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Fig. 1. Parameters’ schematic diagram of two-mode coupled system: (a) Nonlinear oscillator model; (b) decoupled CMT.
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Abstract

In physics, the non-linear mode coupling is an important strategy to manipulate the mechanical properties
of a vibrational system. Compared with the single-mode nonlinear system, the complex systems with two- or
multi-mode nonlinear coupling have garnered considerable attention, among which the analytical solutions to
the coupled Duffing equations are widely studied to solve nonlinear coupling. The fact is that the solving of the
Duffing coupling equations generally starts with the eigenmodes solution of the linear equations. The trial
solution of the coupled equations is the linear superposition of the eigenmodes. Under the secular perturbation
theory and similar conditions, the Duffing coupling equation degenerates into two decoupled equations.
However, thus far most of the solution methodologies are too complicated to unravel the underlying physical
essence clearly. In this paper, first, by applying the representational transformation to the linear terms of the
first-order coupled Duffing equations and the secular perturbation theory for the nonlinear terms, a decoupled
expression of the first-order Duffing equations is derived, which can be solved more straightforwardly.
Subsequently, in order to verify the correctness of the method, we design a coupled tuning fork mechanical
vibration system, which consists of two experimental instruments to provide driving force and receive signals,
two tuning forks and springs. The amplitude spectra are measured by an experimental instrument of forced
vibration and resonance (HZDH4615), which provides a periodic driving signal for the tuning fork. The
numerical fitting by software is employed to clarify the mechanism of the spectrum. Theoretically, the obtained
fitting parameters can also evaluate some important attributes of the system. Most strikingly, due to the
nonlinear coupling the splitting of the resonant peak and the phenomenon of “hysteresis loop” are clearly
observed in the experiment. The research shows that the experimental results perfectly match the theoretical
results obtained before. The method of solving coupled nonlinear equations in this article provides a solution
and improvement of flexible adoption of nonlinear theory. On the other hand, it can be extended to coupled
light and electricity systems, offer certain guidance for understanding the dynamic behavior of coupled systems,
and will be conductive to the quantitative examination of numerous nonlinear coupling devices.

Keywords: coupled Duffing equations, coupled-mode theory, representational transformation, secular

perturbation theory, nonlinear effect

PACS: 46.40.Ff, 46.40.—f, 05.45.—a DOI: 10.7498/aps.70.20201057

* Project supported by the State Key Laboratory of Surface Physics, Fudan University, China (Grant No. KF2018 01) and
the Quality Project for Higher Education Institutions of Anhui Province, China (Grant No. 2019mooc066).

1 Corresponding author. E-mail: kate@mail.ahnu.edu.cn

024601-7


http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1115/1.4039144
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.1093/ptep/ptaa024
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.7498/aps.69.20191505
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1103/PhysRevB.79.165309
http://doi.org/10.1103/PhysRevB.79.165309
https://doi.org/10.1515/nanoph-2020-0007
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.1364/JOSAA.20.000569
http://doi.org/10.7498/aps.70.20201057
http://doi.org/10.7498/aps.70.20201057
mailto:kate@mail.ahnu.edu.cn
mailto:kate@mail.ahnu.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

