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��Ý5´2Â�éØ���Ä:5Vg, ´�»ÆÚUNÔnÆïá�.�Ü6Ä:. ò��SëêCz
��mºÝÏf¼êÚ\�éØo���m��., ïÄ�m¥é¡/ª�o�²���Ý5!Schwarzschild Ý
5!Robertson-Walker(R-W) Ý5�m�C�^�. Äu�mCºÝÏf¥�IX���m�, ÏLî��O�, í
�Ñ R-W Ý5¥� k = ±1 éA�ºÝÏf¼ê)Û), �í�Ñ(¥	�ý�^�e�o���Ý5. JÑ
�
«n)y�ÔnÆ�²����.�#À�.

'�c: 2Â�éØ, IO�»�., ºÝÏf

PACS: 04.90.+e, 95.30.Sf, 98.80.Es

1 Ú ó

Robertson-Walker (R-W) Ý5´���»Æ�
êÆÄ:, Ù¥�¹���½�ºÝÏf R ÚL
���ÿÀ(��~ê k. �»Æ[òÊH�3�
à	(Xù£y��� R-W Ý5CºÝÏf��
*�N, íÑ�»�mäkþ!)ä5���(
Ø. C��V±5, MÇù£!�»�ÅË��
µ [1,2]!. a .�#(1Ý�ù£'X [3−5] ±9
�»�ºÝ(�þ! [6] �U©*ÿêâ, �@�
´Ôn�»?u)ä!\�)äG��yâ. �

)º “�»\�)ä”, 3�»üz�ÌIO��¿
�.�Ä:þ, Ü©ïÄöÚ?äkKØrA5�
VUþ. 8c®JÑ
Ãõ�VUþ�., Xò�
»Æ~êÀ�VUþ\eVÔ���. [7]!2Â
� Chaplygin íN�. [8]!VIþ| (Quintom) �
. [9] ±9EIþ| (Hessence) �. [10] �. �k
�
ïÄöJÑ
�IO�»�., ~X Avinash
Ú Rvachev[11] @��»�m3�ºÝþ÷v�C
Ä��AÛ, ù3Ônþ��Ú\
�«CºÝÏ
f��»�.. Sorrell[12] Kò£� Zwicky �1�
NnØïá
��·��», )º. a .�#(1
Ìù£�1�Ý�éA'X, �±1�NVg�Ä
:��.¿Øäkér�`Ñå. IÝ�éØ�ï

Äö Nottale[13] @��»��äk©/(�, ¿3
dÄ:þïÄ
�»�\�)ä�y�. ©z [14]
K^C1��.?Ø�»Æ¦J¯K. �þã�.
ØÓ, ©z [15] ÄuÚå�^eíN��Ø½~6
g�q$Ä�©�§, ���mCºÝÏf R (t)
�L�ª, �Ñ�«ÃuÑ5�»�., T�.U
)º “�»\�)ä” y�.

�
?�Úf�©z [15] ¥CºÝÏf�.
�Ôn¿Â±9§�3�»Æ!UNÔnÆ�.
¥�A^d�, �©±�éØo���m�Vg
�Ä:, 3 Minkowski �m¥�IX (t, r, θ, ϕ) ¥
Ú\��SCz��mºÝÏf R, 3dÄ:þ
ïÄ©Û¹CºÝÏf��m¥é¡o���Ý
5�é�z, ¼�2Â�éØ��5�� R-W Ý
5!Schwarzschild Ý5±9�A�ºÝÏf. �©
�ïÄ(JL², ©z [15] ¥CºÝÏf�.äk
ÊH¿Â.

