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Fig. 1. The “Maxican hat” potential when r > 0. The
transverse degree of freedom (blue) gives the gapless
Goldstone mode, while the longitudinal one (red) gives

the gapped Higgs mode.
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Table 1. A comparison between the superfluid/ super-

conductor “universe” and the real universe.
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quantum critical point, SF-MI QCP). K245 T
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J& T &7l A X8k, e b IE R N 3, =
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F KT fr o 7 (B a0, SEE6 SOk [12,13) 50 5l 44
H 7 =400 R 1 5 =48 Ak AR
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Fig. 2. The ground state phase diagram and finite tem-
perature phase diagram (see the inset) for the two di-
mensional Bose-Hubbard model on square lattice (1],
SF represents superfluid phase, MI represents Mott In-
sulator phase, and NL represents normal liquid phase.
The large blue dot on the tip of phase boundary (red)
is the quantum critical point(QCP) with emergent
Lorentz invariance. It’s location is Uc/J = 16.7424(1),
fe = 6.21(2). The (blue) dashed curves specify trajec-
tories with filling factor n = 1 in parameter space used
to detune the system away from the QCP. For system
along this trajectory, we use g = (U—U,)/J to charac-
terize the deviation from QCP. Adapted from Ref.[23].
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Fig. 3. The solid line represents universal scaling pre-
dictions for the imaginary part of the universal scalar
response function, while the dashed line represents un-
known region. In the figure, we show two possibil-
ities: the dashed curve with resonance peak means
the Higgs mode is detectable (one may also imagine
multiple peaks in the crossover region), while the fea-
tureless curve means the opposite. The dashed-dotted
line depicts prediction of 1/N perturbation theory (1,
(Adapted from Ref.[21]).
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E RE IS T3 180 A J8 P A —— X it Sk s A
EE BB A A TTR. 1575 R B R G kLT 5L
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MFRZ A RRF R R L Fik R IE =
5] BT DA A SN AN [A) AN BN [6) 1 4R 1 B 1 1
RULMES. B s — DRI 2 T E
B F — Koo, A oc —J, T8 CRE 2 8] R
(6] 77 0] 9 A A2 A4 1 R Y R B 2 o7 R AL B DR T
e~ Ve (imTicn) K, — HAAE T A E, X
NLEACE B — e 1. (A —RRRIaE, BT
Koo <0, B KB E AR AR,

FE B AR A 7 B B AE B2 P BT AR J7 8 b 1 i &
GUIYEEMER. B U/ > 1R, BT RS 5T
R FIBCEEAR /), PR e A A1 1) A 2 A 1) 5 [l 5
FEREAE R EAZ), BRFETE N T =R AZ%E. T
A, JU/J < 1B, RS E K, ki1
FRH S 2 AR R AL R ) B R G A
525, ettt A2 T 2 S A P A 2 T AE A ]
J7 M JESEHR, B 73 8] 77 7] 5930 (spatial winding
number) E%, RUEAL 7 BT

TR 22 FRATTIBE % 180 11 47 2L s 8 v DA e Y 2% A2 AR
SRR THEL BN, an R ARATR R G B e IO R,
JUTT AFE Ho FA N IE BT 3 B AT IR K,
HH(A) = (14+NK +V, Wshae RN

. 10

(K) = — BﬁTre—ﬁHMHO
__ NN W) N
R R R

TEE H(N\) RGBS  FoR [1 B R 45 R AN
J5R Ho RGeS AR, X TAEM S, HEK
DAAAAE FERIET 2508 (1 4+ M Koo 5 Kara.
£ (9) NHE SRR T, BT N R TR R#4t
BRIT WU S AL BTk oc (1 + M) XA sk, itk
Sh, BTN — 0 BB RGHIR & E 2110 9 Ho,
I (9) g W(e) BIVER £ 480 RIT BRI (8).

