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B L BUE SR A A 2R T R (14) B R 51 AN
R,
4.2 EBHIELCSHIRH

N T B B A8 S E I 1 A FR B[R] Lya-
punov 8 ETH BT TR Rk, 1 s DL B
ARG PUNGI AT A, FRIE B R O T R
AR an -

T =y,
j = —sin(a),
(SC, y)lt:to = (l‘()a yO)' (16)

LW I R ieh, CA/FE T 2% (16) 1
B, (7, 0) & WA 5, 1M (0,0) £l w
BAEE NI D = {(z,y) € (-4 <2 <4,-4<y<
4)}y WBEE MR R = 0.01, WA LAKI 515 2] —A
FURE N 801 x 801 [ /&1 7 HE A B HUM % fUER &, 4
AN DA% R AR 0T T AR oy T R EUE AR 43—
HVTURME (20, yo). TEEE ARG T, Zeumit 8] &
BANT =10, RV ks -85S FE AN FYME
15 (0, yo) 43 BIAE SEORUGHE H 2 18] o oR R 2 is
B T (16), P KE N T = 0.05, 5
A HR 200, IRJE 53 AR A BR 22 43 7 1 AR T 0k
BRSO R R R BRI R R
(14 B IS [8] Lyapunov 484, I DL45H BI R e
tH FTLE 35, 73 &l 4 (a) M1 (b) Fros. HEA (a)
AT () H 25 SR w A PR TR Ay DA AR sk
) FTLE 375, Ff M I A i b i) 5 2k 254, B
LCS, efilEin T WA S i g mE. LCS &
FARAH AR (A v )32 3 23 R, K A e R o o

180504-6


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

¥ 12 Z R Acta Phys. Sin.

Vol. 63, No. 18 (2014) 180504

HWfRAE R AR, PR A W] R 224y D7 VRN 3 T 04
HBA (BT 7 VETE PR 23 3 AR 5 B 08 R s o
HH 5 FTLE (B AU H ks B H AE G S50, 3
bl A 5 P 55 30 () bR B T 0 ER T REME R TT S 0D
A FHKE, FIE AT I FTLE 3t 25y
J7 kA BRI B KB, X E & LCS FrERIAL
B, Z IR E FTLE N e ak e 2, prit
H W FTLE f KA B0 BN T8 77, RAME T
THEUR EFTLE Y. Wild 3.1 34 o i BUsk g
TS, 225 7 VRIS BE IO TG 55 /NI, BT iE 5
(1) FTLE {EKs 18 3/ 3 1 %5 48 B 8 8 vk ik 5w
FTLEAE. {HA2, MR FEEUCRR /N, — 5 T %
FORTH R R A SR, ) — U7 T R A2 5 IR
HIRE.

4
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0.9
0.8

0.4
0.3
0.2

4 : : : T T T T 1.8
1.6
1.4

9l — ]
1.2

> ,\\ / \\\\ / 1.0
LA S Bos

I \\a\/ 1 Hos
—2] 104
0.2

—4 . . , . . . .
—4 -2 0 2 4

B4 A W I 1 L R T L L MR R
FTLE M LCS (a) Z3 75 (b) FTXHEHBH 77%

B 5 R 4 A BRI KON B = 0.04 RS AR R
%201 x 201 F 2t Al X BN T = 100, 7
SR FH A PR 22 43 T 2 R0 32 ok 8 B e 8 T v B
IHEMRERFFTLEY. WK S5 (a) A5, Z4077
EAEEAR 7 R WA S OL T it B FTLE 55
4 AR CEREERRIZER. B5 (a) HEF L
P A A7 AE VT 2 MR 4574, LCS i %5 B B 5 A0
HLO X381 FTLE 25 X AR B 8 & 2R 72814k, i
BRI 0 A FTLE {8 /Y o) S 58 e 5. 5

