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Fig. 1. Optical trapping of »Na condensates in all F =

1 hyperfine states: shown are absorption images after
(a) 250 ms and (b) 340 ms of optical confinement.
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Fig. 2. Absorptive image of Rb atomic cloud after 10 ms
free expansion in a Stern-Gerlach magnetic field gradient.
Three distinct components are observed corresponding to
F=1, mp=(-1,0, 1) spin projections from bottom to top,

respectively.
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Fig. 4. Approximate half-quantum vortex solution in the spin-1 BEC and the corresponding singular spin texture: (a) and (b) are
the densities of the |F = 1,mp = 0)fl |F =1,mp = —1) components, respectively; (c) and (d) are the corresponding phases; (e)
shows the profile of the half-quantum vortex; (f) spin density|S|; (g) the profile of the spin density|S]; (h) spin texture; (i) topologic-

al charge density ¢ (z,y).

(2)
y
fH 4 t;:*tl? } Hf\:ﬁ_. ‘:’{Q ’
g \ A;’:"'.i\.-\?f ) \ "-:-'“4:'. P E )
HHyy YEFRRREE
Bl 5 W UL 4 skyrmions (R EGE R (a) 5E

H U skyrmion; (b) #2HE# skyrmion
Fig. 5. Two common vector field configurations of two-di-
mensional skyrmions: (a) The hedgehog type skyrmion;
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Fig. 7. Dynamics of the creation of knots in a spherical optical trap under a quadrupole magnetic field. Snapshots of the preimages

of d = (0,0, -1)" and d = (1, 0, 0)"(top), and the cross sections of the density for the m = —1 components on the z—y plane (bot-

tom).
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Fig. 8. Structure of the knot soliton and the method of its creation: Schematic magnetic field lines before (a) and during (b) the
knot formation, with respect to the condensate (green ellipse); (c), (d) as the knot is tied, the initially z-pointing nematic vector
(black arrows) precesses about the direction of the local magnetic field (cyan lines) to achieve the final configuration (coloured ar-
rows); the dashed grey line shows where d, = 0, the white line indicates the soliton core (d, = —1), and the dark grey line defines the

boundary of the volume V (d.= 1); (e) the knot soliton configuration in real space and its relation to the nematic vector d in &

(inset).
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Fig. 10. Particle number densities (the first and second columns) and phase distributions (the third and fourth columns) of ground
state of the two-component BEC of 'Rb for the different spin-orbit coupling strengths: the parameters of % in (a)-(d) are 0, 0.2,
0.8, 2, respectively!17,
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Fig. 12. Experimental creation of Dirac monopoles. Each row (a)—(f) contains images of an individual condensate. The leftmost

column shows colour composite images of the column densities taken along the horizontal axis for the three spin states

{|1),]0),]—1)}; The rightmost three columns show images taken along the vertical axis®l.
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Fig. 13. The effect of rotation frequency for spinor BEC of *Na with p;0(j =0,+1) =3.6 hw, p=25hw, K, = Kk, = K, = 1,
aop =50 ap, and ay = 55 ag: (a) 2 =0; (b) 2 = 0.2 w; (¢) 2 = 0.5 w. The fourth column shows the corresponding spin textures

and the positions of the vortices!!!s.
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Fig. 14. The monopoles with the Mermin-Ho vortex: (a) Isosurface of particle densities; (b) segments of isosurface of particle densit-

ies (y < 0). the position of the nodal line (Dirac string) is highlighted by the red arrow; (c) phase distributions in the z = 0 planes.

the single vortex (my = 0) and double vortex (mp = —1) have the same circulations, as highlighted by the red circles!'?.
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Abstract

Most of the atoms that realize Bose-Einstein condensation have internal spin degree of freedom. In the
optical potential trap, the internal spin of the atom is thawed, and the atom can be condensed into each
hyperfine quantum state to form the spinor Bose-Einstein condensate. Flexible spin degrees of freedom become
dynamic variables related to the system, which can make the system appear novel topological quantum states,
such as spin domain wall, vortex, magnetic monopole, skymion, and so on. In this paper, the experimental and
theoretical study of spinor Bose-Einstein condensation, the types of topological defects in spinor Bose-Einstein
condensate, and the research progress of topological defects in spinor two-component and three-component

Bose-Einstein condensate are reviewed.