(a)

0 Imaginarytime B
(b)

Kla  (a) —ZEdi BRCT R BUR R B, G
V6077 1w, iR g R (8] 5 ). R RS TR T A
SRR ANR AR T SR E n; (b) 5T UAERL 5 bR B B
(e AT R LTI 3 e ) 5B T L 8 S Y i
SR S oA, T (SR AR S B T — SR T R A S
2. FEMT —RmIERE, MR TR LT A 2B
(W 32R); RIRNAIT B &B (A tEL). EHEH%
HARLARREFF G, AT R B, REEIR RS E X
E fi i b, 3% B SR IRATT UG AL I i AU

Fig. 4. (a) The path-integral representation for the
partition function of an one dimensional lattice sys-
tem. The vertical axis is the spatial direction while
the horizontal axis is the imaginary time direction.
Dashed lines are unoccupied states, while the solid
lines are the occupied states with their thickness as
the occupation number n; (b) a local update defined
in the configuration space of the partition function.
Periodical boundary condition is enforced on the spa-
tial direction. The blue solid line represents the initial
state of a particle worldline. After a local update, the
A segment(blue solid) of the particle worldline is re-
placed by the B segment(red dashed). All the world-
lines remain closed after the updates. For convenience,
we use smooth curves to represent worldlines on lattice

system.

R B eI & = AR T R R v, (X TR
KX IBU/T ~ 1, HT S DA A 288, S2br b
SIREMIBE AR T . Je), B/RmATR
B 5K R ¥ (Markov chain Monte Carlo) 772 {#
HTHR . BT EBREWe) MBS, A
Y Wl(e)/Z =1, Bt LB W (e)/Z Ft A —
ecy

Pl AR 1698 JR 31— BN 7T L)
HEMEZE Pe) = W (e)/Z PP M e, B4 BhEEHL
A DU I S A A FENLRE A B 8 N, B3 JE
FeLAH T —1/83K1%. X —HEHE — MRS
k. SwA SRR N - W(e)/Z KT
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KH Ple — ) MM et BRI e 14 5L 1) % # ik %
P! — e) MR TR IR, TiW(e)/2 5
W(e')/Z 7l Jye Fe MR RLE, 5424 5k
B, ZBENLAT E P2 A EEALT A, BN e Y
IR ZE R W (e)/ Z, HH G AT LS IR A4 284 f) B
VRS,

29K, X T BH R4, B S [ B A #4984
BEMLAT Bt AR AR T 4 B 2 WL, an RFRATH
FRT AR e 2 R, Bl an 4 (b) B s 1 R 35
Bl BB, SEBR ok [ B A T Re R SYA R Y. T
WA 2 2D RO R 1) JR) 3 B 7 #1 TG v AR — SRt SR
A 18] 7 M 56, DRI GOX R I 7 Ve AN Re L
SRR R AR, 2988, AR LA e s 3L
Al A 53 38 A AR >R S BN 7 18] 77 1) S50 B (H 2
EARZAGOUT, JE R IR AR SR 5 3 A+ 2
ZEAROK, 1T e 5 B BY 2 (8] (1) 5 75 i 2RI,
BT R TH BV BCR B B A BR.

T R POX L ) R AT T A i U
% (worm algorithm) 91, [RF- 551, 761X B N A4
2B B SR (B A0 AT DUAE TR [30] BIAH G 3
R E]).

SRR b 2B AR ALE B PR R H ) R I [R]
PRATRR S B A

G(TM - TI,iM — il) = TT<b2’LM(TM)bi1 (TI)>. (11)

P T SRR AR bR B B AR AR A B AR AR Q.
7 B B a0 5 Ira F1 Masha #H 38, HJ7E [A] —#% & &
ivm =i = 4, HJUPAER—ABHAE S By = 7407
(AR A M = I, kRSN

G(0T,0) = T-(b] (11 + 07)b, (1))

= > n(i,m)W(e), (12)
e€flz

Hodrn (i, ) AR e Fkk s, BF TR 77 A AR50
LR, GO, 0) HIBEARAR 23 B 2 At A (27, BRITC
SRR BT AN 27 & Q¢ BI— DT
[, A PRATH KRR ER R H 2 — T, R
THn. WARAENE VLTl R T RS SE I
MR BRI B 2 23 ) By 28 ZEAE A, 8 238 i bty
FEAR R T Q7 2R T S0 AT LA SR B it 73 B
iy SRR T M A P 2 R A
n, A OB I R R ERUARR A 1/n N7 InEs
HH.