2 �mCºÝÏf¥�IXo���
m�

Minkowski ²��� (t, x, y, z) o�m� ds2

½Â�

ds2 ≡ −c2dτ2 − c2dt2
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+dx2 + dy2 + dz2. (1)

��m¥�I/ª

r2 ≡ x2 + y2 + z2,

x ≡ r sin θ cos ϕ,

y ≡ r sin θ cos ϕ,

z ≡ r cos θ,

K (1) ª��¤

−c2dτ2 = −c2dt2 + dr2 + r2(dθ2 + sin2 θdϕ2)

−c2dt2 + R2
0dς2

+R2
0ς

2(dθ2 + sin2 θdϕ2), (2)

ª¥ R0 = r/ς L«�m�½ºÝ, (ς, θ, ϕ) �� R0

é A � ¥ � I, dτ � $ Ä � : pς,θ,ϕ � � � �
�, d ς → 0 ^�e dt → dτ �íä t L«�
: (0, 0, 0) ���. Ú\äk�Ýþj��"ü
N�½¼ê [15]R (t), ½ÂCºÝÏf�m¥�I
X (ξ, θ, ϕ) �»��I

ξ ≡ r

R (t)
. (3)

?¿�I:��:ål�CºÝÏf/ª�

r = ξR (t) . (4)

ü����I:�»�ål� dr = Rdξ + ξṘdt,
ò dr Ú r �CºÝÏf/ª�\ (2) ª��

−c2dτ2 = −c2dt2 +
(
Rdξ + ξṘdt

)2

+ξ2R2
(
dθ2 + sin2 θdϕ2

)
= −

(
c2 − ξ2Ṙ2

)
dt2 + R2dξ2

+2ξRṘdξdt

+ξ2R2
(
dθ2 + sin2 θdϕ2

)
. (5)

� (5) ªéA�o���Ý5¥�é�z/ª

g ≡


−

(
c2 − ξ2Ṙ2

)
ξRṘ 0 0

ξRṘ R2 0 0

0 0 ξ2R2 0

0 0 0 ξ2R2 sin2 θ

 .

(6)
d (5) ª��íÑ�Ý!��Cþ©l'Xª

dC2
θϕ ≡ dθ2 + sin2 θdϕ2

=

(
c2 − ξ2Ṙ2

)
dt2 − R2dξ2 − 2ξRṘdξdt − c2dτ2

ξ2R2
. (7)

©z [15] �Ñ
¥%é¡íNÄåÆ�.�
mCºÝÏf¼ê���), =

R (t) = R0 (αH0t + 1)1/α
, (8)

ª¥Ãþjëê α > 0, A�ëê H0 > 0, üö
�ê��äNÔn�.k'. Äu (5) ªU
í�
CºÝÏf�m¥�IX��Ý5 (6) ª�é�
z/ª.

3 �mCºÝÏf��Ý5�é�z

3.1 ÄÄÄuuu���������III (t, ξ) ������555CCC���������
���ÝÝÝ555ééé���zzz

ò dC2
θϕ �\ (5) ª¿?1�n,

−c2dτ2 = −
(
c2 − ξ2Ṙ2

) (
dt2 − 2

ξṘdtRdξ

c2 − ξ2Ṙ2

− R2dξ2

c2 − ξ2Ṙ2

)
+ R2ξ2dC2

θϕ

= −
(
c2 − ξ2Ṙ2

) [(
dt − ξRṘdξ

c2 − ξ2Ṙ2

)2

− c2R2dξ2(
c2 − ξ2Ṙ2

)2

]
+ R2ξ2dC2

θϕ

= −c2

(√
1 − ξ2Ṙ2c−2dt

− ξRṘc−2dξ√
1 − ξ2Ṙ2c−2

)2

+R2ξ2

[
(d ln ξ)2

1 − ξ2Ṙ2c−2
+ dC2

θϕ

]
. (9)

e (8) ª¥� α = 1, =
dR

dt
= R0H0 = Ṙ0 �~þ,

K�3��©

√
1 − ξ2Ṙ2

0c
−2

dR

Ṙ0

− ξRṘ0c
−2dξ√

1 − ξ2Ṙ2
0c

−2
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= d

R
√

1 − ξ2Ṙ2
0c

−2

Ṙ0


= dτζ , (10)

ª¥

τζ ≡
R

√
1 − ξ2Ṙ2

0c
−2

Ṙ0

�L#��m�I. 2Ú\��5»��IC�

ζ ≡ ξṘ0c
−1√

1 − ξ2Ṙ2
0c

−2

. (11)

