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Abstract 

Nonequilibrium heat transport and quantum thermodynamics in quantum light-matter 

interacting systems have received increasing attention. Consequently, quantum thermal 

devices, such as heat valve and head diode, have been realized. Recently, it has been 

discovered that the anisotropic light-matter interactions can greatly modify the eigenvalues 

and corresponding eigenvectors of hybrid quantum systems, leading to nontrivial quantum 

phase transitions, quantum metrology, and nonclassicality of photons. To explore the 

influences of anisotropic light-matter interactions on quantum transport, we investigate heat 

flow in the nonequilibrium anisotropic Dicke model. In this model, an ensemble of qubits 

collectively interacts with an anisotropic photon field. Moreover, each component interacts 

with bosonic thermal reservoirs. The quantum dressed master equation (DME) is included to 

properly study dissipative dynamics of the anisotropic Dicke model. Within the eigenbasis of 

the reduced anisotropic Dicke system, the strong qubit-photon couplings can be properly 

handled. Our results demonstrate that anisotropic qubit-photon interactions are crucial for 

modulating steady-state heat flow. In particular, it is found that under strong coupling the heat 

flow is dramatically suppressed by a large anisotropic qubit-photon factor. While under 

moderate coupling, the anisotropic qubit-photon interactions enhance the heat flow. Moreover, 

the increase in the number of qubits amplifies the flow characteristics, with the peaks 

increasing and the valleys decreasing. Besides, we derive two analytical expressions of heat 

flows in the thermodynamic limit approximation with limiting anisotropic factors. These heat 

currents exhibit the cotunneling heat transport pictures. They also serve as the upper 

boundaries for the heat flows in the anisotropic Dicke model with finite qubit numbers. We 

also analyze the thermal rectification effect in the anisotropic Dicke model. It is found that a 

large temperature bias, a large anisotropic qubit-photon factor, and nonweak qubit-photon 

coupling are helpful in achieving the giant thermal rectification factor. We hope that these 

results can deepen the understanding of quantum heat transport in the anisotropic quantum 

light-matter interacting systems. 
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1. Introduction 

Quantum optics is an interdisciplinary field combining atoms, molecules, and photons, which 

mainly studies the interaction between photons and quantum matter
[1,2]

. A key area of research 

in quantum optics is quantum electrodynamics (QED)
[3]

. The research content of QED usually 

involves two-level qubit coupled to single-mode light field. This quantum light-matter 

interaction opens up new directions for advancing quantum technology
[4,5]

. Solid-state QED 

device, as a new type of quantum device, has received close attention in the study of quantum 

thermal transport
[6,7]

. In cavity-QED devices, the coupling strength between the photon and 

the qubit is generally weak
[3]

. Such devices can be described theoretically by the 

Jaynes-Cummings (JC) model
[8,9]

. Recently, researchers have successfully implemented 

circuit-QED (cQED) systems using solid-state quantum engineering techniques. This kind of 

system can realize strong coupling, ultrastrong coupling and even deep strong coupling
[10,11]

. 

Typical solid-state cQED devices include quantum dot-cQED
[12,13]

, superconducting-cQED
[11]

, 

trapped-ion trap
[14,15]

, etc. Such systems can usually be described by the quantum Rabi model 

(QRM). The QRM contains equally weighted rotating and anti-rotating wave terms
[16–19]

. At 

the same time, the properties of anisotropic QRM have been extensively studied. In contrast 

to the QRM, the rotating and anti-rotating wave terms in the anisotropic QRM Hamiltonian 

are unequally weighted
[20]

. It is shown that the anisotropic QRM can produce new features in 

quantum phase transition
[20,21]

, quantum metrology
[22,23]

 and photonic nonclassicality
[24–26]

. In 

addition, the intrinsic property of squeezed photon state of anisotropic QRM can also realize 

photon quadrature squeezing
[27]

. 

The Dicke model can be used to describe the interaction between multiple qubits and a 

single-mode quantum light field
[28,29]

. The Dicke model usually exhibits superradiance
[30–33]

. 

In the application of quantum batteries, it is found that the collective excitation of photons 

and qubits can significantly improve the charging performance
[34–37]

. In practice, quantum 

components such as photons and qubits inevitably interact with the external environment. 

This will lead to quantum dissipation
[38]

. The corresponding open Dicke model has a wide 

range of applications. Topics covered include nonreciprocal phase transition
[39]

, 

multistable
[40,41]

, discrete-time crystal
[42,43]

, quantum laser
[44,45]

, etc. The anisotropic Dicke 

model also has the characteristics of non-trivial phase transition
[46,47]

, non-ergodic
[48]

 and 

high-precision measurement
[49]

. 



