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m=—0o0

Hrpro =min(+/,r), r~ = max (r',r)

= k%> — k2. H (40) X153

2n
o) (x) = —7/ / dz/ dy’ Z / dk, elb=(3=7) gim(e—¢") gikz’ 'l“"J (KT )N, (Krl)S’

m=—0o0

= fneil“"/ dz// dk etk (22" ik’ {/ T’dr/Jl(KT’)Nl(KT)+/ r'dr' I (Kr)Ny(Kr') | S'. (47)
—00 —00 0 r
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1 1dv
2m R' dR'"

0 ! 0
SO ' = (om 1) on + € (37 = S0+ 1+ 4 ik g =

T hn%ﬂ@mﬁwwgfﬂm@mf%ﬂﬂﬁ@%ﬁm%$i%ﬁnﬁzm?ﬂ(ﬁﬁ)):L

PRI = O IR B R 85 o AT 25 T SE AT 19 i, M RIS, Bin = 0, 1= 1A]7%

z) = —mel® / dz/ / dl,eth= (2=%) ¢ih=’ / rdr' Ty (Kro)Ny(Krs)Sh,,
—00 — 00 0

Horp
Sty = {<2m(R')1 - 2jn(R/)g) b0~ 5 (R)” Qi’“(z;f_k;‘;)_ 3y 2(;’” /;R)Q] T]o} .
Lr = Wzlz,), p= W? ik U
do(x) szfz )p e ” exp (ikZI2z§2{0)2p/2> exp [—2iarctan (i)} ,
no(x') = W]\(Z’) (p’)ze_pIQexp (ik Z/V;/Zf%O)Qp’Q> exp [—Siarctan <i>} ,
Si(p.0.7) = - eWA%ﬂ/igz/wazz S (Ny (KW () 1)) 31 (KW () 1) Sy
nel? /OO dp’/oo dz’ /00 dtelt(z==") gik?’ (N (KW (") p') J1 (KW (2")p') Sg
P 0 i~
i
Shy = 2mpi/ff¢>o - % (piff)g [WQp;z’)% + Wp:z/) 2ik(2;1tl€i'zi)_ 3?70 - W () Q(Z,ilw)/;R)gﬁo ;

Hot pee = /2 4+ 22 /W2 (7).

4R G AR B B E AT
A (12) =X, BRI R u iy bk

(b = e‘l(PCl = eilweik2¢0 + ¢11 (T7 (b’ Z) 9
M (47) 2T 1475

¢ =el® (eikngo -n / dz’ / dk., / rdr'e: (=) k=3, (K7 )N, (Kr>)S’>.

(48)

(49)

(50)

(51)

(52)

(54)

(55)

K ¢ BAT 2 (IR T, J2& L AR LAERS, Xt (55) AHEATEUE M, AT LIS RIPUE S T4 = 10, o2

HOROET 5 o A ARTET L AH S OURIEER, ULIET 15 LK o RS Ss AR TrT, LI 2.
MR EE R oy ¢ BYJ70k, AT LS R TG 8 T BT 2 s shint e H 75 g

n= e](l—&-l)apb — el(l—i—l)welkzno + 77/1’
A
mzw“w/ M/ M/ dk.e® (=) = 1)y (KW () o) Niws (KW () pl) o (),
0 —0o0 —00
/\l:':‘
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/

2m _
o' (z') = p770+/)cff 3 [

/

Peff

AT = ORISR = 1, 1 (56) 2t
4 T BT A SR T 5 p R 4 Ak
VLI 3 I 4, LR SR EE, TLF 5.

K1 D=1, & p M5 ¢ iS5 A I AR 22 Y 2 e
& (Hp =r/W(2) HLENR R LI SR, X =2/W(0),
Y=y/W(0),Z=2/W(0), v= psin(¢/2), y= pcos(¢/2),
IV 3 1 % — SR s sh il sR B ele M A5 fk 2n)  (a) p=1
M 5 ¢ MM E 2k ; (b) p = 2 B 5 o Y 25 A1 1 58 48
Fig. 1. Spiral line intersected by the equiphase ¢ = constant
surface and p = constant surface in case of | =1, where
p=r/W(z) isthe dimensionless radial coordinate para-
meter and X = z/W(0),Y =y/W(0),Z = z/W (0), =z =
psin(p/2), y = pcos(p/2). The phase increase of the rota-
tion wave function e'¥ is 21 for every periodic rotation of
the helix in space. (a) The spiral line intersected by the
equiphase ¢ = constant surface and p =1 surface; (b) the
spiral line intersected by the equiphase ¢ = constant sur-
face and p = 2 surface.

K3 FE 4 BaRBUEE TR =1+1 =2/,
et i S 1 5 o 1T SR e LR 23 P A
1717 P15 D) SR P e 2 T 905 iR 0 e 558 A 1A 7
3¢, A& R o WIAAL B U 20 BB 1A

_r -
mW?2(z') o+ 2m

1w@4wiwwwwg%} (58)

W(z') z—izx 2(2 —izg)?
\
P, AFRCRT R e U 25 S UM Y 1R AR A
X, YRS, R 18 3, 18 4 A 5 Ay —
ANRERRADL I 73 R P S IE . S — e, X T — i
18, TR sRER 1~ ™ BRI ALAT 20/ (14> AT R
{6, B WA HUELRA 2 S AR L 1A ) — 2, B [
TEAHL, FAFAH T 20 1] 52

2 MR HE A SR B TR RO S I 2 %ihE S
JEBE b 43l o Y IRIESF AR AL, BB R =1, OB
B JiE K — JA % s R el AL ZE AL 2

Fig. 2. Helical equiphase surface of the spinor upper com-
ponent solution ¢ when the electrons with orbital angular
momentum propagate along zaxis and the orbital quantum
number is [ = 1. The phase increase of the rotation wave
function e'¥ is 2n for every periodic rotation of the helix

in space.