ò cτζ ≡
cR

√
1 − ξ2Ṙ2

0c
−2

Ṙ0

��Òüà©O� (11)

ª��Òüà�¦, ��

cτζζ =
cR

Ṙ0

√
1 − ξ2Ṙ2

0c
−2

ξṘ0c
−1√

1 − ξ2Ṙ2
0c

−2

= Rξ. (12)

d (11) ª���

(d ln ζ)2

1 + ζ2
=

(d ln ξ)2

1 − ξ2Ṙ2
0c

−2
. (13)

ò (10), (11) ª�\ (9) ª, ��

−dτ2 = −dτ2
ζ +

τ2
ζ

1 + ζ2
dζ2

+τ2
ζ ζ2

(
dθ2 + sin2 θdϕ2

)
. (14)

Xd��, ���IX (τζ , ζ, θ, ϕ) /ªe�é�z
Ý5�

g−1 ≡ c2



−1 0 0 0

0
τ2
ζ

1 + ζ2
0 0

0 0 τ2
ζ ζ2 0

0 0 0 τ2
ζ ζ2 sin2 θ


. (15)

d (14) ª�����m!�mCþ©l'Xª

dτ2
ζ − dτ2

τ2
ζ

=
dζ2

1 + ζ2

+ζ2
(
dθ2 + sin2 θdϕ2

)
. (16)

3.2 ÄÄÄuuu���������III (τ, ξ) ������555CCC���������
���ÝÝÝ555ééé���zzz

e±$Ä�: pς,θ,ϕ ��� τ ���mºÝÏ
f¼ê�gCþ, = R (τ), K�½ÂCºÝÏf�

m¥�IX (ξ, θ, ϕ) �»��I

ξ ≡ r

R (τ)
. (17)

ò (2) ª#�¤

c2dt2 = c2dτ2 + dr2

+r2(dθ2 + sin2 θdϕ2). (18)

2ò r ≡ ξR (τ) Ú�� dr = Rdξ+ξṘdτ �\ (18)
ª¿?1�n,

c2dt2 =
(
c2 + ξ2Ṙ2

)
dτ2 + 2ξRṘdξdτ

+R2dξ2 + R2ξ2dC2
θϕ

=
(
c2 + ξ2Ṙ2

) (
dτ2 + 2

ξṘdτRdξ

c2 + ξ2Ṙ2

+
R2dξ2

c2 + ξ2Ṙ2

)
+ R2ξ2dC2

θϕ

=
(
c2 + ξ2Ṙ2

) [(
dτ +

ξRṘdξ

c2 + ξ2Ṙ2

)2

+
c2R2dξ2(

c2 + ξ2Ṙ2
)2

]
+ R2ξ2dC2

θϕ

= c2

(√
1 + ξ2Ṙ2c−2dτ

+
ξRṘc−2dξ√
1 + ξ2Ṙ2c−2

)2

+R2ξ2

[
(d ln ξ)2

1 + ξ2Ṙ2c−2
+ dC2

θϕ

]
. (19)

� (9) ª�aq, �
dR

dτ
= R0H0 = Ṙ0 �~þ, K

�3��©√
1 + ξ2Ṙ2

0c
−2

dR

Ṙ0

+
ξRṘc−2dξ√
1 + ξ2Ṙ2c−2

= d

R
√

1 + ξ2Ṙ2
0c

−2

Ṙ0


= dττ , (20)

ª¥

ττ ≡
R

√
1 + ξ2Ṙ2

0c
−2

Ṙ0

�L#��m�I. 2Ú\»��IC�

η ≡ ξṘ0c
−1√

1 + ξ2Ṙ2
0c

−2

. (21)
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ò cττ ≡
cR

√
1 + ξ2Ṙ2

0c
−2

Ṙ0

��Òüà©O� (21)

ª��Òüà�¦, ��

cττη =
cR

Ṙ0

√
1 + ξ2Ṙ2

0c
−2

ξṘ0c
−1√

1 + ξ2Ṙ2
0c

−2

= Rξ. (22)

d (21) ª���
(d ln η)2

1 − η2
=

(d ln ξ)2

1 + ξ2Ṙ2
0c

−2
. (23)