Quantum heat transport and quantum thermodynamics in cQED have attracted great attention 

in recent years
[7]

. This kind of system usually consists of a superconducting qubit coupled to 

two optical harmonic oscillators. By adding two mesoscopic heat sources with temperature 

difference to the two harmonic oscillators, the steady-state heat flux can be observed. 

Therefore, the system can be fabricated into quantum thermal devices, such as thermal 

valve
[6]

 and thermal diodes
[50]

. In addition, photonic thermal transport has been realized in a 

three-terminal superconducting circuit
[51]

. Researchers have also theoretically proposed 

several methods to realize the
[54–56]

 of thermal rectification
[52,53]

 and thermal amplification, 

among which the longitudinal photon-qubit coupling gives a new way to obtain significant 

thermal amplification effect
[24]

. Recently, Andolina et al.
[57]

 studied the superradiant heat flow 

behavior in a multi-qubit cQED system. In this system, the photon field is eliminated and the 

quantum system is approximately represented as a collective qubit. Considering the above 

research status, a natural question arises: how does the anisotropic photon-qubit coupling 

aff ect the behavior of the quantum heat current in the nonequilibrium anisotropic Dicke 

model? 

In this paper, we mainly study the characteristics of quantum heat transport in the anisotropic 

Dicke model. The dissipative dynamics of the anisotropic Dicke model is obtained by 

introducing the quantum dressed-state master equation (DME)
[58–60]

. This equation can 

reasonably deal with the photon-qubit strong coupling problem based on the intrinsic basis 

vectors of the anisotropic Dicke model. The structure of this paper is arranged as follows: 

Section2 introduces the nonequilibrium anisotropic Dicke model and DME; Section3 studies 

steady state heat flow and thermal rectification; Finally, Section4 summarizes the results of 

the study. 

2. Nonequilibrium anisotropic Dicke model. 

In this section, the anisotropic Dicke model is first described, and the Hamiltonian of two 

coupled oscillators is approximated in the thermodynamic limit, and then the quantum master 

equation is introduced in the framework of dressed states of hybrid quantum systems. 

2.1 Model 

It is well known that the famous Dicke model consists of many qubits coupled with a 

single-mode photon field
[29]

, and its Hamiltonian reads 

 

Where ε is the Zeeman splitting energy;  
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(annihilation) of a photon of frequency    in the radiation field; λ is the coupling strength of 

the harmonic oscillator to the qubit. The Dicke model contains both a rotating wave 

term   
   

 

   
 
 
 

   and an anti-rotating wave term   
   

 

   
 
 
 

  . These two terms are 

equally weighted in the Dicke model. When considering the anisotropic Dicke 

model
[20,48]

 shown in Fig. 1(a), the Hamiltonian is expressed as 

 

Figure 1. A schematic description of (a) anisotropic Dicke model and (b) 

two-coupled-oscillator model, of which these quantum components, i.e., qubits and photons, 

individually interact with bosonic thermal reservoirs. (c) Two eigenmodes of 

two-coupled-oscillator Hamiltonian at Eq. (3) with     ,        . (d) Incoherent 

energy exchange processes between the two-coupled-oscillator system in the eigen-basis and 

the thermal reservoirs. 

 

 

Where γ denotes the anisotropy coefficient. When γ=1, the anisotropic Dicke model reduces 

to the standard quantum Dicke model in equation (1)  
 

     . 

In the thermodynamic limit (     ) , the Holstein-Primakoff transformations  
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       can be introduced to represent the 

angular momentum operator. The  
 
   

 

 are the effective Bose operators describing the angular 

momentum excitation. When the excitation is weak (  
 
  

 

    ), the angular momentum 

can be reduced to  
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 and  
 

   
 
  

 

     . Subsequently, the 

anisotropic Dicke model in Eq. (2) reduces to the coupled harmonic oscillator model in Fig. 

1(b). In this case, the Hamiltonian is approximately described as 

 

 

However, when the system is   
 
  

 

     under the condition of macroscopic excitation, the 

equation (3) will fail. 

In general, it is difficult to solve the eigenproblem of the equation (3) by analytical methods 

for arbitrary anisotropic coefficients γ. However, the eigenmode    of the  
 

 
  can be obtained 

numerically (seeAppendix A). In this way, we can clearly see the reasonable range of 

photon-qubit coupling strength and anisotropy parameter corresponding to the eigensolution 

of equation (3).Fig. 1(c) numerically shows the effect of λ and γ on the eigenmodes. It can be 

seen that with the increase of the photon-qubit coupling strength λ, the frequency of the high 

frequency branch will be enhanced, while the frequency of the low frequency branch will be 

suppressed. In addition, enhancing the anisotropic coefficient γ will reduce the effective 

parameter range of the coupled harmonic oscillator model. In the γ=0 limit, two modified 

bosonic operators  
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. Using the Bogoliubov 

transformation to diagonalize  
 

 
      , we thus obtain 

 

 

               , the eigenvectors are 

                          and                          . 



