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Fig. 1. Fractal lattice: (a)A single spin. (b)The 12 spins are joined together to form
a cluster. (c)Each site in the cluster shown in Figure (1b) is replaced with the entire
cluster in Figure (1b), yielding the new cluster. The orange dots indicate spins and

the lines between them indicate the Ising interaction between them.
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Fig. 6. Graphical representations of HOTRG renormalization steps.
(a)Determination of tensor M™ by contracting two T™)/tensors. Here, in-
dexes z1, x2 are combined into index z and zfy =z, are combined into z’
(r =21 @ @2, ' = z] ® x4y, T1, z2). (b)Perforniing & singular value decomposition
of matrix M™% (M(mL)]L to obtain matrides U” #nd T'*. (c)Dividing the index
z of U'” into z; and z» to obtain tensor™U’A {d)Pétermination of tensor Tl(") by
contracting two T and two U®<tensors. (¢)Determination of tensor M by

contracting two T™ tensors. Heré, indéxes =1, z2 are combined into index = and

z', x, are combined into z'(z = z1 ®%2, =’ = x| Q@ z,, T1, T2).
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Fig. 1. Graphical representations of the coarse graining processes. Obtaining the
tensors (a)T™*™D (b)Y ™D () X+ and (d)C**Y by contracting the tensor

networks consisting of U,, U,, T, XMy and ¢,
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Fig. 4. Average free energy calculated by{ HOTRG, method at the critical point (a)
as a function of coarse graining times (truncation lengths are chosen as D = 24) and

(b) as a function of truncation lengths ¥_(/coarse graining times are chosen as 20).
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Fig. 1. Magnetic moment as a function of the external magnetic field h at the crit-
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Table 2. Examination of the hyperscaling relations.
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Critical behaviors of the Ising model in a fractal lattice *

Du Xiao-Yingl) Yu Zhen-Hual)

1) ( Guangdong Provincial Key Laboratory of Quantum Metralogy.and, Sensing, School of

Physics and Astronomy, Sun Yat-Sen University, Zhuhai 519082, China)

Abstract

Fractal lattices are a special clags-of lattices that have non-integer Haus-
dorff dimensions and the fractal stracture breaks the translation invariance.
Studying these lattices can_help us understand the impact of non-integer
dimensions and thedack.of translational symmetry on critical behaviors.
We study the Isimgrmodel in a fractal lattice with a non-integer dimension
of log,(12)/=&/1.7925 using the higher order tensor network renormalization
group (HOTRG) algorithm. The partition function is represented in terms
of a tensor network, and is finally calculated by a coarse graining process
based on higher order singular value decomposition. When the truncation

lengths and the times of coarse graining increase, the results are found to
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be convergent. Magnetic moment, internal energy and correlation proper-
ties are calculated by inserting impurity tensors to the tensor network at
different temperatures and under different external magnetic fields. The
magnetic susceptibility is obtained by differentiating<the magnetic moment
with respect to the magnetic field, and the capacity/is calculated by differen-
tiating the internal energy with respectito the temperature. Our numerical
results show that there is a contimueusyorder-disorder phase transition in
this system, and the critical temperature is found to be T,./J = 1.317188.
Physical quantities show gsingular behaviours around the critical point, and
the correlation length/ is~found to be divergent at the critical point, which
is consistent with the results of the renormalization group theory. The
corresponding critical exponents are obtained by fitting the numerical da-
ta around the critical point. We also calculated the critical exponents at
different positions by inserting impurity tensors to different places of the
lattice. Due to the lack of translational symmetry, it was found that the
critical exponents «, (3, ¢ fitted at different positions vary, but critical ex-
ponent v almost remains the same. From the scaling hypothesis, it can be
deduced that the critical exponents satisfy the hyperscaling relations which

contain the dimension of the lattice. Our numerical results show that all of



the hyperscaling relations are satisfied when the fractional dimension and
the critical exponents we have obtained were substituted into them on some
sites of the fractal lattice, but only two of the four hypersealing relations

are satisfied on other sites.

Keywords:Fractal lattice , Ising model, tehsor network,
critical phenomena
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