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Fig. 1. Chaotic behaviors of the diffusionless Lorenz system at time ¢ = 500 (R = 1): Phase diagrams of (a) z-z

plane, (b) z-y plane, and (c) y-z plane; time series diagrams for (d) x variable, (e) y variable, and (f) z variable.
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Fig. 2. Shortest periodic orbit of diffusionless Lorenz system found by variational method (R = 1): (a) Blue line

denotes the loop guess, and red line represents the periodic orbit; (b) two-dimensional projection of periodic orbit 01;

the sequences of symbols corresponding to the orbit fragments are also labeled.
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Table 1. Cycles up to topological length of 5 for diffusionless Lorenz system.

FIMCE fincasgl B A z Yy 2
1 0 B B B B
1 J— J— J— J—
2 01 10.769012 —1.108113 1.846311 0.946758
5 001 18.962868 —0.352028 0.849944 0.115389
011 18.962868 0.352028 —0.849944 0.115389
0001 24.359449 0.939601 —0.884792 —0.923804
4 0011 21.496764 1.000276 0.528713 —1.469846
0111 24.359449 —0.939601 0.884792 —0.923804
00001 28.093996 —0.958485 0.908303 —0.007892
00011 29.057461 0.366385 —0.878968 0.069750
; 00101 29.381527 1.197553 0.066259 —1.492245
00111 29.057461 —0.366385 0.878968 0.069750
01011 29.381527 —1.197553 —0.066259 —1.492245
01111 28.093996 0.958485 —0.908303 —0.007892
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Fig. 3. Four periodic orbits of diffusionless Lorenz system for R = 1 (two fixed points S— and S4 are marked with
“47): (a) 011 orbit; (b) 0001 orbit; (c) 00011 orbit; (d) 00101 orbit.
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Abstract

The strange attractor of a chaotic system is composed of numerous periodic orbits densely covered. The periodic
orbit is the simplest invariant set except for the fixed point in the nonlinear dynamic system, it not only reflects all
the characteristics of the chaotic motion, but also is closely related to the amplitude generation and change of chaotic
system. Therefore, it is of great significance to obtain the periodic orbits in order to analyze the dynamical behaviors of
the complex system. In this paper, we study the periodic orbits of the diffusionless Lorenz equations which are derived in
the limit of high Rayleigh and Prandtl numbers. A new approach to establishing one-dimensional symbolic dynamics is
proposed, and the periodic orbits based on a topological structure are systematically calculated. We use the variational
method to locate the cycles, which is proposed to explore the periodic orbits in high-dimensional chaotic systems. The
method not only preserves the robustness characteristics of most of other methods, such as the Newton descent method
and multipoint shooting method, but it also has the characteristics of fast convergence when the search process is close
to the real cycle in practice. In order to apply the method, a rough loop guess must be made first based on the entire
topology for the cycle to be searched, and then the variational algorithm will bring the initial loop guess to evolving
toward the real periodic orbit in the system. In the calculations, the Newton descent method is used to achieve stability.
Two cycles can be used as basic building blocks for initialization, searching for more complex cycles with multiple circuits
around the two fixed points requires more delicate initial conditions; otherwise, it will probably lead to nonconvergence.
We can initialize the loop guess for longer cycles constructed by cutting and gluing the short, known cycles. For this
system, such a method yields quite a good systematic initial guess for longer cycles. Even if we deform the orbit manually
into a closed loop, the variational method still shows its powerfulness for good convergence. The topological classification
based on the entire orbital structure is shown to be effective. Furthermore, the deformation of periodic orbits with the
change of parameters is discussed, which provides a route to the periods of cycles. The present research may provide a

method of performing systematic calculation and classification of periodic orbits in other similar chaotic systems.
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