When γ=1,  
 

 
       can be diagonalized as

[61] 

 

Where the corrected bosonic operators become 

 

As well as the eigenvectors are 

 

2.2 Quantum master equation 

In reality, a quantum system must interact with the external environment. In this paper, we 

consider that photons and qubits interact with bosonic reservoirs respectively. The 

Hamiltonian of the nonequilibrium anisotropic Dicke model is expressed as 

 

Where  
 

          
 

  
  

 

   represents the boson reservoir μ, and   
 

  
   

 

    represents 

the creation (annihilation) of a photon with frequency      and momentum k in the boson 

reservoir μ. The interaction between the qubit and the q-reservoir is denoted by  
 

  

  
 

 

   
       

 

  
     

  
 

   , while the interaction between the photon and the r-reservoir is 



given by  
 

         
 

      
  

 

     
    

 
 . Here,     denotes the coupling strength 

and                          is the spectral function of the μ reservoir. In this paper, 

an Ohmic spectral function,                       
 [38]

, is used, where    is the 

dissipation strength and    is the cutoff frequency of the reservoir. 

The interaction  
 

  between the system and the reservoir is assumed to be weak, which can be 

treated perturbatively. Under the Born-Markov approximation, the dressed-state master 

equation (DME)
[60]

 can be obtained as 

 

 

The incoherent transition rates between different eigenlevels in DME are concretely 

 

Where         stands for the spectral function of the μ reservoir,           is the energy 

level difference of the eigenvalues in the  
 

            , and                     

         is the Bose-Einstein distribution function. In this distribution function, kB is 

Boltzmann's constant and Tμ is the temperature of the μ reservoir. The transition operators of 

the qubit and photon are  
 

    
 

      and  
 

    
    

 
  , respectively, and the 

dissipative superoperator is      
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 represents the 

rate at which the μ reservoir participates in the upward transition from level j to level k, 

while     
  

 represents the rate at which the μ reservoir participates in the downward transition 

from level k to level j. 

While under the effective coupled harmonic oscillator model, the non-zero transition rate 

at γ=0 is expressed as 

 



 

Where      ,           and       
    

  ,      
  and      

  are the occupation 

numbers of the c-harmonic oscillator and the d-harmonic oscillators, respectively, the 

respective transition rates are expressed as 

 

These transition processes are described in the Fig. 1(d). It can be found that one kind of 

transition process is dominated by the c-harmonic oscillator, and the other is dominated by the 

d-harmonic oscillator. In contrast, the non-zero transition rates at γ=1 become 

 

 

Similarly, the above transition process can also be described by the Fig. 1(d). These different 

expressions of the incoherent transition rate will significantly change the dynamic and 

steady-state behavior of the coupled harmonic oscillator model. The anisotropic Dicke model 

exhibits a finite quantum heat flow in the steady state in the presence of a finite temperature 

difference      . In the subsequent calculation, in order to obtain the convergence value of 



the heat flow in the range shown in the figure, the cut-off number of photons is set to 

   
    . It is relatively easy to further increase the truncation number in the calculation, but 

the heat flow behavior is not changed. 

3. Steady state heat transport 

In this part, the effect of anisotropic photon-qubit interaction on the steady-state heat flow of 

the anisotropic Dicke model is first studied. Based on the microscopic transition process 

exhibited by equation (7) DME, the general expression of the steady-state heat flow in a 

μ reservoir is 

 

 

Where           denotes the energy gap and         
 

      is the probability 

distribution in the steady state. The effect of anisotropic photon-qubit coupling strength on the 

steady state heat flow is analyzed in the finite size and thermodynamic limits, respectively. 

The effect of thermal rectification in the anisotropic Dicke model is also studied. 

3.1 Steady state heat flow 

One of the main motivations of this paper is to analyze the effect of anisotropic parameters on 

the steady state heat flux through Fig. 2. The heat flow behavior of the anisotropic Dicke 

model in the one-qubit limit is shown in Fig. 2(a). In the photon-qubit coupling, the 

eigenenergy spectrum and eigenstates of the anisotropic QRM system can be approximately 

obtained by the JC model. The counter-rotating wave term does not provide an efficient 

energy exchange process. Therefore, the heat flow is insensitive to the anisotropic coefficient 

γ. The heat flow increases synchronously with the increase of the coupling strength. However, 

the heat flow shows a non-monotonic behavior as the photon-qubit coupling strength is 

further increased. The specific manifestation is that the heat flow becomes weak at strong 

coupling. At this point, the role of the anti-rotating wave term begins to become apparent. 