Ab, IS (a) [ EFRE P] H1, B 0 HE R PR AR BT U
SR FTLE {8 B A 180N F i 25 A i . T
K15 (b) FEL 4 (b) 358 BA BRI — ik, 2T
REBEE LML, K FTLEE®RA N, X2 K
o0 A AR 1R 7 VA AE T S FTLE {8 I A
MT o [ A% i, ERR AR AR AR, (HAE R — A
WS AL B T B FTLE A28 & . 1M
FF 2 43 5 i v A BRI 18] Lyapunov 8 200, H
TAEAE AR 22, B A A% B 8 KR 43 7 2R TR IR,
A BRI 7] Lyapunov $8 2UE 157 228 B S5 K, M
M FTLE 5 32 28 IR AR AL

4 1.1
(a) 1.0

2 — 0.8

(®) 1.6
1.4
1.2
1.0
0.8
0.6

0.2

—4 —2 0 2 4
x

Bl5 G HE R RS 0T PR 7 R BT T S B4R R
FTLE YA LCS (a) Z43J7E; (b) & T XHREH 7%

4.3 DuffingifrF&E% LCS#IIR 5!

FPRIE ) 5L (16) A 3 % 22 S i R
KH, BPLCS 3R W2 iy (] B BIA AR wm . 1k
— ISR I TR B o A BR B 8] Lyapunov 8
Bk S8 5 VR 20, R T PASE A Duffing 4R 1
ARG T AR T SR, %R K Duffing IR T R4
B E Y R R R D

T =y,
y = — 2> + e(ysin(wt) — 6y),
(@, Y)]t=ty = (%0, Y0)- (17)
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FE (17) 2 38 B R R O KA T I 8] . St
PG Hh A ] X3 BN

D={(z,y)e(-2<xr<2,-1.2<y<12)},

W A& FE N b = 0.0025, T AT A& 5 8 e — > B AR
1601 x 961 1 i 7 F 2 B E N S rU SR G, A
IR ENT = 10. SRETHNSANDES K E
WH: e =06 w=06~v=017F6 = 0.2, 4
s KT = 0.05, BB HCh 200, [FIFER A DY
T - 38 B0 AN 6] WM A5 (o, yo ) 43 T 7E 5K
HORGH A B2 ) o SR A Ty T RR 2 (17). RS
43 SR A R 22 43 05 1 A0 36 T 6 B0 H R 1 1 3 7
R H Duffing 3R 1 R L7586 55 _E A TR
[6] Lyapunov 8 £, Ff LASE{E B T2 X% FTLE
Y, 43l an B 6 (a) A1 (b) fis.  HLE K6 (a) #1 (b)
WSS ST J AT R AT S FTLE 35 16 2
LE1157 T o | S X (VR N (SRR A iR T RN B = N
FERCRZEN. FEFERZ: A RS0 Z 5 7772
TSR S _E B FTLE 8 5 75 B0 /8 B 2 A
T A5 PRI AT] U IR T A0 2 3 ) 1) 1) 57 B A b, T B4
R —F-T FTLEAA; 1Mk T X HEEH 7%
BE B A 0 1 B 0028 2 1) T B, A A T R 2 4
% PE T BR /NI IE T, 8/E B 6 (b) H FTLE 5
KAEEKRT (a) FRIFTLE fKAl. XM —ANJ7TH
YU 7B T R EAE R T S FTLE . A4, M
Bl A 3B ] 1, R R 7 T R TR A b TR R 2k 4
¥, BILCS, T 9818 Duffing & T & S A & {7 5F
A, HEEEFMELALEH L ML
T2 M S A8 R 458 20 7 ik Ak T RHB %
FRR )T 7V AE A 2 FE AR G L T # AR
AR T 5 H FTLE 3, 500 H R B H AH G5
. AEE I P I S5 00 ) b A LR e A BT
BE A T S s R 3 Bk DR O 3 AR 4
PG VET S FTLE I bt 22 9y )5 v BB ¥
Z W OKAE, TIXIE A& LCS FrfE I & 20 k(e
15 FTLE W Z{E 8% %, 7 FTLE B 15
ER RN FE TR, RAME IR EIA T B
FTLE #.