0 Imaginarytime B

(b)

KI5 (a) —%Ed i b fA i bk ok B B AR AR 40, BRAN
RER (8] 7 1), g R R AR T2 4, SRR A RN
FLF 43, Masha(M) A—A4bf 55, i Ira() H—4
b, 7 AFRIG AR5 (b) 58 AR SRR MR H T
AR P23 ) _L B R SE T, W SR RO ST — 2%
3 A A BRI RL Tt AR, I AE Tra i T — IRJRICE
WG, AU T A EER I AL, WP T a6 R 4E 5
PRS2k, B — 0 BRI AR AT LLIA D R 0 a3k Tra B35 I5 e
J& Ira ZEAHRE AT AE

Fig. 5. (a) The path-integral representation for the
Green’s function of an one dimensional lattice system.
The vertical axis is the spatial direction while the hor-
izontal axis is the imaginary time direction. Dashed
lines are unoccupied states, while the solid lines are the
occupied states with their thickness as the occupation
number n. Masha (M), a b operator, and Ira(I), a b
operator, are the head and tail for a worm respectively;
(b) a local update defined in the configuration space
of the Green’s function. The blue solid line represents
the initial state of a particle worldline with defects
Ira and Masha. As an example, a local update moves
Ira from I to I’, and creates the red dashed line as a
new part of this worldline. Each local update can be
considered as a random walk of the worm head Ira or

worm tail Masha.
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[ 4 SR Ik bR B AE QR AR ek

+° quw
Ci(r) = /0 (;—KJV(T,w)ImXR(w), (13)

b 3 e ST LE RE I TB) B G BR BN C i (1) =
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[e—wT + e—w(l/kBT—T)]/(l _ e—w/kBT)' 1EIXA
T, RE TR SCHKRR 4 C' (1) AT LA AT AT — 15 P
R R RS T B ok (ARG T T WL SCER
(21]), PRI FRATT 75 2 e 04 i) R AR i T AT E 25 5 1)
R I ) B B 20 2 A L W) 72 R 50 1) R 5. 4807 BT
DAIE Y, G SR R I 1) S IBG o HIORS ff mT 0, 84 B
28 H R e S R 50D o A6 A M — i ). {FL2 SRR
BT RN R P RR G B R IRE K
BRGRE, DSAFEIR/MERIBAAEF N Girt iR
78, IXAFASAEEE THE B S S Bl A AT E 4 )
G AE. BUE T E A, AR R (14) L
Bk, B

N
A
Ckﬁﬂ::E:E%uV@%wﬂhmmdwﬂ, (14)
j=0
XE 5 o# T R, B AT S
Aw HEPRFERE. BERMT3Er 500N

M BN B, W) EsXn] DUS Ry R Rk =K
Aw

C=—NX 1
UNX, (15)

Horh C 2y MR B] SCIR R BT LI M x LR, XN
W] S B 450K 0 S 1) N 1 4R R, T N SR8 Bk nt
RLE) M x NFERE. R RATE W, M =
N, HRE N N— A SRR, Bk ar DL —A
ERZHEET X A N = T 'diag(A\1,--- , An)T,
XH diag( A1, -+, An) AE BIASEAR A BRI X6 £
B, A2 S50 AT AT DA B Bl e R B e AR
C Wit X, B

2T
X=-——N"1lC
Aw
oM 1 1
= —T 'diag( —,---,— |TC. 1
Aw lag(/\l’ ’/\N) ¢ ( 6)

PATTH — > Bo B AR 2 e 3 B X — S HR A7 A 119 17
BRI =1, N = 100, BT 5w 5
B8 0.01,0.02, - -+ TAAE ) 100 /S . A4 AT LA
H N [HT 8 ANALEE, B 6. o] WAEE 144
KR #A I/, Bl T%. i REAUEH (16) X
KA oL bR B, B4 R C A BETT LUK B4R /N
Guitiiz, R4 NP T 2 1AM E 1)
R Z 5, ¥ 78 B A 24 1 . eR B0 X HR R 2D v
w ks, AR T HENES. Bk, BEN
FEAT REHA D B2 — A E L (ill-posed) [ 17] .

