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Fig. 1. Dispersion relationship of two-layered linear coup-

PURFS

ling system and single layer system: (a) Two-layered linear
coupling system; (b) single layer Brusselator model; (¢) single
layer Lengyel-Epstein model. Parameter: (a,b) = (3,9),
(c,d) = (15,9),Dy, =2.2,Dy, =4.0,Dy, =21.9,D,, =
400, o =0.15.
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Fig. 2. Synchronous oscillatory hexagon pattern: (a) Amplitude distribution; (b) time variation of w; at position 4; (c) evolution of

pattern in half an oscillating period. Parameters are the same as those in Fig. 1.
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Fig. 3. Influence of parameter bon spatio-temporal patterns: (a) Dispersion curves under different parameters b; (bl) static honey-
comb hexagon pattern at b = 8.5; (b2) single-period synchronous oscillation hexagon pattern at b =9; (b3) non-synchronous oscil-
lation hexagon pattern of 2 times the period at b = 9.25; (b4) non-synchronous oscillation hexagon pattern of 5 times the period at

b = 9.33; (b5) non-synchronous oscillation pattern of 3 times the period at b = 9.5; (b6) spatio-temporal chaos at b= 10.

158201-5


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 % 3R Acta Phys. Sin. Vol. 70, No. 15 (2021) 158201

B RGEAIEE R R/NBEE S8 b i KRBT
R ke 7£9.33 < b < 10GH N, B REAE(E
AR/ 28 b RYEERmHE R. [ 3(b) AN
SR b T ARAT A 23 0 1] KRR I A 1 bR
BETE] ¢ P25 1R b = 8.560F, REEFE ALK
O3 8 ROL YWEGI, BE RABRNEAE LB/, &
FAGE kg S H R BASE /By 40 F R R X P, L
RGP A T RS ARSIIE B, WiE 3(b1) BF
7. XS A BH S R R G A ER A I IR S e
BEPE—F 3439, £ 8.86 < b < 9.323LIN, FfiE B4k
b B3GR, A RAANE(E 1Y /N 2 BT a3,
P2 1 B (R RASE /3y 1A B R XS,
ARG A THRG7SIIEBEE (B 3(b2) FE 3(b3)),
X B 1241 7 7S T DR L s R i A 8] R A &y
15 b T XIS e AV /Bl A ELAE FH TG A
b < 9.23 I, YR /SIIEHA A — 1IR3 A 1)
To, WA 3(b2) Frzs. HBE RS A 5 B 5 S 56
T B Y SR BE R AR AT & B2 2 b > 9.23 ), R
V7N IIE 2 AR SR 43 20 T e ABUS SRR v, B
T = 2Ty, {0 3(b3) fizAs. ££9.32 < b < 9.331 X4
R/NRFEEIN, REah T 5 45 IR G, 2
BRGNP AME, BT =T + T + T3+
Ty + Ts ~ 5Ty, R PR IR IR 2 7S 3008 [ 51 HE
i, (B IRG AR AR, B R 587 A 10 23R )
NI BER, WnE 3(b4) iR, 763 %9.33 <
b> 9.7 HIN, BT RAEAEE 1 K/ 28
R DNITE NS Wil RS
b=9.50F, JE W20 BEE 1Y 75 308 25 (8] 25 14 TF b5
e, HARG 2 B8 =45 H W, BA 7=
Ty + 2Ty ~ 3Ty, W1 3(b5) Ur7s. 24b > 9.7/}, &
H I R R G £ FEH, IR TS S&2s ]
A R | ERIE A BNRIIRES (K 3(b6)). H
HANTE 27 o PP A R 456 v S g ol 21 1
WA A% 01 53 2 AR B4R P05 IRAE B
PR R IR R WA SR I s, (HJR7E S5 B AR i
B ARAT TR 25 5 B9,