Keywords: spinor Bose - Einstein condensation, spin domain wall, vortex, magnetic monopole, skymion
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T JEL& IR

EHAIRRS: SHEESMH
* K

(bR fee &R, i 200444)

(2019 4F 10 H 28 HULFI; 2019 4E 11 A 14 BYEIENH)

XF e B AT 58 35 100 AR S8 BLE B IR oy O AR AT, 22 0 T B IS 1 A TR R 22 v AT o B oRT B B Y
J&, ik T 2203 07 e B B0 A . 20 MEA AT TR R P B R IORT AR R GRS T B AR MR A, 1 DA R AR
A — b B, SOt TR i B O] BUAR SE Y Backlund A28 | Lax X FUOR B i i) T H.. AR SCE 725348 2 48 2k

(4 RE A B A g BT AR AR eI 5 H (9 L.

REEWR: BETRARLE, Z4MHATE
PACS: 02.30.1k, 05.45.Yv

1 3

BEHRGZ A8 & A B LA A2/ 1 2257 oy
Z0r MZES RS DR A T b
FE R AR SRR A e TR X T AR B
RGMISY, AL TER G B Eee S BRe Ay
R H L.

BAR AT ALEE 15 24 T 20 22 60 4R H K
SEF A4 U ORI AR5 s ST 1P T Lax X
BESHEH Bl 20030k (4] BT BB LR S
PR R F e AT BB Uk, A 20 2 70 4RAR:
Case F1 Kach! %} Schrodinger i [n] #5 i) 25 81 A M
Ablowitz fll Ladiko~% X} Ablowitz-Kaup-Newell-
Segur(AKNS) & [a] #5925 50 2Ny T 3T 2240 1)
SIS 78 43+ A% Hirotal™— 1 X R M 75 72 19 29
BRI FH S Z M Backlund 284t 5 Lax X (9556 & 4%
BT —FRINEBATAS. #EA 80 FR5F, X5
FRCAT RR 2R G AT 5 5 1) P Ik ST T S R SR
R I, REGHEEA: 2=k Date 55 12-16 A1

Ueno % 71 X} Sato PG Y BSHL; 17 % 2% Nijhoff

il

* K A RRHERAS (S 11875040, 11631007) BB YIHLE.

t BIE1E#E . E-mail: djzhang@staff.shu.edu.cn
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45 18-22] 1 Quispel 55 23] 3T FokasHll Abolwitz2
A B R 2 M A% 2 DA A Levi Fil Bengurial?? it 2%
e 52 0 1) A DA TR R i A ok 1) ) 1 RN 5% B8
ARG ARG k. #EA 900 FR LI, BHL
AR ARG W R B HOT RS M
e HtE S FR A vy, 2627)) FeFay o [ A5 1 77 o5 B
W5 AR RYER R B A IR 2829 A3 o5 S AR A R
B AN T 53 4 & B BOL DA R AR O 3
VO ] R () L 1) UL i e e A AR B TR S
WA LR S . B HL Painleve 5 #E . o] BUERG 5655 )7
THI 1Y .

HAFIZLS, BRI R R G4k S kB i) &
J&. Sakail? JFA5 # il i B8 A Blow-up 434 X
BIHL Painlevé FF21953 28, 871 T B5# Painleve /i
2 35 AR KL ] 45 45, Bobenko il Surisi¥
Adler 55 BY F1 Nijhoff % B530 22 35 % F « Z 4k #
ZEE ) BRAR DL SO 5 T B RO AR R G 4 28,
2 FIORE A K M 5 s AE B RO RRUR G b A 4 5
PRBT-00]) ARAE ) — R bR A X B HAT R R S
A5 A B — AN i B Be. 2009 4F7E 3 44 1) 9%
[= & #F 4 1l F (The Isaac Newton Institute for

http://wulixb.iphy.ac.cn
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Mathematical Sciences) 280 1)k HH 45 9 25 5]
ARG TR 5, X Y0 B i T FL R 5% 3
R —A S .