100
10~ F
1072 |
10-3 |
104 |
10-5 |
10-6 |
10-7 |
10-8 |
10-9 |
10-10 |
10—11

AAENE /e R AR

0 2 4 6 8
FERAMIEF

K6 MWEBs =1, N = 100, HE 15w N5 BS
0.01,0.02,--- , 1, X B L T XA T AL B N
T 8 ANAAEAE, Eh AR AR K AEAE S5 FAHXS AAEE,
Hrh e KAEAE 9 960.549

Fig. 6. The largest eight eigenvalues of the kernel N,
assuming 8 = 1, N = 100, and 7 and w as discrete val-
ues 0.01, 0.02, ---, 1. The vertical axis are the eigen-
values normalized by the largest eigenvalue, which is
960.549 in this example.

N T SRR A, BATT G A 4 ) S
BONAAEE TP . vk, AT TR
Z 07 Pl R A AN L B, B
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T R HA) R DU X, BRATTEOR e A H A R KL
(objective funtion) /M, B
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M Cz — Z - Ninj
=y i= SAF(X),
i=1

(17)

(17) X o, N C; RIINGETHIRZE, X 25 T
KNSR, F(X) F& 51 AT RENT N R EU7Z 08, IF
HESRIEE. FHs b, R =00, B =0,
AR C; MG THREHR —FRTER T, H
b R B AU AERI e (16) 2045t R IE ARG S
R, BTN AR A7 A, T B A A7 A2 R 2
BV, NBEBRATHR Z S ANARF S I X L
k. fltn, 7ESCHR [34] Hh, 1EFE SR B AT LA

N—1 N
F(X)=Y D¥X;11— X, +) AIX?
7j=1 j=1

Forb B — WU S 000y Ak 7 X R LR AR
L B A 0 KB A, T T X g ks AF
Hwrk TR EEEE, BISRE AT AR X, E
A DL 2 A K v M B U B — & BRI D, AN
A HE; SR JE AR B 1 S B R 3RS — A EAL
FIREME X, AT SE B — > BB TE . BRIk, 20775
R B PELT R I 77 (method of consistent
constraints). 1% 1% A AL SCHR [34) H153] T
A am iR 6. PR e AT AT RASE 1% 07 32 AN
C i (1) HER IS I [A] () G 3B Wi )97 bR 2 Ty (7).

5 A A B T WL R

TEIX — 35 R AT 28— e 50 T 75 A% 1S 11 485
RoodEE ESCAER T, SCER 19 e H T
SF-MI QCP BT 7 A% 182 i LI 4. 32 SR &5
Rl 7. IREAR, £ QCP I, BIU/J < 14
I, 2R G I B B B AN BT R IE—IX R
ARG T EAEALNE BL7 - 2O FRIE) 1)
MRS, MAEHCRBEEE QCP IS, BIU/J > 14
HU/J — U./J = 16.7424 1}, RETFFUHTTIH 1%
WL (KL - O RRIE), 5 BRI, LE e
B0 3 (AR AT 2 350 4 vp HH L T o A5 R R
(R FLIRIEE ;T A TR T 2 1% R G — AT R
e BE TR T, BT LA AR e Ffr o 7 £ 1l A2 A5 6 20
BG5S, MRS U/ J A5l LLE

H, A% T AR PR R R AR SRR I 5 A T B
AR/, X5 R T S 2

16.5
0.12 16
12
14 U=10
3 0.08
=
K
0.04
O llllllllllll
0 2 4 6 8 10
w/J

K7 i d R S B AR AT S 4R 77 VR SRS B AN TR 2 4L
U/J T 38w B e S 8. U/J 13 B 2 R UE (1)
i&T QCP; b, AT HEhrh iR, B & — %%k
MR — 1 WEEET/J = 0.1, R4, TEMRHE
I A R SR P S R L IR U B U/ SRR BT I S
Uc/J = 16.7424 T3S (A EME K E SCHR [21])
Fig. 7. The imaginary part of the kinetic energy re-
sponse function for different U/J (along the trajectory
(i) in Fig. 2) obtained by worm algorithm and analytical
continuation method. For comparison, each curve is nor-
malized according to the area under itself. All curves are
measured at temperature T/J = 0.1. When approach-
ing the quantum critical point at Uc./J = 16.7424, a
sharp Higgs resonance peak emerges at low frequencies
(Adapted from Ref. [21]).