33 BEREBRELNIRZANBEMER
=AU

FH AT SCAT AL, PR 7S IERERDE R R B k5

H R B /By AR AR T . $2 T R AFSE Brusse-

lator ZRGEHY Kl RALIR L ho X 9R37 7S 3 IE SE I 1 5%

M. A3 PFRIE DR 18: — I P IR RS 2 8] 3 2

E IR R RN E SRR, Bk
PN 2 25 LR A5 &L, DAL R 1:5 24
B, [ SH Dy, =219, D,, =400, {f & RE4H
LR by = 0.2, by = 0.3, I H [ 284 o
a = 0.15. 83 W5 ZE Do, 11 Dy, KR/, FRIAER
R kg = LAAR i AR B R AR B by 1R/,
PRIT R RAIGTORIE ho SR 7S B BEEI Y5200 5] 4
5T AR ho B RYAS R 23 BER. A 4(b) AT L
Fih: TEhe < —48YERIN, T2 K R KA,
TE—4.8 < hy < —0.T4JG N, T A2 S B BEE
TE ho > —0.74E RN, T A RHSEI R BEE. Y
hy = —=5.5 0, AMEAE = FE ho ARAIK, RS BRI
S RBL ko ANREHEUR Ok, H R 35 B 1] R A
V3k AL TR R X3RN, BT ARG R T S e
ARANHIEBEIR, Wi 4(bl) B, B RAAEAE &
ho 2-3.44 B}, RGN 5 I B R AR v/ 3k b T2
FIXEEP, H AR & T UG 5 R AR
ho , BB BRGE S BLANIE 4(b2) s MY Ia 4R 75 i
TEBEE, [FIFEUESE T 4R35 7S 300 B 2 fR B R AR ko
5 H R BB V/3ky A ELAE I B . Ak SE 3 K AE
B BE by, 2 hy = —0.56 15}, WIIE A R AAE
B ho 1o T 2 IAE 3k, RS B BB AL TR R
X3k, (HJE RGN ICERE ko, PLAE A B RAR ey
Al ko (AR EAE R TR R T — R HL A WA s o] R
A B 7SR BEE ) B 1 A AR M 27 v g4
AHAB A BT 5 HES T AL, A01E 4(b3) FF/R. IZBER S5
A 5T B4 7550 R S 36 v UL 5 1) 1) e S i T B P A 2
LB, GRS TF i he £-0.21, SHITIRARAE, 250
RIS S, ko, WU RERBSHIE SR SUR A
HIESEIMBEE, MR B SHIEHES, A
A PHFPEE R, —FIENIIE SR, T —FRskar
Zhe, WL 4(b4) FT7R. 7E0 < ho < 0.6 YT F A, L
Fof PR SRABE Koo B 78 SRy BBt A L Brusselator £ Y
PR BRE (1 A 780 32 ] RS R TR, (ERARSR 32 B A]
AR ke W52, R R G S BB A S AR B A
IRGBEE, A& 4(b5) s . dhEaE KAMEAE & FE
hy, RGP SR GBEE, [ RS 5
4l F B AERS ke T, Al 4(b6) FR.
FE AT, FEAE IR S5, AU Bk 7S
MIEBEE, BRT 500 1 B B R /3y A T2
W XA AR, 753 . Brusselator #5781 H 7k
e 5 1] RABE Jeg XoF 7 ) AS IE A e BE AP T 4h T8 R
DX 35 1 g I P RASE /By (R AR IE AR 55 B e Ak, 7
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Bl 4 AEILIREERRAIEAE he PR BEE  (a) RRIAAEAE he FRIGEER ML, (b1) #8ESRNHERE, he = —5.50,
Dy, =5.25, Dy, =6.5; (b2) ARG ANHBILBLE, ha = —3.44, Dy, =3.62, Dy, =5; (b3) MABEKE, ho = —0.56,
Dy, =22, Dy, =4.6; (b4) BIMBEE, hg = —0.21, Dyy = 2.1, Dy, = 4.8; (b5) IREBEAE, ha =0.26, Dy, = 2.03, Dy, =

3; (b6) 2LUBEE], ho = 0.62, Dy, = 1.98, Dy, =5.8

Fig. 4. Complex patterns under different eigenvalues ha at non-resonance: (a) Dispersion curves under different eigenvalues hg;

(b1) static honeycomb hexagon pattern, he = —5.50, D,, = 5.25, D,, = 6.5; (b2) synchronous oscillation hexagon pattern,
hgo = =344, Dy, =3.62, Dy, =5; (b3) super-hexagon pattern, hg = —0.56, Dy, = 2.2, D,, =4.6; (b4) superposition pat-
tern, hg = —0.21, Dy, =2.1, Dy, =4.8; (b5) hybrid pattern, he =0.26, D,, =2.03, D,, =5.3; (b6) stripe pattern,

hg = 0.62, Dy, = 1.98, Dy, =5.8.

