
�a�©�§�
>�¯K!�A*Ñ¯K!Û�ÄÀÂ�)��
5�Å)�.

�©?Ø�a�íÔn¥°-íy�� ENSO

�., 3�½�^�e, lêÆ�ÝïÄ
T�

. � � � Ø­½ 5, ¿ | ^ A Ï �{ � { $ /
��
�A��5�.)�?¿gCq�ìC
Ðmª [4−7].

�ÄXe ENSO �Å6Ä�. [4]:
dT

dt
=a1T − a2µh

+
√

2/3T (T − µh) + f(T, h), (1)

dh

dt
=b(2h − T ) + g(T, h). (2)

ùp T �°L§Ý; h�§��þÝ;

a1 = ∆T
′
z + ∆T

′
x − α′

s,

a2 = ∆T
′
x,

Ù¥ ∆T
′
z Ú ∆T

′
x�ÃþjG�Xê, α′

s�°L§
Ý Newton e%Xê; b�k'í - °¼ê�Ãþj
Xê; µ�þÝ§�� £�A�Xê; f Ú g ©O
�'u°L§ÝÚ§��þÝ�ÅÏ�
�)�
6Ä¼ê, ¿�§�´¿©1w�¼ê. ·�ò�
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�6Ä�. (1), (2) ª��ÅìC).

� µa2 > 2a1, b > 0 �, ENSO �. (1), (2) ª
Ò¤��5àgXÚ, XÚ�")�Ø­½Q:.


���5�Å6Ä ENSO �. (1), (2) ª¥��
5�÷v�½^��, �±�½ÙÛ)EØ­½.

3�íÔn¯K¥,·�  é�.�Ø­½
�f)a,�. Ï�Ø­½�f)�Ñy, ý«X
�íXÚò¬�<a�5ØÓ§Ý�/³. �d,

e¡&?�Å6Ä ENSO �. (1), (2) ª�A�ì
C�f).

2 Ã�Å6Ä��Å°()

3Ã�Å6Ä��/e, ENSO �. (1), (2) ª
�L«�

dT

dt
= a1T − a2µh +

√
2/3T (T − µh), (3)

dh

dt
= b(2h − T ). (4)

�©æ^AÏ��½Xê�{5Ïé ENSO

�. (3), (4) ªäkXe/ª� (�f) ):

T = A0 + A1v + B0(1 + v2)1/2, (5)

h = C0 + C1v + D0(1 + v2)1/2, (6)

Ù¥ At, Ci (i = 0, 1, 2), B0, D0 �~ê, 
 v ÷v
�§

dv

dt
= (1 + v2)1/2. (7)

ØJ��, �§ (7) �)�

v = sinh t. (8)

d (5)—(7) ª, k

Tt = A1(1 + v2)1/2 + B0v,

ht = C1(1 + v2)1/2 + D0v.

òþãL�ªÚ (5), (6) ª�\ (3), (4) ª, ��

A1(1 + v2)1/2 + B0v

=a1(A0 + A1v + B0(1 + v2)1/2)

− a2µ(C0 + C1v + D0(1 + v2)1/2)

+
√

2/3(A0 + A1v + B0(1 + v2)1/2)

× [A0 + A1v + B0(1 + v2)1/2

− µ(C0 + C1v + D0(1 + v2)1/2)], (9)

C1 (1 + v2)1/2 + D0v

=b(2C0 + 2C1v + 2D0(1 + v2)1/2

− A0 − A1v − B0(1 + v2)1/2). (10)

3 (9),(10) ª¥, Ü¿ vi(i = 0, 1, 2) Ú vi(1 + v2)

(i = 0, 1) ��, ¿-ÙXê�", ��

a1A0 − a2µC0 +
√

2/3A0(A0 − µ C0)

+ B0(B0 − µ D0) = 0,

− kB0 + a1A1 − a2µC1 +
√

2/3A0(A1 − µC1)

+
√

2/3A1(A0 − µC0) = 0,

B0(B0 − µ D0) = 0,

− kA1 + a1B0 − a2µD0 +
√

2/3B0(A0 − µC0)

+
√

2/3A0(B0 − µD0) = 0,√
2/3B0(A1 − µC1) +

√
2/3A1(B0 − µD0) = 0,

2bC0 − A0 = 0,

D0 − 2bC1 + A1 = 0,

C1 − 2bD0 + B0 = 0.

d±þ�ª�)�

A0 =
(a2 +

√
2/3)µ − 2a1b

2b
√

2/3b
, (11)

A1 = B0 = C, (12)

C0 =
(a2 +

√
2/3)µ − 2a1b

4b2
√

2/3b
, (13)

C1 = D0 =
(2b + k)C
4b2 − k2

, (14)

Ù¥ C �?¿~ê.