B 72 MRS BRI K A h = 0.024 K% A A R
B9 201 x 121 FZ&ui i (B BN T = 10 B 43 531
FI R A BR 2 43 77 1 R0 25 1 648 200808 10 37 T Tk
Bt & H 588 Duffing Rk 7 R4 FTLE. M
B 7 (a) AT AT, 2293 J7 IR 20 HE S A% 15 L T BT

RN FTLE S5 K 6 Mg R o g AR K ZE.
FEE 7 (a) FE 20 BRI, LCS 1% B2 B AR,
MHEFTLE v 2 R B KA 72k, 5
Ah, ToiFt S X 04 A E FTLEAS (1) i) 545 45 5
BB [F B B A S R BEAK, FTLE S K AE 3k
—BE. T 7 (b) F1E 6 (b) 5% B 5k i —
P, B K FTLE A BN, LR ET (a) ()
AR R 2 43 779 1E 5 8 FTLE fie K AE A /b
B EA B, Hd i KAE R A # a5
I FTLE fi KAEF—2F, U 27 fE BRI iR
7. M\ ETHI 43 A7 AT, TE P A% H50RASE B A T ok
[ 1/64 5, R 24y )7 Bt B A BRI 1] Lya-
punov 8 HH 7% 2 B B3R, FTLE 3 1B R &5 0
RAET BB, 1 T 6B W (BT U7 vk
T B8 Jl ST SRR A M AU A R B H] Lyapunov
FREAE, B AE RS 2 HE R B IR IS 0L T, U548
A AAER U AN S L FTLEE. A 5
B, 7EAH A MK 2 HE G 00N, MR T AR 4 %
Tk, AR B 1B 7k B A 2 R
ZERL . RE TS X 0L A E 0 FTLE (B 2548 55, A
PAFHIFTLE 35 & & T F 2 2 05 Bk 5 )
FTLE #.

I I I I I I
-2 -1 0 1 2

6 FEHEERPRS L B TVERT U LR IE Duff-
ing R TFRLFTLEHMLCS (a) ZHHi%; (b) #T
MUKl R TRIRFS

180504-8


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

¥ 12 Z R Acta Phys. Sin.

Vol. 63, No. 18 (2014) 180504

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

—-0.1

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

1.0} ()
0.6
0.2
>
0.2

—0.6

—-1.0

—2.0

Bl 7 ARSI OL T PR T VE BT U K58 Duff-
ing’RT R FTLEHMLCS (a) EHTTi%; (b) #T
X BB T i

5 % %

AR LA T — ol i o K gy [26,27,30-35)
T8 A [R B 6] Lyapunov ¥8 50 i ik, EEEAE
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v 0 2 A, D 0o A1 2 ) b S 2 1 k40 T R BB R
fif 1) L, T2 RSURT PG - RO AR Tk B S g v A R b T
FAFTLEAA. HJ77% T Re s 8 S A FR = (8] 2 7y
TR, BT DA 2 5 AW 2, Ak T FTLE
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AN 5 B A BR8] Lyapunov 8 %18, FTLE 3%
1) TR R 45 46 R B K AR e /IME B R AL AR ST BN 3)
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Highly accurate computation of finite-time
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Abstract

Aiming at the shortcomings of current method of calculating finite-time Lyapunov exponent (FTLE), such as low
accuracy, inability to obtain boundary values, etc., a method of highly accurately computing FTLE is proposed based on
dual number theory. Firstly, the weakness and disadvantages of the finite difference method used widely for computing
FTLE are described. Secondly, the dual number theory is introduced to evaluate the derivatives accurately and efficiently,
and its distinct virtues are also presented. The computation of Cauchy-Green deformation tensors for a dynamical system
is transformed into a numerical integration problem of solving the nonlinear ordinary differential equation in dual number
space by the new method. Finally, the proposed method is applied to typical pendulum system and nonlinear Duffing
oscillator separately. The results of simulation experiments indicate that the new method is effective, convenient and

accurate for computing the field of FTLE, from which Lagrangian coherent structures can be identified successfully.

Keywords: finite-time Lyapunov exponent, dual number, dynamical system, Lagrangian coherent

structure
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