ARG SECF AP FR AR 250 SR B R
CL 2895 375 3 H00 ) B %) A el 1. e 880y D T
BT AR R G A SR AR R A BRI LA RN S RO 43
Mrit A& e, X 552 SCH A ARG+ & LT
SV BT B T HAE AR b i S 2 AR 2 A
FE. X ST R R G 2RI 55

SR AT DT T BRSNS ek R AT | TN BEE

Riemann-Hilbert o] 87 | i i K B[] 87 30 5341 | )
B RS, IS SR [42,46). BR T 52 &)
R RE, A INES B PRI | Galois 3
& . Lagrangian 2 ¥ X HG 5517 2 J7 T 1) 8 22
J&. (E A5 48 W J&, Bt i Hietarinta, Joshi Al
Nijhoff W5 Wi —iR %% ( Discrete Systems and
Integrability ) CLZH M. BE& T AS% T fig oo
ZN%E. EPR FRPE—J@R SIDE £ (Symmetries
and Integrability of Difference Equations) f& & H{
A BUZR G B HAR G T i) 2 [ P 2 1, 1994 4F
5T & K Montreal, £4 B4 B4 I 13 i,
Horp STDE-10 F 2012 42636 [ 7 Il A T
AR SCKAES = = B R A2 YRR
AN . A B AR R 2 TR
BT AR G S SR T

2 SHMEME

BRI RR GRS, TSRS, PRI JG
KA GPIRNG A B L IR AL

2.1 BEMZT=EH5IAN
B S A B & 2 —. NEGR
1 AKNS JE [T 4

&, = M®, M_<77 v
v

Hiu=u(z,t), v=o(zt), nJEiESE, N TH
f# {0 M = M(n,U), U= (u,0)T. EX

Py = P(x+ je), (2)
RIGHIHZESY ()41 — B,,) /B TR S, , 155

). #=@na)’

& 1+en eu &
n+1 — v 1— en n

b, = (d)l,na ¢2,n)T- (3)
Ablowitz-Ladik (AL) ji%/R] i+ [

A n
én-&-l = Q dsna
R, 1/)

D, = (1,0, d2n)"- (4)
7E (2) UM
(Qn, Rpn) = €(u,v), A=ce (5)
ZH, X @, =P(z+e)fEe = 0J&TIF, IflLe — 0,
W] AKNS % a8 (1) 0] RIAE R4Sk 50 AL i
[ (4) R HIR, R E SO - AR E] 1 -
FH.

(2) XA AB WA (2257 ) BHE W
1, 5 X ] (2o, 2) 5550 L n iy, 2K e, 7 21,
&, 5 () THRFRAHF R EE, (HIE F AR A2
[i1] 2 28 A S0 R A8 A B 7. 2557 B HUR A
LA PR A A, (H X TR RGN, 2505
(AR A B ) AR DM A R AT R
FREAE. OCF B AL 35 ] 80 (4) 2051 A 2 B HE
AKNS R4, 354 0] IS 30k [48—51).

nxe

) T

B 1 [wo,z] L%l &L
Fig. 1. Numerical discretisation on [zo, ] .
64 R AT LR [ SR HUE ok 25 10 5 A il
4 Hermite 1EAZZ WS { H,, (z) } i R HEC R
H,1(x) =2zH,(z) — 2nH,_1(x).
28 1 2 Bessel PR

e (a2t
Ja@) = (3) gﬁﬁ%???ﬁ
il TR T R

22w’ + zw' + (2% — o®)w =0,

H o 2 AZE, oS8 HI7 & LU
Bessel PRELIIIBIEI TR (S5 3CHk [47] M5 37 11)
T(Wat1 + Wa—1) — 2qw, = 0,

HWH 2 Mo BT A, 2238, ol HER.

T4, Painleve I1 72

N
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[y =2 +tf —a

PR ik A I A 2R
o+ %
faJrl(t):_fa(t)_ o
ful) — 5200~ &
XHLf(8) R ¢ 1Y FEL

1£ 1A Bessel PREUFI Painleve 1T J5 2 HYf# A9
BilFrh, IBHEICR IR B TP RN
(i) P A48, T AR Syl e A2 48t e vy R i 2 ] 7Y
BMXR. XEHELRAINEB RN T Wit
. o, KdV Y Bicklund A8 E &t S
INA=ERAE T X KAV Jr #2958 36 19 B aifk.