ò (11)—(14) ª�\ (5),(6) ª, ¿�Ä� (8)

ª,·�B�� ENSO �. (3), (4) ª��f°()

T =
(a2 +

√
2/3)µ − 2a1b

2b
√

2/3b

+ C(sinh t + cosh t), (15)

h̄ =
(a2 +

√
2/3)µ − 2a1b

4b2
√

2/3b

+
(2b + k)C
4b2 − k2

(sinh t + cosh t). (16)

3 �Å6Ä�.��ÅìC)

e¡?Ø�Å6Ä ENSO �. (1), (2) ª. 3
���/e, �. (1), (2) ªvkÐ�¼ê/ª�°
(). Ïd, ·�^ìC�{5¦�Å6Ä ENSO
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�. (1), (2) ª�Cq). �

T (t, p) =
∞∑

i=0

Ti(t)pi, (17)

h(t, p) =
∞∑

i=0

hi(t)pi, (18)

¿Ú\N� Hi(T, h, p): R2 × I → R(i = 1, 2),

Hi(T, h, p) =Li(T, h) − Li(T̃ , h̃) + p[Li(T̃ , h̃)

− Ni(T, h)] (i = 1, 2), (19)

Ù¥ R = (−∞,+∞), I = [0, 1], p�¦ìC)
\
\�ëê, T̃ , h̃��Å6Ä�. (1), (2) ª��|Ð
©Cq, 
�f Li, Ni(i = 1, 2) �©OL«�

L1(T, h) =
dT

dt
− a1T + a2µh,

L2(T, h) =
dh

dt
− b(2h − T ),

N1(T, h) = −
√

2/3T (T − µh) − f(T, h),

N2(T, h) = −g(T, h).

w ,, d ' X ª (14) � N � ª � ± w Ñ,

Hi(T, h, 1) = 0 (i = 1, 2) �XÚ (1), (2) ª�Ó,

��Å6Ä ENSO �. (1), (2) ª�) (T (t), h(t))

Ò´�§ Hi(T, h, p) = 0 (i = 1, 2) � p → 1 �).

À��Å6Ä ENSO �. (1), (2) ª�Ð©
Cq (T̃ , h̃) �d (15), (16) ªû½�Ã�Å6Ä
� ENSO �. (3), (4) ª��|�f) (T , h̄), =

T̃ (t) =
(a2 +

√
2/3)µ − 2a1b

2b
√

2/3 b

+ C(sinh t + cosh t),

h̃(t) =
(a2 +

√
2/3)µ − 2a1b

4b2
√

2/3 b

+
(2b + k)C
4b2 − k2

(sinh t + cosh t).

2 d (17), (18) ª Ú Hi(T, h, p) = 0 (i = 1, 2),

- p = 0, u´k

T0(t) =
(a2 +

√
2/3)µ − 2a1b

2b
√

2/3b

+ C(sinh t + cosh t), (20)

h0(t) =
(a2 +

√
2/3)µ − 2a1b

4b2
√

2/3 b

+
(2b + k)C
4b2 − k2

(sinh t + cosh t). (21)

�
¦��Å ENSO �. (1), (2) ª��p
�Cq, ò (17), (18) ª�\ (19) ª, Ü¿ pi(i =

1, 2, · · · ) � Ó g �, ¿ ¦ � § Hi(T, h, p) = 0

(i = 1, 2) ü>Óg��Xê��, Òk

L1(T1, h1) = f(T0, h0),

L2(T1, h1) = g(T0, h0),
(22)

L1(Ti, hi) = Fi(t),

L2(Ti, hi) = Gi(t) (i = 2, 3, · · · ),
(23)

Ù¥

Fi(t) = −

[
1

(i − 1)!
∂i−1

∂pi−1

(√
2/3

∞∑
i=0

Ti(t)pi

×
( ∞∑

i=0

Ti(t)pi − µ

∞∑
i=0

hi(t)pi

)

+ f

( ∞∑
i=0

Ti(t)pi,

∞∑
i=0

hi(t)pi

))]
p=0

,

Gi(t) = −

[
1

(i − 1)!
∂i−1

∂pi−1

× g

( ∞∑
i=0

Ti(t)pi,

∞∑
i=0

hi(t)pi

)]
p=0

�Åg®��¼ê. d (22), (23) ª¿-Ð©��
", �g�� (Ti(t), hi(t)) (i = 1, 2, · · · ), =

 T1(t)

h1(t)

 =

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


×

∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1  f(T0(τ), h0(τ))

g(T0(τ), h0(τ))

 dτ, (24)

 Ti(t)

hi(t)

 =

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


080204-3
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×
∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1  Fi(τ)