FAEBHEAET, AT I X ol v/ 2k A 2l 7]
RERLUR, & 5 RO BAE W] LOR iUk 37 MU
BEE, 2 9%35% Wil R AFE 1, A S
SRR 7S HTE BEE].

FER ORI ] R AR 23 ] R i 1F
EBHD,, =219, D,, =400, £ K R H AN
ki = 0.2 N HAH R AR MEAE 5 by = 0.3A428, JF:
HEEMEME o = 0.15. 3@ 24D, M D,
MR, TR B RAK R BE ho X R 7 75 B BE T
S &5 25 T ORI ho T B9 45 R 2 BT 24

hy < =150}, ZRHEAE /& BE ho LUBLAR, HL I = By
R V/3ky b T R X I P, R AR I 5 P R AR ey
P, REGTIE R T A I 53 RS i E B 1A
(&l 5(b1)). B4R AEAE &5 B ho, 7E —1.5 < hy < 0
WEN, AT R h B 2SS, X
FRYEAATR], i 2 25 I IEROC R . T AR m B A R
BBl B, I8 T UG A RAR Ky, (R T
73 A LRI, RGEMIR LS LB by T kg B A 5]
RALRIAH AR, B RS0 2 s SRR B
B, anE 5(b2) Fros. Ehe > 0JEHEIN, B Rk,
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(a) NFEAAEAE he T RGO R ITL; (b1) HSERRANAERTRE, ha = 1.7,

Dy, =14.55, Dy, =24; (b2) FFRIRIEE, ho=—1.1, Dy, =13.6, Dy, =25; (b3) K8, ha=1.0, Dy, =12, Dy, =40

Fig. 5. Spatiotemporal patterns under different eigenvalues ho at resonance: (a) Dispersion curves under different eigenvalues hs ;
(bl) static honeycomb hexagon pattern, ho = —1.7, Dy, = 14.55, D,, =24; (b2) static black eye pattern, ho = —1.1,

Dy, =13.6, Dy, = 25; (b3) stripe pattern, hy =

N RFSHA, thﬂﬂ“/%%%éﬁﬂ,ﬁ\ﬁgfé’ﬂzli?ﬂﬁkzyi
E, TERLT N 5(b3) B B EA B —I K i 2%
BEF, A 8RR S A ﬁlﬁﬁﬁﬁl%%éﬁqﬂﬂimiﬂﬂﬁ
SROERAAT & 2028,

34 BEREXRESLEHENI
5 DR A 5 M AN [ 55 22 TR A B4R FH 1Y)
—MEERE. K 6(a) 43 TG ERE T
HOC R MK SRR . WA ), =
FARANEAE 4 /N R G i B8 1 184 K S s N s
R, B 6(b) 2t T AN [FIASG 2 BE R ZRAS B AR I
I 2 BEE. ARG SR o = 0.10F, 5 3(b1) 1Y
TEOLRA, RGUEE B L Ko7 mL T, &
FAFAAEAE /N, FL =i B A /3 b F 18 R
IR, Kt RS0 B S SRS R BE R,
K 6(bl) s, 1E£0.12 < a < 042 [ 1N, 2B R
BEANEAE I K/ NBEE R A 0 B B3 K2 R [
B, AR R B R RS /Bl E A BB R IX I, &R
Gipe e TG SIIEBEE (B 6(b2) FTE 6(b3)).
P —UKAIESE T PR35 75 8 B R th B R by 5
R IS Bk A AR R A AR S0 KAR AR,

1.0, Dy, =12, Dy, = 40.

