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413 H=mAEHK

IS = H IR SR AR N R B
Nay = —01, HihZHHWREEH —HSH
ME, Blm =1, k=1, ¢ =01, K, = —0.5,
p = 0.5. HXESHACN (27) UM (29) X, 15
B wig = 1.2422, wag = 0.7561, XF NI 4> 4 N
T, = 0.8132, 5.8713, 10.9294, 15.9435, ---, F
To.m = 4.9626, 13.2726, 21.5826, ---. MfF#HT 45
AEAE R g5 Rt b, IWE S T LLE HEE R
o3 4 AN 25 AT 73 20 R W& BEAR 151, 43
FRESEZHSE N ME, H2AEERMIRE
PERAE T 4, EFMR a BEFRE, AT ax A
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Fig. 5. Delay-amplitude relation of periodic motions.
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MR EE (29) b = 0 B BLEEAT 2 T
20BN B R p 4y AR EL 0.2, 0.5, 0.8, m = 1,

k=1¢=01, a; =0.1, K; = —0.5. W5 &
BHRERRARME NG, TR H, M p &
ORI, i 5 B2 2 B MR AR Hh 42 A, A
BAEMR I ARG, & iR E A
KA, HARAERM oy AaE, IEFMR ar EFE
17, 3 Tk B I 2K 1R AR A RS 2R A 2R A 1 A 1,
Hdw s EorE TAERMI KA. 48 mB
BLVEILER 1. MR 1R ATLLE e Y p B K,
SR Ti0, T11, -0y A Tog, - EBER, BEFRE
PEVI I R E R 3R, &4 30 mON RL I JE BIZ 3 1)
AR AAEAR K. X Uk BA 43 B B Uk (R AR AT 2 20 1
BUENE FRAA R, RRME T 3 S 8NALE.
T2 AT 43 B ) 3 s s T AR HOnE 4y 7 a5 T
SOMR. YRR K Ay s I —0.12, —0.2, —0.4
N, HhZ 8 Am =1, k=1, ¢c=0.1, oy = 0.1,
p = 0.5, Wi 5 s shig i ¢ R b2 L 7.
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Fig. 6. Delay-amplitude relation of periodic motions

under different fractional orders.

R PEH AR B0 8 R A

Table 1. The locations of bifurcation points under different fractional orders.

P w10 w20 Tin(n=0,1,2---) To,n(n=0,1,2--) T Fa e PRI B

0.2 1.227 0.732 0.4498, 5.5706, - - - 4.5072, 13.001, - - - 3%

I3 IR NN BIHRS: 0 < 110 < 20 <T1,1 < T12 <721 <713 < -

0.5 1.242 0.756 0.8132, 5.8713, - - - 4.9626, 13.2726, - - - 3%

IR IR SN BIRHES: 0 < 110 <720 <711 <T12 <721 <713 < -

0.8 1.242 0.756 0.8132, 5.8713, --- 4.9626, 13.2726, - - - 3

Gy I NN BIHES]: 0 < 110 <720 <711 < T2 < T2 <713 <o
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®2 RBRBCRACK &0 & R A

Table 2. The locations of bifurcation points under different feedback coefficients.

Ky w10 w20

Tin(n=0,1,2---

Ton(n=0,1,2--") TR ENE VIR

—0.12 1.031 0.965

1.739, 7.8333, - --

3.076, 9.5871, - -- 27 IR

Iy B A P NEIRHES]: 0 < 10 < 20 < T11 <21 < -

cT1,13 < T1,14 < 72,13 < - -

-0.2 1.085 0.912

1.229, 7.02, - - -

3.768, 10.6575, - - - TR

ST R N NBIRHES: 0 < 110 < 72,0 < 71,0 <721 <T12<To2 <713 <7Ti4<T23<::

