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Fig. 1. Ground and first excited energy level diagram in J)-J, Heisenberg spin chain system with chain length: (a) N = 8; (b) N =

10; () N=12; (d) N = 16.
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Fig. 2. (a) Ground state vector classification results of the GMM generated by the Heisenberg J;-J, model ground state vector with
the training data of J,/J;€ [0, 1); (b) using the ground state vector of Jy/J; €[0.35, 0.45) marked as 0 and J,/J; €[0.55, 0.65)
marked as 1; (c) J/J;€[0.3, 0.4) marked as 0 and J,/J; €[0.55, 0.65) marked as 1; (d) Jo/J;€[0.2, 0.3) marked as 0 and Jy/J; €

[0.55, 0.65) marked as 1 as training data, the prediction results of the ground state vector by the trained convolutional neural net-

work model.
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Fig. 3. (a) Ground state vector classification results of the GMM generated by the Heisenberg J;-J, model ground state vector with
the training data of J,/J; € [0, 0.5); (b) respectively usingthe ground state vector of J,/J; €[0.25, 0.3) marked as 0 and J,/J; €[0.35,
0.4) marked as 1; (¢) J/J;€[0.2, 0.25) marked as 0 and J,/J; €[0.35, 0.4) marked as 1; (d) J,/J; €[0.2, 0.25) marked as 0 and
Jy/J; €]0.35, 0.4) marked as 1 (the data marked as 1 is 5 times as much as the data marked as 0)as training data, the prediction

results of the ground state vector by the trained convolutional neural network model.
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Fig. 4. (a) The first excited state vector classification results of the GMM generated by the Heisenberg Ji-J, model first excited
state vector with the training data of J,/J; € [0, 1); (b) using the first excited state vector of Jo/J; €[0.35, 0.45) marked as 0 and
Jo/ J1 €]0.55, 0.65) marked as 1; (c¢) Jo/J;€[0.3, 0.4) marked as 0 and J,/J; €[0.55, 0.65) marked as 1; (d) Jo/J; €[0.35, 0.45)
marked as 0 and J,/J; €[0.55, 0.65) marked as 1 (the data marked as 1 is 5 times as much as the data marked as 0)as training data,

the prediction results of the first excited state vector by the trained convolutional neural network model.
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Fig. 5. (a) Using the first excited state vector of J,/J; €[0.1, 0.2) marked as 0 and J,/J; €[0.3, 0.4) marked as 1; (b)J,/J; €]0, 0.1)
marked as 0 and J,/J; €[0.3, 0.4) marked as 1 as training data, the prediction results of the first excited state vector by the trained

convolutional neural network model.
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Fig. 6. (a) The first excited state vector classification results of the GMM generated by the Heisenberg Ji-J, model first excited
state vector with the training data of J,/J; € [0, 0.24); (b) (c) respectively using the first excited state vector of J,/J; €[0.05, 0.1)
marked as 0 and J,/J; €[0.15, 0.2) marked as 1; J,/J; €[0, 0.05) marked as 0 and J,/J; €[0.15, 0.2) marked as 1 as training data,
the prediction results of the first excited state vector by the trained convolutional neural network model; (d) he first excited state
vector classification results of the GMM generated by the Heisenberg J;-J, model first excited state vector with the training data of
Jo/ J, €[0.25, 0.5).
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B 7 AR S RIS SR B RTIRMKIKER  (a) b/J, = 0.44; (b) L/ J, = 0.49; (c) K/J, = 0.51; (d) J/J; = 0.58
Fig. 7. Gray scale images transformed from the ground state vector of the Heisenberg Ji-J, model: (a) Jo/J; = 0.44; (b) Jy/J; =
0.49; (c) Jo/J; = 0.51; (d) Jp/J, = 0.58.
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Identifying phase transition point of J;-.J, antiferromagnetic
Heisenberg spin chain by machine learning”
Wang Wei  Jie Quan-Linf

(School of Physics and Technology, Wuhan University, Wuhan 430000, China)

( Received 14 April 2021; revised manuscript received 27 June 2021 )

Abstract

Studying quantum phase transitions through order parameters is a traditional method, but studying phase
transitions by machine learning is a brand new field. The ability of machine learning to classify, identify, or
interpret massive data sets may provide physicists with similar analyses of the exponentially large data sets
embodied in the Hilbert space of quantum many-body system. In this work, we propose a method of using
unsupervised learning algorithm of the Gaussian mixture model to classify the state vectors of the Ji-J,
antiferromagnetic Heisenberg spin chain system, then the supervised learning algorithm of the convolutional
neural network is used to identify the classification point given by the unsupervised learning algorithm, and the
cross-validation method is adopted to verify the learning effect. Using this method, we study the Ji-J,
Heisenberg spin chain system with chain length N = 8, 10, 12, 16 and obtain the same conclusion. The first
order phase transition point of J;-J, antiferromagnetic Heisenberg spin chain system can be accurately found
from the ground state vector, but the infinite order phase transition point cannot be found from the ground
state vector. The first order and the infinite order phase transition point can be found from the first excited
state vector, which indirectly shows that the first excited state may contain more information than the ground
state of J;-J, antiferromagnetic Heisenberg spin chain system. The visualization of the state vector shows the
reliability of the machine learning algorithm, which can extract the feature information from the state vector.
The result reveals that the machine learning techniques can directly find some possible phase transition points
from a large set of state vectorwithout prior knowledge of the energy or locality conditions of the Hamiltonian,
which may assists us in studying unknown systems. Supervised learning can verify the phase transition points
given by unsupervised learning, thereby indicating that we can discover some useful information about unknown
systems only through machine learning techniques. Machine learning techniques can be a basic research tool in
strong quantum-correlated systems, and it can be adapted to more complex systems, which can help us dig up
hidden information.

Keywords: Heisenberg J;-J, model, machine learning, neural network, phase transition

PACS: 07.05.Mh, 03.67.—a, 03.65.V{ DOI: 10.7498/aps.70.20210711

* Project supported by the National Natural Science Foundation of China (Grant No. 1217050658).

1 Corresponding author. E-mail: qljie@whu.edu.cn

230701-9


http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevB.52.6581
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevLett.75.1823
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevE.76.061108
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.1103/PhysRevA.72.012333
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.69.20190982
http://doi.org/10.7498/aps.70.20210711
http://doi.org/10.7498/aps.70.20210711
mailto:qljie@whu.edu.cn
mailto:qljie@whu.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