B NG = ¥ S Sl D PSR g st T
Oy B B A R R bR BE A (4) AP AR I HEE &
g HILE 74 ML RIEAE T QCP ik
O E M. FESCHR[23) AT E R T e
ITQCP W &%, HeRWER (). M TAMEZ
B RGE, N T T R IR bR B A (4) KX, AT
PTG AR B W/ A(—g), TR A R
(A(=g) /)Y Imy g (w/A). ML LS F AT,
= 2k AN TR 2 B0 W) S R KRR S it 2 8 A v AR
Jett T &, JF HAEJEAT 38R B2 S R AE i AT
TR 1 % 2200 [l ) A TE — . X TE— T E
TR ZSH A W EIRQCP, I — 4
HEEMAWSEH TARERTREZER 2+ 1)
2 X 1 U (1) I i DX 3 1 < 3k g 2 g 4 R
Dsp(w/A), WE S (b) s, WEEH &2k, A
RIL, fEwg/A = 3.3(8) iz, mi i ek £ &
LT — /NI A A% T iR 9 HAE w/A~15
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g f s SR 5 S STk EARM . i, SCRR [22,24]
TESUER & (2) i & SRR B 05k DL BUE
fEMTIE S T AT G B N wn /A = 2.1(4), T
SCHR [25) W A5 FH R %50 A T vk DA BUE @ T i
ARG AL B N wn /A ~ 2.4, XREAFRT7E
38 XERAIE T AL 7 5450 M ml SE . TR,
TE 4k 1) SF-MI QCP P 3z (B s AH Hh, A5 4% 37 B
SR T WL, ELE 5 —J7 T, BATTAT DAE 2 L4
U P 5 PR gy & Rl — MU E R, FITEZ R S
W b TR A e — AN B O R A58 I

3.0
(a) lg] = 0.2424
osl sol —— |g| =0.0924
~ —— |g| =0.0462

~

[A(=g)/J1*/3 Imxge(w) /T

0 " " " " " " "
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w/A(—g)
3.0
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N
3 1.5}
&
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0.5}
O " " " " " " " "
0 4 8 12 16 20 24 28 32
w/A(=g)
B8 (a) HAAMS, RAZHg = (U - U)/J M5

G2 1) W) S BRSO RE L 8 0 SR AR RE S, E R AT AE AR R
ZTLHE N E A, Eh g fHE TS -2 b i
(i) T QCP, W itk B Jy T8 bR BE i (A 7] 2 ) i
IS B R 55 (o) AR B (a) 3BT B 0 5 L3R AT 1
32 (K0 7 BR $RE B P (w/A). A W FL R I (1 o7 B AE
wi/A = 3.3(8). HhZkmiRZE i LK (a) B %A HI 2RI
HETREER (KRB S R [23])

Fig. 8. (a) Collapse of the imaginary part of response
functions for different values of g = (U — U.)/J along
trajectory (i) in the superfluid phase. Inset: original
data for response functions; (b) the imaginary part of
universal response function @gg(w/A) in the super-
fluid. The Higgs resonance peak is at wyg/A = 3.3(8).
The error bars come from the spread of collapsed
curves (Adapted from Ref. [23]).

R, N IR B A B TR 2 i 7
STBCRF (critical defined excitation) (7.