ò (20), (21) ª�\ (19) ª, Kk�m!�mCþ
©l'Xª

dt2 − dτ2
τ

τ2
τ

=
dη2

1 − η2

+η2
(
dθ2 + sin2 θdϕ2

)
. (24)

ò T0 ���mü , 2?1e��m�IC�:

τβ ≡ 1
2

ln
[(

ττ + t

2T0

)(
ττ − t

2T0

)]

=
1
2

ln


(

τ + H−1
0

) √
1 + ξ2Ṙ2

0c
−2 + t

2T0


×

(
τ + H−1

0

) √
1 + ξ2Ṙ2

0c
−2 − t

2T0

 ,

(25a)

τη ≡ 1
2

ln
ττ + t

ττ − t

=
1
2

ln

(
τ + H−1

0

) √
1 + ξ2Ṙ2

0c
−2 + t(

τ + H−1
0

) √
1 + ξ2Ṙ2

0c
−2 − t

. (25b)

� (25) ªéA�_C��

t = 2T0eτβ sinh τη, (26a)

ττ = 2T0eτβ cosh τη. (26b)

d (26) ª��©O�

dt = 2T0eτβ (cosh τηdτη + sinh τηdτβ) , (27a)

dττ = 2T0eτβ (sinh τηdτη + cosh τηdτβ) . (27b)

(Ü (26), (27) üª, ��

dt2 − dτ2
τ

τ2
τ

=
dτ2

η − dτ2
β

cosh2 τη

. (28)

2ò (28) ª�\ (24) ª, �n���

−dτ2
β = −dτ2

η +
cosh2 τη

1 − η2
dη2

+η2 cosh2 τη

(
dθ2 + sin2 θdϕ2

)
. (29)

dd��, ���IX (τη, η, θ, ϕ) /ªe�é�z
Ý5�

g+1 ≡ c2T 2
0



−1 0 0 0

0
cosh2 τη

1 − η2
0 0

0 0 η2 cosh2 τη 0

0 0 0 η2 cosh2 τη sin2 θ


. (30)

3.3 ÄÄÄuuu¢¢¢ÔÔÔ���mmm���III (τ, t) ���������ÝÝÝ555
ééé���zzz

o���m�U
��:Ë��!�Sm�
� dt ��é��1f�gd$Ä�: pξ,θ,ϕ �g
áÂ�L§éA, áÂL§��Sm���� dτ .
é (5) ª?1�n,

−c2dτ2 = −
(
c2 − ξ2Ṙ2

)
dt2 + R2dξ2

+2ξRṘdξdt + ξ2R2dC2
θϕ

= −
(
c2 − ξ2Ṙ2

)
dt2

+R2ξ2

(
(d ln ξ)2 + 2

Ṙ

R

dξ

ξ
dt + dC2

θϕ

)

= −

(
1 − ξ2Ṙ2

c2

)
c2dt2

+R2ξ2

[
(d ln ξ)2

(
1 +

2c

Rξ̇

ξṘ

c

)
+dC2

θϕ

]
. (31)

$Ä�: pξ,θ,ϕ �»��I ξ (t)÷v

1 +
2c

ξ̇R

ξṘ

c
=

1

1 − ξ2Ṙ2

c2

. (32)

(32) ª�z�

1 +
2c

ξ̇R

ξṘ

c
=

1

1 − ξ2Ṙ2

c2
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= 1 +
ξ2Ṙ2

c2
+

(
ξ2Ṙ2

c2

)2

+

(
ξ2Ṙ2

c2

)3

+ · · · , (33)

2c

ξ̇R
=

ξṘ

c

1 +
ξ2Ṙ2

c2
+

(
ξ2Ṙ2

c2

)2

+

(
ξ2Ṙ2

c2

)3

+ · · ·



=

ξṘ

c

1 − ξ2Ṙ2

c2

. (34)

d (34) ª�����©�§

ξ̇ =
2
R

(
c2

ξṘ
− ξṘ

)
, (35a)

dξ2

d lnR
+ 4ξ2 = 4

c2

Ṙ2
. (35b)