1E0.42 < a < TN, RGP ko FOR I T
FHIERBAR N T R 1 R A, RGBS,
RIS Ve SX S AN b 32 HES N A b oy o
FHEREL, HIE oS IE SR

3.5 HRHERME

BT RATIRPIAB R Ky, ko DA B RAR
ILEWEHTT A e BB . & 7 450 T A
Ei*ﬁ{%& S B AR AR PR PR R B 1. (aiik
KR ANE 7(a) FrR. B 7(b) %Ak BAREE R Y
PRl An &, T LAE ), R 2 S E FEs HER
LR WA O BRE S A PR B Sz /N T AR EE . PR T
PR35 RIRBEE R AE R PR, Ir AR 7(c) 44 i
T 3ANAFBESAL (GralbRidh A, B, O) b+
wy BEITE] ¢ AAEARI, TT AR %3R3 SR HR B 1 A
PLIE 5% BB () PR35, 3 AN B AL R 4 3 R 1 A [+
BIRT = 2.84, (HEAHMI AR, A, B, CHINHARIK
FEIR, H 3 SR IR BRI, A SRR
FER K. K 7(d) izt i DA R BE 1] ) B 25 i Ak ik
e, BAR, R R, SRS RG
{BAE AR BN T FES HEA
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K6 AR ORI B 2s BRI (LA S EUR I 1) (a) AR &5 B R /9 QBG4 (b1) F 25 8 B RN B BE 4]
a=0.1; (b2) ARG ANBILHAE, o =0.17; (b3) ML IRG ASHIEHE, o =0.3; (bd) ¥EE, a =06

Fig. 6. Spatio-temporal patterns under different coupling intensities at non-resonance: (a) Dispersion relationship curve diagram un-
der different coupling intensities; (b1) static honeycomb hexagon pattern at o = 0.1; (b2) synchronous oscillation hexagon pattern
at o= 0.17; (b3) non-synchronous oscillation hexagon pattern at « = 0.3; (b4) uniform state at o = 0.6. Other parameters are

the same as those in Fig. 1.

(a)

20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120

Bl 7 RGEIRBEEE ((a,b) = (3,10.5), (¢,d) = (15,9), Dy, =15, Dy, =23, Dy, =21.9, Dy, =400, a = 0.45) (a) &
REMEBOCRML; (b) JRIEI/IG; (c) 3 MALEAL wi IS RISALIE R K5 (d) B AL 72

Fig. 7. Oscillatory black-eye pattern ((a,b) = (3,10.5), (c,d) = (15,9), Du1 =15, Dy1 =23, Dy2 =21.9, Dy =400,
a = 0.45): (a) Dispersion curve of coupled system; (b) amplitude distribution; (c) time variation of w1 at three positions; (d) evolu-

tion of pattern.
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Abstract

Pattern formation and self-organization are ubiquitous in nature and commonly observed in spatially
extended non-equilibrium systems. As is well known, the origin of spatio-temporal patterns can be traced to the
instability of the system, and is always accompanied by a symmetry breaking phenomenon. In reality, most of
non-equilibrium systems are constructed by interactions among several different units, each of which has its
unique symmetry breaking mechanism. The interaction among different units described by coupled pattern
forming system gives rise to a variety of self-organized patterns including stationary and/or oscillatory patterns.
In this paper, the dynamics of oscillatory Turing patterns in two-layered coupled non-symmetric reaction
diffusion systems are numerically investigated by linearly coupling the Brusselator model and the Lengyel-
Epstein model. The interaction among the Turing modes, higher-order harmonics and Hopf mode, and their
effects on oscillatory Turing pattern are also analyzed. It is shown that the supercritical Turing mode k; in the
Lengyel-Epstein model is excited and interacts with the higher-order harmonics v/3k: located in the Hopf region
in the Brusselator model, and thus giving rise to the synchronous oscillatory hexagon pattern. The harmonic
V2k; that can also be excited initially is some parameter domain, but it is unstable and vanishes finally. As the
parameter b is increased, this oscillatory hexagon pattern first undergoes period-doubling bifurcation and
transits into two-period oscillation, and then into multiple-period oscillation. When the Hopf mode participates
in the interaction, the pattern will eventually transit into chaos. The synchronous oscillatory hexagon pattern
can only be obtained when the subcritical Turing mode k2 in the Brusselator model is weaker than the higher-
order harmonics +/3k; located in the Hopf region and neither of the two Turing modes satisfies the spatial
resonance condition. The system favorites the spatial resonance and selects the super-lattice patterns when these
modes interact with each other. The interaction between Hopf mode and Turing mode can only give rise to non-
synchronous oscillatory patterns. Moreover, the coupling strength also has an important effect on the oscillatory
Turing pattern. These results not only provide a new pattern forming mechanism which can be extended to
other nonlinear systems, but also gives an opportunity for more in-depth understanding the nature and their

relevance to technological applications.

Keywords: non-symmetric coupled reaction diffusion system, oscillatory Turing patterns, Turing mode,

higher-order mode, Hopf mode
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