Gi(τ)

 dτ (i = 2, 3, · · · ), (25)

Ù¥ T0(t), h0(t) d (20), (21) ªL«, 


λi =
1
2
(a1 + 2b) ±

√
(a1 + 2b)2 + 4b(µa2 − 2a1) (i = 1, 2). (26)

nþ¤ã, d (17), (18) ª���Å6Ä ENSO �. (1), (2) ª� m g�fCq) (T̃m(t), h̃m(t))�

 T̃m(t)

h̃m(t)

 =


(a2 +

√
2/3)µ − 2a1b

2b
√

2/3b
+ C(sinh t + cosh t)

(a2 +
√

2/3)µ − 2a1b

4b2
√

2/3b
+

(2b + k)C
4b2 − k2

(sinh t + cosh t)


+

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


×

∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1  f(T0(τ), h0(τ))

g(T0(τ), h0(τ))

 dτ

+

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)



×
∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1


m∑

i=1

Fi(τ)

m∑
i=1

Gi(τ)

 dτ. (27)

� f , g �·����,·���?�Ú�� [5] T (t)

h(t)

 =

 lim
m→∞

T̃m(t)

lim
m→∞

h̃m(t)


Ò´�Å6Ä ENSO �. (1), (2) ª��f°().

4 A^Þ~

3�Å6Ä ENSO �. (1), (2) ª¥, Ø��6Ä�� f = εT 3, g = εh3, Ù¥ ε����ëê. ù��
. (1), (2) ª�L«�

dT

dt
= a1T − a2µh +

√
2/3T (T − µh) + εT 3, (28)

dh

dt
= b(2h − T ) + εh, (29)

d (27) ª���Å6Ä ENSO �. (28), (29) ª��g�fCq) (T̃2(t), h̃2(t))�

 T̃2(t)

h̃2(t)

 =


(a2 +

√
2/3)µ − 2a1b

2b
√

2/3b
+ C(sinh t + cosh t)

(a2 +
√

2/3)µ − 2a1b

4b2
√

2/3b
+

(2b + k)C
4b2 − k2

(sinh t + cosh t)


080204-4
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+ ε

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


×

∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1  T 3
0 (τ)

h3
0(τ))

 dτ

+ ε2

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


×

∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1

×

 √
2/3(2T0(τ)T 1(τ) − µT0(τ)h̄1(τ) − µT 1(τ)h0(τ)) + 3T 2

0 (τ)T 1(τ)

3h2
0(τ)h̄1(τ)

 dτ,

Ù¥ λi (i = 1, 2) d (25) ªL«, T0 Ú h0 ©Od (20) Ú (21) ªL«, (T 1(τ), h̄1(τ)) �L«�

 T 1(τ)

h̄1(τ)

 =

 µa2 exp(λ1t) µa2 exp(λ2t)

(a1 − λ1) exp(λ1t) (a1 − λ2) exp(λ2t)


×

∫ t

0

 µa2 exp(λ1τ) µa2 exp(λ2τ)

(a1 − λ1) exp(λ1τ) (a1 − λ2) exp(λ2τ)

−1  T 3
0 (τ)

h3
0(τ)

 dτ.

|^�ÄnØ�±y² [6,7], �Å6Ä ENSO �. (28), (29) ªk�f) (T (t), h(τ)), ¿äkXe��
Oª:

 T (t)

h(t)

 =

 T̃2(t)

h̃2(t)

 + O(ε3) (0 < ε ¿ 1). (30)

d (30) ª��, �©¤^�ìC�{���Cq)äk�Ð�°Ý.

5 ( Ø

ENSO ¯�´��E,�g,y�.·��±
ÏL�f�.��f)�ìCÐmªé�A�Í
ÜXÚ�Ñý�§¦<�¦@�¡T ENSO y�
�AÔnþ�½5!½þ�¡��¹. ^ìC�
{�����5�Å6Ä ENSO �. (1), (2) ª

�Cq) (20), (21) ª´��)ÛL«ª. ·�
��UYéCq)�)ÛL«ª?1�©!È
©�$�, ?�Ú���'�Ù¦Ônþ�CqL
«ª.

�üX��[�{�'�, ^�[ÚìCnØ
�(Ü��{5ïÄ ENSO �.�ä`�5, �ö
Uå�pÖ��^.
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Abstract

A class of El Niño/La Niña-southern oscillation (ENSO) stochastic disturbed model is considered. Firstly, using the special

method of undetermined coefficients, the exact solution of the non-disturbed ENSO model is obtained. Then the approximate solutions

of stochastic disturbed ENSO model are constructed by using the asymptotic theory and method. And it is illustrated with example that

the asymptotic solutions have the better degree of accuracy.
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