Multiphoton scattering processes make incoherent transitions difficult
[24]

. On the whole, the 

heat flow is first enhanced at weak coupling and suppressed at strong coupling. Therefore, the 

anisotropic photon-qubit strong coupling is crucial to regulate the heat flow of the anisotropic 

QRM. The effects of photon-qubit coupling strength and anisotropy coefficient on heat flow 

in the case of multi-qubit (Ns=2,4,6) are presented in Fig. 2(b) -(d). As the number of qubits 

increases, the heat flow peak becomes higher at moderate coupling strengths. However, the 

heat flow valley decreases significantly at large anisotropy and strong photon-qubit coupling, 

such as the red line corresponding to γ=1 in Fig. 2(d). Therefore, multiple qubits amplify the 



heat flow change signal under the strong photon-qubit coupling. 

 

 

Figure 2.  Influences of qubit-photon coupling strength λ and anisotropic factor γ on steady 

state heat flow    in (a)     , and finite numbers of qubits (b)     , (c)     , and 

(d)     . The redlines denote heat flows at     and     limiting cases. System 

parameters are given by     ,        ,        ,              ,         , 

and         . 

In addition, the analytical form of the heat flow in the thermodynamic limit of the coupled 

harmonic oscillator model of Eq. (3) is analyzed. When γ=0, the Hamiltonian of the mixed 

quantum system is described by the equation (4). While the incoherent transition rate 

associated with the reservoir is exhibited in the equation (9). Therefore, the particle number 

distribution in the steady state is 

 

 

Where the Bose-Einstein distribution function is expressed as                
 

    

          The effective inverse temperature     
 

 can be obtained from the following 

formulas: 
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Where     ,       ,                
    

  , and                

                 satisfies the detailed balance relation.According to the definition of heat 

flow in equation (12), the analytical expression of heat flow into the q-heat reservoir is 

 

 

When γ=1, the Hamiltonian of the hybrid quantum system is Eq. (5). In this case, Eq. (11) 

gives the corresponding incoherent transition rate. The corresponding steady state of the 

system is 

 

Where the Bose-Einstein distribution function is expressed as                
 

    

         , and the effective inverse temperature can be obtained by 

 

 

with                 
    

  . Therefore, the heat flow into the q-heat reservoir is 

 



Fig. 3(a) describes the effect of different coupling strengths on the steady-state heat flux of 

the nonequilibrium coupled harmonic oscillator model with different anisotropic coefficients. 

The    is almost constant with anisotropy coefficient at weak coupling. This indicates that the 

microscopic transition process is dominated by the rotating wave term    
   

 

  
 
  

 
  of the 

coupled harmonic oscillator model. At strong coupling, the anti-rotating wave term begins to 

play an important role. Especially at large anisotropic coefficient, the strong photon-qubit 

coupling will significantly suppress the heat flow. This is consistent with the result in the 

finite-size anisotropic Dicke model. The Fig. 3(b) show that when the coupling strength of the 

coupled harmonic oscillator is moderate, the heat flow will increase with the increase of the 

anisotropic coefficient γ. In addition, based on Eq. (15) and Eq. (18), it is found that the heat 

flow exhibits co-tunneling transport characteristics at γ=0 and γ=1. These heat flow solutions 

also describe the upper limit of the heat flow in the finite-size anisotropic Dicke model as the 

number of bits tends to infinity. Therefore, the anisotropic photon-qubit strong coupling can 

effectively modulate the behavior of the heat flow. The nonequilibrium coupled harmonic 

oscillator model can provide a physical picture of the finite-size anisotropic Dicke model in 

the thermodynamic limit. 

 

 

Figure 3.  (a) Steady-state heat flow of the nonequilibrium two-coupled-oscillator model by 

tuning the qubit-photon interaction strength with various anisotropic factors; (b) the influence 

of anisotropic factor on the heat flow at         . Other system parameters are given by 

    ,        ,        ,              ,         , and         . 

 

3.2 Thermal rectification 

Thermal rectification is widely recognized as one of the key effects characterizing 

non-equilibrium thermal devices
[62]

. Similar to electronic devices, thermal devices also exhibit 

nonreciprocal behavior based on two-terminal setup systems. The thermal rectification effect 

characterizes the degree of difference between the heat flow in one direction and the heat flow 

https://wulixb.iphy.ac.cn/fileWLXB/journal/article/wlxb/2025/21/21-20251007-3.jpg


in the opposite direction obtained by only exchanging the temperatures of the two reservoirs. 