6 H o AE P HY R A S AT IR &

Ha b, RS — BT AR R DU K
W5t SF-MI QCP Bz (1) FAthAH, 51 dn 5 4r 4a 241
T 26, TRATDXT B REM SR S N I SR B A,

Imy z (w) o AS_Q/”¢M1<%),

L, (18) s AR AR BE A (4) U5e 4 —#F,
ESE M A G N R, B Sy 5 Pep BT IR

(18)

e 9=0.2576 ——
9=0

20T

1.5

1.0 |

[Ag)/ T2/ Iy (w) /T

O 1 1 1 1 1 1 1
0 4 8 12 16 20 24 28 32
w/A(g)
3.0
(b)
25 |
2.0
i I
3 15
5 L
1.0
05 |
o , , , , , , ,
0 4 8 12 16 20 24 28 32
w/A(-g)
K9 (a) BAFLGAPARES g = (U - U)/J R

S 1) W) S R S0 KE PR AE 5 0 SR AR RE S, 7E MR AT A AR R
ZTLHE N E A, Eh g fHE TS 2 b i
(i) T QCP, Wik B T 37 b 2 Wi (K AS (7 2 5 v
52 bR BN #; (o) R /e P S bR BE 190 45 SR 3R A5 1
V6 1 7 PR KRS 3 D (w// A), A 4% 7 S 4IR s 1 o B
wi/A = 3.2(8). LR Y LR 0 2% 2% il 2k 1) =6
SRR (RS HE S [23])

Fig. 9. (a) Collapse of the imaginary part of response
functions for different values of g = (U — Uc)/J along
trajectory (ii) in the Mott insulator phase. Inset: orig-
inal data for response functions; (b) the imaginary
part of universal response function @yp(w/A) in the
Mott insulator. The Higgs-like resonance peak is at
wp/A = 3.2(8). The error bars come from the spread
of collapsed curves (Adapted from Ref. [23]).
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Abstract

In additional to the phonon (massless Goldstone mode) in Galilean invariant superfluid, there is another type of
mode known as the Higgs amplitude mode in superfluid with emergent Lorentz invariance. In two dimensions, due
to the strong decay into phonons, whether this Higgs mode is a detectable excitation with sharp linear response has
been controversial for decades. Recent progress gives a positive answer to this question. Here, we review a series
of numerical studies of the linear response of a two-dimensional Lorentz invariant superfluid near the superfluid-Mott
insulator quantum critical point (SF-MI QCP). Particularly, we introduce a numerical procedure to unbiasedly calculate
the linear response properties of strongly correlated systems. The numerical procedure contains two crucial steps, i.e.,
one is to use a highly efficient quantum Monte Carlo method, the worm algorithm in the imaginary-time path-integral
representation, to calculate the imaginary time correlation functions for the system in equilibrium; and then, the other
is, based on the imaginary time correlation functions, to use the numerical analytical continuation method for obtaining
the real-time (real-frequency) linear response function. Applying this numerical procedure to the two-dimensional Bose
Hubbard model near SF-MI QCP, it is found that despite strong damping, the Higgs boson survives as a prominent
resonance peak in the kinetic energy response function. Further investigations also suggest a similar but less prominent
resonance peak near SF-MI QCP on the MI side, and even on the normal liquid side. Since SF-MI quantum criticality
can be realized by ultracold aotms in optical lattice, the Higgs resonance peak can be directly observed in experiment.
In addition, we point out that the same Higgs resonance peak exists in all quantum critical systems with the same

universality, namely (2 + 1)-dimensional relativistic U(1) criticality, as SF-MI QCP.

Keywords: linear response, quantum criticality, Higgs mode, Monte Carlo

PACS: 02.70.Ss, 03.75.Kk, 14.80.Bn, 67.85.—d DOI: 10.7498/aps.64.180201

* Project supported by the National Natural Science Foundation of China (Grant No. 11275185).

1 Corresponding author. E-mail: chenkun@mail.ustc.edu.cn
1 Corresponding author. E-mail: yjdeng@ustc.edu.cn

180201-13


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn
http://dx.doi.org/10.7498/aps.64.180201

	1凝聚态中的希格斯玻色子
	Fig 1
	Table 1
	Fig 2


	2响应函数与希格斯模探测器
	Fig 3

	3蠕虫算法——一种蒙特卡罗方法的简介
	Fig 4
	Fig 5


	4解析延拓: 从虚时间到实时间
	Fig 6

	5希格斯模的可观测性及其性质
	Fig 7
	Fig 8


	6其他相中的类希格斯共振峰
	Fig 9

	7结 论
	References
	Abstract