XFFEA M KAV T,
up + 6uty + Ugpr =0, (6)
Wahlquist I Estabrook" 7£ 1973 4F & 40
(W4 w), =2\ — %({Efw)z, (7a)

(@~ w)e = 15— w)*]a — A )y — (5~ )
(7b)
(4 9E 25 1 Backlund 28 #, JC i w i 2 # KaV
it
wi + 3(we)? + Wege = 0, (8)
u = w, i /& KAV I (6).

FIH Bécklund A8 (7a) 0l LLgESE KAV i
R ARSI A, BT (Ta) o, IF]
FERF T w i &, A 3HEH A = X\ FTX = X5
A @ A wy Flwsy, B

(w1 +w)y =2M — %(wl — w)z, (9a)

(we + W)y = 2Ag — %(wg —w)?. (9b)

R R, e (Ta) XA B w=w, X=Xy, iC

W =wiz, A

(w12 + w1 )z = 2Xg — %(wu — w1)2; (10a)
Bow =ws, A=A, 180 = w1, A

(wa1 + wa)z = 2M1 — %(wgl — wy)?. (10Db)

iR AR AT DU A 1A 2.
4 N (9) 2R (10) 2785

w1y
w W12 = W21
)\ /
X ws A\

B 2 Biacklund A5 4 i (1928 #et
Fig. 2. Permutation property of Bicklund transformation.
4\ = Xo) = (w1 — wy) (w12 — w), (11)
PN (FOKAV TR IEL & A =, Whsh
Bianchi £, W FRN B BN KAV Jy #2171
JEE R, (11) I F SN
(Wn+1,m = Wnmt1) (Wn,m — Wnt1,m41) = p—¢, (12)
Hodr p F g 43 BFE X R T n-J5 [ AL m— 5 1) B9 7
HEE
modified KAV (mKdV) J7 &

wp = 6u Uy — Uppy (13)
1 sine-Gordon 712
Gm - 0“ =sinf (14)

P AR AL E B N 25X (SCHR [53,54)):

n912—9:p+qtan91—92

t.
a 4 p—q 4

; (15)

R

. 012*91+02*9 . 9124’01*0279
pSsim 1 = gsin 1 .

(16)
I B2 A e u = o2 LUR, ATLIS N
p(uraus — uru) = q(uiu; — usu), (17)
WA BN B A mKaV 5. A BN, &
HL sine-Gordon J7 F£IE 4N

P2+ @ —p1—P2
1 =

psin qsin<,012+90+801+902

)

(18)
i Hirotal!l F1 Orfanidis® 4% J5 15 2], 5 (16) =X
P A4 225 ), 2t ARER S B = e 3 LU,
AL Sy 18

p(urou — uruz) = q(uurusuis — 1). (19)
2 Bir AKNS 4l
Up = Ugy — 200, UV = —Ugy — 20%0 (20)
i Backlund Z8# AAE L 2 208
(u1 —u2)(uviz +1) + (p — q)u =0, (21a)

PLuigi Bianchi 5% 5735 T sine-Gordon J7 F2fif 1t IE £
Bk (15) 2K, IFAEM TIEUPE 2 AR 33tk 5 15057,
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(v1 —v2)(uviz + 1) = (p — @)v12 = 0, (21b)
i1 Konopelchenkol® T 1982 4F4k15.

Biicklund A8 d@ {15 | A B EUAR 5 () —Fh oy
. (9a) Krfrw, TR w I— AL EEPEER, (9b) =X
W we ATLN w i 55— 05 ) LB E . AEZES
AL (11) 2OZX P71 PR AR TR 45 R
[FIEF, (9a) 2AE R — Sy 5 8, el — 1l
Ir-2E0T TR

Bécklund 28 # i B T AL PR A | Darboux
AR H AR AT R NEFELAE)Z T (Lax XF). X425
FE (RS TE [ , A7AE -5 2 MR 7 255 A S
FEJ%; & 1) Darboux 28 e 1] F A — A~ B H0) i 1]
B, 5 A S R [ AR A | oy 22
GYOTRR A ARG LA e R T BRI M Ad 2 ] 1Y)
Béicklund 28 i . X — B 52 Bk 28 15 S5 i LeviAll
Bengurial?>™ &8, X} FAF5E FIPRAR 2 ] R S
HAHEE L. AKNS i 0] i (1) XKW F

Darboux 2% (60,

2(n—7)+uv wu

~ )