È©���:»��I)�

ξ (t) = R−2

√
Cξ + 4c2

∫
R3

Ṙ2
dR. (36)

d (8) ª��

Ṙ =
H0

αH0t + 1
R0 (αH0t + 1)1/α

=
H0

αH0t + 1
R

=
H0

(R/R0)
α R

=
H0R

α
0

Rα−1
. (37)

é (37) ªü>¦± ξ/c �2�²�, ��

ξ2Ṙ2

c2
=

ξ2R2−2αH2
0R2α

0

c2

=
ξ3R3H2

0R2α
0

ξR2α+1c2

=
V

ξR2α+1

3H2
0R2α

0

4πc2
, (38)

ª¥
V ≡ 4π

3
ξ3R3

��m¥NÈ. ò¥�þ M!²þ�Ý ρ̄ �\ (38)
ªmà, ��

ξ2Ṙ2

c2
=

ξ2R2

c2

Ṙ2

R2

=
r2

c2
H2

=
V

ξR2α+1

3H2
0R2α

0

4πc2

=
M

ξR2α+1

3H2
0R2α

0

4πρ̄c2
. (39)

dÚå~ê G Ú r, H , M (½ ρ̄) ��¤Ãþj
ëê

χ =
GM

H2r3

=
4πG

3
ρ̄

H2
. (40)

- (8) ªCºÝÏf R ¼ê¥ α = 0, éA
� H = HH = const., �\ (40) ª�� χ ����
IÃ'�^��

χ0 =
G

H2
H

M

r3

=
4πG

3H2
H

ρ̄H

= const. → ρ̄H = const., (41)

ª¥

ρ̄H ≡ χ0
3H2

H

4upπG

��»²þ�Ý. e- (8) ª� α = 3/2, = R =

R0

(
3
2
H0t + 1

)3/2

, K��

H2r3 =
H2

0

(αH0t + 1)2
ξ3R3

0 (αH0t + 1)2

= H2
0R3

0ξ
3. (42)

�\ (40) ª��� χ ����IÃ'�^��

χ3/2 =
GM

H2r3

=
G

H2
0R3

0

M

ξ3

=
4πG

3H2
0R3

0

ρ̄ξ

= const. → ρ̄ξ = const. (43)

d (39), (40) Ú (33) ª, �íÑÚå³¼ê
GM

r
=

χξ2Ṙ2. �\ (31) ª��

−c2dτ2 = −
(

1 − GM

χc2r

)
c2dt2 +

R2

1 − GM

χc2r

dξ2

+r2
(
dθ2 + sin2 θdϕ2

)
. (44)

� (44) ªéA�é�zÝ5�
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gα=0,3/2 ≡



−
(

1 − GM

χc2r

)
c2 0 0 0

0
R2

1 − GM

χc2r

0 0

0 0 r2 0

0 0 0 r2 sin2 θ


. (45)

þ ã O � L § L ², ² � � � o � m � �
. ( Ü � m º Ý Ï f ¼ ê R0, R (τζ) = cτζ ,
R (τη) = cT0 cosh τη, Rα=0, Rα=3/2 U
üÌÑ
ØÓ�é�z��Ý5. �é�zL§�'� τζ ,
τη, τβ . ττ ¿Ø�L¢Ô�¨, �¡�A��Sëþ.
dd��, þãA«é�z��Ý5¿Øäk��
�Õá5.

4 ? Ø

4.1 222ÂÂÂ���éééØØØ���mmm¥¥¥���IIIXXX������ÝÝÝ555

I O � » � . R-W Ý 5 é A � � � m �
/ª� [16]

−c2dτ2 = −c2dτ2
F +

R2
F

1 − kξ2
F

dξ2
F

+R2
F ξ2

F

(
dθ2 + sin2 θdϕ2

)
(46)

�â��é¡�m��5½n [16], (2), (14), (29) ª
=� k = 0,∓1 � R-W Ý5��m�/ª, éA�
ºÝÏf¼ê©O�

RF0 (τF ) = R0,

RF−1 (τF ) = cτF ,

RF+1 (τF ) = cT0 cosh τF .