Ty e i A A KR T R A A AE XS A B
1E F-W RR i 2k b sofig i i L ieht, 48 F-W il
AR o R e A Ak, T i i e A
th, HAE TG T ) A TR e 2] 282 A, 23Tk
$i7 v e e AR LA TR HESSH , XA AR A SR FR Y
TATEMR 22 F-W 3 AR5 T DL RIS 2k b7 v fie
I ERR 10,

5 REMEZ

AT HIUIE £ S A0 A i 1 A LR S PR
JRETIASHE), TR HL T B SEAE il T R G2
F 37 1 2R G h TS RIS, XT3 A -l i 4
FHRER, TN PR TR A S 2 T HA T4k
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3 2B M —65) 61, e B R A RS E 5 p = 1.2 A B9 IR 28, 3R X = 2/W(0),Y = y/W(0), Z = 2/W (0),
x = psin(p/2), y = pcos(p/2), p=r/W(z), WA HERE— & 5% 3hik sk D M f7 25 1k 4n

Fig. 3. Spiral line intersected by the spinor lower equiphase surface and the p = 1.2 surface in case of the value of Z ranges from
—6 to 6, where X = 2/W(0),Y =y/W(0), Z =2/W (0), = psin(e¢/2), y = pcos(p/2), p=r/W(z). The phase increase of

the rotation wave function e/(tD¥ is 4z for every periodic rotation of the helix in space.

4 ZHUE M —6) 6, HE T 4 A 5 p = 1.5 W FTAC I IR E L, JU X = 2/W(0),Y = y/W(0), Z = z/W (0) ,
x = psin(p/2), y = pcos(p/2), p=1/W(z), WICAE s — 85k sk g (D@ A28 4k 4n

Fig. 4. Spiral line intersected by the spinor lower equiphase surface and the p = 1.5 surface in case of the value of Z ranges from
—6 to 6, where X = 2/W(0),Y =y/W(0), Z =2/W (0), = psin(e¢/2), y = pcos(p/2), p=r/W(z). The phase increase of

the rotation wave function e/t is 4z for every periodic rotation of the helix in space.

Jie ek 2 Ry (5 R RS, SRR A Sl Y T e
FAT DU B T eSS UE T E RS Y 21
Je e e, Ak hE S HARR XS
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AT TS AR 7 T 1 S AR AR e BR P4
JE7R T FE-BUERR G AR b HL T B0 e e i
ENIUNA) b

T e R R i R R, AT E RS
PRI 0 REAR, K MO 12 TSI e o TG AR A

. L e U SR AR B 7Ot BB L,
RIS TR G A — A SR AT, (AT
BRER ) AR PR 5 R A 2 e e RV B T e
W R — BT IR AE IE (32) 200 (33) 2R it
Ferf, O TRCE BT, A 5l LR S R A
e XA TS TR BRI AR X T b i
TR X B AR AR PR AR AL SR AT AR, (U
HI T AR AR R I (40) BT, ZE Bl %0 A 0 o £
AR AT ORIE T — B IE AR AR 5, Z B
PR Bl 1A AL, HCASORE A PR e S 11
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5 1.0 1.5 2.0

Bl 5l Jy g A B0 A 2Rt i B 2 PR R R
il N AN ORI B W T D VA I B TE R e
I+1=2, H¥ X =2/W(0),Y =y/W(0),Z = z/W (0),
x = psin(p/2), y = pcos(¢/2), p=r/W(2), WL A Es;
— J L B R 1D A AR 1K 4

Fig. 5. Helical equiphase surface of the spinor lower com-
ponent solution 1 when the electrons with orbital angular
momentum propagate along zaxis in the central field and
corresponding orbital quantum number is [+ 1=2, in
which X =2/W(0),Y =y/W(0),Z =2/W (0), x =p X
sin(p/2), y=pcos(p/2), p=r/W(z). The phase in-
crease of the rotation wave function el(*D% s 4m for

every periodic rotation of the helix in space.
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Abstract

There exists an electron vortex solution with orbital angular momentum quantum in a non-spin-orbit
coupling system which has nonconservative orbital angular momentum. We discuss the system with spin-orbit
coupling and nonconservative orbital angular momentum, and we can find that the electrons with the total
angular momentum numbers also have vortex beam solutions. And the vortex beam is expressed as an
entangled wave function of the spin wave function and the vortex wave function. Taking the electrons in the
central force field for example, in this paper constructed is a spinor vortex structure which is caused by the
propagation of electrons carrying a fixed quantum number of total angular momentum along the zaxis. The
spinor vortex structure is under the condition that the orbital angular momentum caused by spin-orbit coupling
is non-conserved but the total angular momentum is conserved. The corresponding electron vortex beams in
spin-vortex entanglement are solved by perturbation method, and the Foldy-Wouthuysen transformation is
utilized to show that the vortex solution of the four-component spinor does exist in the case of relativity, when
the electron with a fixed total angular momentum quantum number propagates along the zaxis in the central
force field. The spinor provides theoretical support for the existence of the vortex structure for the system where
the orbital angular momentum is not conserved but the total angular momentum is conserved due to spin-orbit

coupling.

Keywords: relativistic electron vortices, central potential fields, Foldy-Wouthuysen transformation, spin-orbit

coupling
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