This description of thermal rectification was originally proposed by Li et al.
[63,64]

 in a classical 

nonlinear harmonic oscillator lattice. The thermal rectification factor can be expressed by the 

following equation: 

 

 

Where         represents the heat flow under biased conditions of          

  and           . When the nonequilibrium quantum system has reciprocity        

        , the rectification factor   approaches 0. On the contrary, when   approaches 1, 

the quantum system exhibits high nonreciprocity                   . 

It can be found that the thermal rectification coefficient is closely related to the temperature 

difference through the (19) formula. The effects of temperature bias    and photon-qubit 

coupling strength λ on the rectification factor   are investigated. The rectification factor 

results at different anisotropic coefficients are shown in Fig. 4(a) -(c). It can be seen that the 

rectification factor R increases monotonically with the increase of temperature deviation. 

When γ tends to 1, the maximum value of R is close to 0.5. However, the increase of 

photon-qubit coupling strength leads to a non-monotonic behavior of  .   shows an optimal 

peak at both weak and moderate coupling. There is a sharp valley between these two peaks 

that tends to 0. At this time, the heat flow shows the reciprocal characteristics. In addition, a 

large anisotropic coefficient can significantly improve the   at moderate photon-qubit 

coupling (for example, the maximum value of   in Fig. 4(c) is about 0.45). The maximum 

value of   is also studied as a function of the photon-qubit coupling strength and the 

anisotropic coefficient. Figs. 4(d)-(f) show the behavior of the rectification factor for different 

numbers of qubits. By modulating the larger anisotropy coefficient, it is found that 

the    
  

    has two maximum peaks in the moderate and strong coupling regions, and the 

extreme values are close to each other 0.5. Therefore, large temperature deviation, large 

anisotropic coefficient and non-weak photon-qubit coupling are helpful to achieve significant 

thermal rectification effect. 

 



 

Figure 4.  Thermal rectification factor   by tuning qubit-photon coupling strength λ and 

temperature bias    (          ,           , and      ) with      at (a) 

     , (b)      , and (c)      . Maximal value of   by searching over the 

temperature bias as a function of λ and γ with (d)     , (e)     , and (f)     . Other 

system parameters are given by     ,        ,        , and              . 

 

4. Conclusion 

Based on the master equation of quantum dressed States, the behavior of quantum heat flow 

and the effect of heat rectification in the nonequilibrium anisotropic Dicke model are studied. 

The photon-qubit strong coupling is properly treated by introducing a quantum dressed-state 

master equation into the intrinsic picture of the Dicke model. In this paper, the effects of 

photon-qubit coupling strength and anisotropy on the steady state heat flow are studied. The 

results show that the anisotropic photon-qubit strong coupling can suppress the heat flow of 

the anisotropic Dicke model; Anisotropic interaction at moderate coupling strength enhances 

the heat flow behavior. And the increase of the number of qubits will amplify the heat flow 

signal under the strong photon-qubit coupling. Therefore, the anisotropic photon-qubit 

interaction can significantly modulate the behavior of the heat flow. In addition, based on the 

coupled harmonic oscillator model in the thermodynamic limit approximation, the 

expressions of the heat flow at γ=0 and γ=1 are obtained analytically. These two analytical 

expressions show that the corresponding heat flux exhibits a cotunneling transport picture and 

provide a theoretical upper limit for the heat flux of the anisotropic Dicke model at finite size. 

The thermal rectification effect is also studied, and it is found that large temperature deviation, 

large anisotropy and non-weak photon-qubit coupling can achieve significant thermal 

rectification effect. This study provides a theoretical basis for the control of non-equilibrium 

thermal energy transport and quantum thermal device effects in anisotropic light-matter 

interaction systems. 
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Appendix A Eigenmodes of the bosonc operators. 

The dynamic Bose operator can be obtained based on  
 

 
  in Eq. (3) 

 

 

If     
    

 
   

 
  

 

  is defined, the dynamic equation can be expressed as          . 

Where the block form of the evolution matrix H is              , the matrix   

          , the matrix              . Interestingly, the eigenvalues of H always come in 

pairs. For example, if                     , then directly                 . 

Through dynamic analysis, the two positive real eigenvalues    of H are the eigenmodes 

of  
 

 , and  
 

  can be expressed as  
 

     
   

 
    

 
  

 

, where  
           , 

 
 
          . 
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