(¥	ý��.e�2Â�éØSchwarzschild
Ý5éA���m�/ª�

−c2dτ = −
(

1 − 2GM

c2r

)
c2dt2 +

dr2

1 − 2GM

c2r

+r2
(
dθ2 + sin2 θdϕ2

)
. (47)

(44) ªéA�ü�ºÝÏf¼ê�

Rα=0 = R0eH0t,

Rα=3/2 = R0 (3H0t/2 + 1)2/3
.

��Û�Cq^��Kk H0t ¿ 1, = R ≈ R0.
(44) ª� χ = 1/2 =� (47) ª��. dd��, C
ºÝÏf���IX�.�2Â�éØÎÜ.

4.2 CCCºººÝÝÝÏÏÏfff���mmm¥¥¥���IIIXXX���»»»������III
CCC���'''XXX

�:Ë�1fgd§ r ��:�SÝþ/
ª� r ≡ ct, �½ºÝÏf²��m¥�I/ª
e r ≡ ςR0. ü«/ª2(Ü (4) ª, �í�CºÝ
Ïf¥�IX»��I ξ � ς �m�C�'X. �
O�ü  T0 ≡ R0/c, d r ≡ ξR (t) = ξR (ςT0) =
ςR0 'X��

ξ =
R0

R (ςT0)
ς, (48a)

dξ

dς
=

R0

R (ςT0)

[
1 − Ṙ (ςT0)

R (ςT0)
ςT0

]
. (48b)

Ø � � � 5, � lim
t→0

dR

dt
≡ Ṙ0 = c. � º Ý Ï

f R (t) = ct + R0 �'�»��IC�ª�

ξk=−1 =
1

ς + 1
ς, (49a)

dξk=−1

dς
=

1
(ς + 1)2

; (49b)

ζ =
ς + 1√
2ς + 1

ς, (50a)

dζ

dς
=

3ς2 + 3ς + 1
√

2ς + 1
3 . (50b)

�ºÝÏf R (τ) = cτ + R0 �'�»��IC�
ª�

ξk=1 =
1

ς + 1
ς, (51a)

dξk=1

dς
=

1
(ς + 1)2

; (51b)

η =
(ς + 1) ς√

2ς2 + 2ς + 1
, (52a)

dη

dς
=

ς2 + ς + 1
(2ς2 + 2ς + 1)3/2

(2ς + 1) . (52b)

C��»��I��� ξk=±1 < 1. lim
ς→∞

dξ±1

dς
→ 0

L², �X ς �O�, �Im� ∆ξk=±1 �N ∆ς �
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UåÅìÔ�. �ºÝÏf R (t) = R0eHHt �'�
»��IC�ª�

ξα=0 =
ς

eHHT0ς
, (53a)

dξα=0

dς
=

1 − HHT0ς

eHHT0ς
. (53b)

�ºÝÏf R (t) = R0 (3H0t/2 + 1)2/3 �'�»
��IC�ª�

ξα=3/2 =
ς

(3H0T0ς/2 + 1)2/3
, (54a)

dξα=3/2

dς
=

1 − H0T0ς

3H0T0ς/2 + 1

(3H0T0ς/2 + 1)2/3
. (54b)

� (8) ªéA�»��I��C�ª�

ξ =
ς

(αH0T0ς + 1)1/α
, (55a)

dξ

dς
=

1 − (1 − α) H0T0ς

(αH0T0ς + 1)1+1/α
. (55b)

» � � I ξ � 4 � � é A u ² � � m L : �
�I�

ςL =
1

(1 − α) H0T0
,

4���

ξmax =
1

H0T0 (1 − α)1−1/α
.