—0.4 1.191 0.806

0.8915, 6.1671, - - -

4.591, 12.3865, - - - 3

53 SR SONNEIHRS: 0 < 71,0 < 72,0 < 71,1 < 71,2 <721 <71,3<"+""

MBI 0T B Mok, 4% A R A 8 PRI
ﬁﬁ’i}{ﬁc, HRAREM o) ARUE, T ag 2FE

UL SR B K I A AR AR F AR N A
TEE THEXTEIEA@FEI’JEEﬁ{Ej(E’ﬂﬁ, I AR
WREBLTE AR 2. R 2 FATBLA i 2 K IBHT
NI, 3 R 0, T, e FEAR/N, XL I
BNHIRAEAER, M 72,0, To,1 - - FELEARK, XoF RLHY
JAIE N AR AL AL /N, fif R e R D) e B 7
BRI R R B AR A AR A A
FENE ], X 2 g AR RS E TR AT AR KI5

25

20

15

FiEa

i

10

TR NI

71,0 72,0

W7 GRS I 5 A WS s R IR E < 2

Fig. 7. Delay-amplitude relation of periodic motions

under different feedback coefficients.

4.3 JELMENIE REHIF M
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. 24 Duffing & oy 4 3% EL 0.2, 0.1, 0.05,
—0.05, —0.1, =020, HMMSE  Ahm =1, k =1,
c=0.1,p=0.5, K; =—0.5, I 5 W5 sh g
IR AL W 8. AT LAE e WS E 7 78 S
A AR RIS S SR E O R &R T

Y. 4 Duffing R o Jy 1EAH N 22 1) 72 25 it
1M H o B 1) 4225 RO, SRR HE AR o) AFRE,
M ap FE T H; 24 Duffing 550 o A
LR m A, T L oo 194 0HE R K [ A 25 RCK
UEi R TR R R e R AR T B, EEMR o) FRE,
JEEM s e AFLE R, XU H SR Duffing 220 oy
M, 2R 5 2 SRR o R il 2610 75
) MR AR (A2 2 M 0% Duffing R oy 1K/,
S L AR i 2R 1 il AR B i AN o BREAR
oy 20 A BRI E A 252 25,

EfE o
w

0 $1 2 3 4 /5 6
71,0 72,0

K8 AELMENIEE RECRAC N 5 A I ) IR E I 6 R
Fig. 8. Delay-amplitude relation of periodic motions

under different nonlinear stiffness coefficients.
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Abstract

With increasingly strict requirements for control speed and system performance, the unavoidable time delay becomes
a serious problem. Fractional-order feedback is constantly adopted in control engineering due to its advantages, such
as robustness, strong de-noising ability and better control performance. In this paper, the dynamical characteristics
of an autonomous Duffing oscillator under fractional-order feedback coupling with time delay are investigated. At
first, the first-order approximate analytical solution is obtained by the averaging method. The equivalent stiffness and
equivalent damping coefficients are defined by the feedback coefficient, fractional order and time delay. It is found
that the fractional-order feedback coupling with time delay has the functions of both delayed velocity feedback and
delayed displacement feedback simultaneously. Then, the comparison between the analytical solution and the numerical
one verifies the correctness and satisfactory precision of the approximately analytical solution under three parameter
conditions respectively. The effects of the feedback coefficient, fractional order and nonlinear stiffness coefficient on the
complex dynamical behaviors are analyzed, including the locations of bifurcation points, the stabilities of the periodic
solutions, the existence ranges of the periodic solutions, the stability of zero solution and the stability switch times. It is
found that the increase of fractional order could make the delay-amplitude curves of periodic solutions shift rightwards,
but the stabilities of the periodic solutions and the stability switch times of zero solution cannot be changed. The decrease
of the feedback coefficient makes the amplitudes and ranges of the periodic solutions become larger, and induces the
stability switch times of zero solution to decrease, but the stabilities of the periodic solutions keep unchanged. The sign
of the nonlinear stiffness coefficient determines the stabilities and the bending directions of delay-amplitude curves of
periodic solutions, but the bifurcation points, the stability of zero solution and the stability switch times are not changed.
It could be concluded that the primary system parameters have important influences on the dynamical behavior of Duffing
oscillator, and the results are very helpful to design, analyze or control this kind of system. The analysis procedure and

conclusions could provide a reference for the study on the similar fractional-order dynamic systems with time delays.

Keywords: fractional-order derivative, Duffing oscillator, time delay, averaging method
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