�éu²�o����IX (t, ς, θ, ϕ), ξk=±1 Ú ξα

�»�ål r ���5N�/ª, ξ/ς �� r �O�
~�, � ξ ���k�, ����IX (t, ξ, θ, ϕ)
�ê�u 4.

nþ¤ã��, (Ü�:Ë�1fDÂL§5
?Ø�éØo���m��., CºÝÏf�m¥
�IX (t, ξ, θ, ϕ) ¿Ø�½�LÔn�m (r, θ, ϕ)
äkþ!)ä�5�.

4.3 ���������III τ , t, ξ ���AAA������SSSëëëêêê

��?�¢Ô1��:ïá�m¥�IX
�., �:�Sëê½Â� t. ÔnÆ7L/Ï&
ÒDÂL§!DÂ&Òëê�Cz (=ÿþ) I½
��:¢Ô���I (ξ, θ, ϕ). 3Äu�:Ë�1
fDÂL§ïá�CºÝÏf¥�IX¥, $Ä
�: pξ,θ,ϕ P¹�S τ ��:P¹�S t Ø�d.
� (r, θ, ϕ), (r + dr, θ + dθ, ϕ + dϕ) ©OéA�:
?�Sm�� dt k�Ë��ü��:Ë�1fD
ÂL§, dτ � pξ,θ,ϕ áÂTé1f����m�,
d (2) ª��

∆τ = ∆t

√√√√1 − 1
c2

{(
dr

dt

)2

+ r2

[(
dθ

dt

)2

+ sin2 θ

(
dϕ

dt

)2
]}

< ∆t. (56)

(56) ª�$Ä�¨Cú��éØ/ªÎÜ. ���
�: pξ,θ,ϕ $Äål��O�úª

|∆r| = c
√

∆t2 − ∆τ2. (57)

(56), (57) ªL²,“�S���S�1f” ´�N¢
Ô��m�é'X&E�*ÿÄ:.

A��Sëê τζ , τη, τβ , ττ ����I τ , t, ξ

ØÓ|ÜéA. A��SëêØ´���Oþ�¢

Ô�¨Sê. ÓÚÚ\�»��I ζ Ú η �Ø��
:Ë�1fDÂL§ r ��éA. ù
 “/ª�¨”
Ú “/ª»��I” �nØ¿Â´¦C���o�
��Ý5U¥yé�z/ª.

4.4 ������:::¢¢¢ÔÔÔ���GGG���ëëëêêê���ÕÕÕááá555

�CºÝÏf�., d (5) ª��

ξ =

√
c2 (1 − τ̇2) Ṙ2 + R2

(
c2 − c2τ̇2 − R2ξ̇2

)(
θ̇2 + sin2 θϕ̇2

)
− RṘξ̇

Ṙ2 + R2
(
θ̇2 + sin2 θϕ̇2

) . (58)

ØO�ÝCz, Kk

ξ =
c
√

1 − τ̇2 − Rξ̇

Ṙ
. (59)

� � � � : ¢ Ô � G � ¤ é A � Ä � ë

ê � (ξ, θ, ϕ),
(
ξ̇, θ̇, ϕ̇

)
, / ª þ Ñ � L « ¤

� : � S t � ¼ ê. 3 C º Ý Ï f �
IX/ªe, �IëêÚ�Ýëê�p'é, Ø
äk��Õá5.
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4.5 ���:::ËËË���111fffgggddd§§§���NNN������...

IO�»�.vk�Ñ R-W Ý5CºÝÏf
¼ê�äN)Û/ª, ºÝÏf R ��SO��/
ª�n)� “�»Ôn�mäkþ!)äA5”. �
©@��*¿Â�ºÝÏf�U´�»�mÊH
�3�gdDÂ&ÒA��N�/ª.

d (11) ª�»��IC�'X¤éA�Cº
ÝÏf�

R (t) = ct + R0, (60a)

R (τζ) = cτζ . (60b)

(21) ª � » � � I C � ' X ¤ é A � C º Ý
Ïf�

R (τ) = cτ + R0, (61a)

R (τη) = cT0 cosh τη. (61b)

ùp R (t) Ú R (τ) ��m�êþ�~ê, �n)
��:Ë�1fgd§�N�/ª. ¤±»��
I ξk=±1 N���m��É�^�� r < ct ½
ö r < cτ .

(45) ª��Ý5éA�CºÝÏf�

Rα=0 = R0eHHt,(62)

Rα=3/2 = R0 (3H0t/2 + 1)2/3
. (63)

d (41) ª��, α = 0 éAu�»²þ�Ý
�~þ�Ô��µ. Rα=0 Q�N�:Ë�1fD
ÂL§, q��1fáÂëê cT (t) �N�/ª.
(62) ª¥MÇ~ê HH ��4Ù��, 3Û��m
S Rα=0 ≈ R0 = cT0 �1fË�ëêéA. d (43)
ª��, Rα=3/2 �(¥Û��¸k', d (63) ª

�� ξR̈α=3/2 = − H2
0ξ3R3

0

2ξ2R2
α=3/2

, 3�þ� M �(

¥L¡ r ? ξR̈α=3/2 ∝ M

r2
. �Ä��2Â�é

Ø Schwarzschild Ý5�'é, �©@� Rα=3/2 �

�SCz�gd�:*ÿ��Û�51fÚåù
£k'.

ØØºÝÏf R éAu�:Ë�1fgd§
½öéAugdDÂ1f�*ÿëê, �A��S
ëê t(½ö τ ) Ñ�n)�T1fDÂL§�Ýþ
/ª. R �Ôn¿Â�OÏd"3�éØ¥Ú\1
§ (1fgd§) ���mål�ÝþIO*:�
Î. Ï (60), (61) ªéA�ºÝÏf��éØ�
»���. R-W Ý5���'ÒØv�Û
. 1
fDÂL§���5�y
»�ål r Ýþ(J
�(½5. ��:Ë�1fL§K��ØÓ��m
¥�IN�/ª, =k r ≡ ςR0 = ξR. �©Ú\
�CºÝÏf R ��n)¤»��I ξ NC!�
»��Im� ∆ξ ≡ 1 éA��mål�N�/

ª
∂r

∂ξ
= R. ¿� ξ =

r

R
<

r

R0
= ς , =²��m�

IX (ς, θ, ϕ) �L�«4� (Ä�n��.) /ª.
�:Ë�1fgd§ (»�ål) ��IN��©
¤�5Ú��5ü«Ü6/ª.

5 ( Ø

Äu��Ú\�m¥�IX�CºÝÏf�
., ± Minkowski o���m�½Â�Ä:, U

í�ÑIO�»�. R-W ��Ý5� k = ±1 é
A�ºÝÏf¼ê, �U
í�Ñ(¥	�ý�^
�e�o���Ý5Ú2Â�éØ Schwarzschild
Ý5. ÏLO��Ñ
äké�z/ª�ØÓ�
�Ý5�»��IC�úª, ù
úªL²�m
CºÝÏf¤éA�o����IX¿Ø�½¿
�Xn��m�þ!)ä. �©@�, �:Ë�1
f&Ò´ÔnÆ���.�*ÿÄ:, Ä��!²
��o���AÛÆ´ïáÔnÆ���.�Ü
6Ä:.
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Variable space scale factor spherical coordinates and
time-space metric

Bian Bao-Min† Lai Xiao-Ming Yang Lin Li Zhen-Hua He An-Zhi

( Department of Information Physics and Engineering, Nanjing University of Science and Technology, Nanjing 210094, China )

( Received 11 February 2011; revised manuscript received 14 December 2011 )

Abstract
The time-space metric is a fundamental concept of general relativity, and it is the logical foundation of cosmology and astro-

physics. A time-related space scale factor is introduced into a 4-dimensional time-space interval model. The transformations among
the flat metric, the Schwarzschild metric and the Robertson-Walker (R-W) metric are obtained in spherical coordinate system. Based
on the time-space interval of the time-related scale factor coordinate, the solutions of R-W metric with parameter k = ±1 and the non-
vacuum metric outside stars are deduced. A new point of view is advanced to comprehend the modern physical non-flat time-space.
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