&=T®, T=T(,UU)= (

v 1
(22)
K H U= (u,v)". £ N Darboux 7% #: , & &
AKNS 1 8 1) , W &,=Ma,

M = M, U), EHEFER (1) X5 (22) XM
7, B (@), = (8,), HILA

T, - MT +TM =0,
SRR

Up = U —u —uD, vy =0—10V +uv?,

(23)

(24)

A S i 451 AKNS J7 P2 % 1Y Béicklund 728
e FER B RENIEL, (22) 2051 H— 82 B
I AKNS Ji% 6162 0] A 05 - 22 /7 Kadomtsev-
Petviashvili (KP) 77 & & Lax — 5 41 19 X FR 24
W45 03, 252 J8 A AN A 5 ] 7 Darboux
A

P =T(p/2,U,U)®, &=T(q/2,U,U)P, (25)

YEN BB Lax XF, HARZS AR 77 (21), HAE
YR ESE R T, (21) X 51H (20) X (H X
ik [43]). WK, H Darboux AR AE N Lax XF 5] H
) 4 5 QU,U,U,U;p,q) = 081 N 4 M
B Ry AR 2tk & 2~ 2C. B 249 ¢ T Darboux A8 46t
VR B[R] 451 AT L SCHR [64).

AR B RE r RE, AR AT ST U
fitt A

(26)

BB ABISEL p R q 73 BIFRR n-TJ7 WA m-J5
] ERIFESEL WIE 3 .

Kl 3 AR5 T A%

Fig. 3. Map and lattice.

2.2 ZBHEEBHE

ot T BT B R 5 MBS A 35 | AT .
T BT BUR G A AE .

[l 2] (FOKAV 5 & i 1 AR Lt S A 5L
(12) 3%, X —BMERATUELF £ JTIrfH,
A RH (26) RIPIIFES, 4 (12) RE N

(u—) @ —a) =p—q. (27)

3B ST T A LR DT R O R FRAT5
N AN 1, G LI TRATR A T =t 141
FrBHON r, W 4 B,

{4 AT
Fig. 4. Consistent cube.

W FRLE (7, p) I (,q) B4R TR A4, 38

R (=, ) 5 RHINAAT5 0] Z [ AFAERTFREE, WA
(u—w)(@—m) =p—r, (28a)
(u—T)(T—1a)=r—q, (28b)
M (27) g LFEE 4 Hhsr A RBYIE T , (28a) U
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(28b) 3 3531 7E SCAEZEAMFTE . Ay (A B ol
AR SR AANE? B, h ik 3 TR

/ﬂ\:p_g—I—u (29a)
-~

T (29D)
Uu—mu

a=2"" 1y, (29¢)
uUu—mu

FIATr [ LR 478 1 R BLAE (29a) = (20b) =
(29¢). ¥ (29a) 201 (29b) 2ALAF (20¢) B75

= (¢—puu+ (r—q)uu+ (p—r)un

T it p—qu+ (r—pa

A AR RS (L p), (LA, )Hﬂsﬁé
FEARAS, M (29a) 1 (20b) tui 4 S [RIRE .

ﬁﬁ (27) WX AP BT RR ~ %07 FE I 3 4EAH
K, WAL T RIS (consistent-around-the-
cube (CAQ)), BRI T (27) XA HHHE. ke

(17) W BA FIRERIPE . — e, % T—AE XTE
ST DY A A R
Q(u, ., u;p,q) =0, (30)
B A A BN 4 bz e iRRy 6 AT, 753
Q(u, @7 p.q) =0, Qw7 uw:p,q) =0,
Qu, @, 7@, @ p,r) =0, Q@ 3, ap,r) =0,

Q(u,u,7,u;q,7) =0, Q(1, ﬂ,ﬂ,ﬁ;q,r) =0. (31)
HURIA - SRAEBIY 3 AR AR 5, 7 7
RAFIA M 34T 53BN RAER @, WFRIT
T2 (30) A 3 dEAHZ .

T BRGNS, RZAEARAE R —
FIVATRRHE, Jo SO e — 50 4. W T —A> &
HERTESHOT R, WARIRA R —A> (4 + 1) -2, BT
A d-ZEFHERRZANZS By, MIFRIE -2 2y o0y F2
HA (d+ 1)-ERZEE. X T 2 4RO, Xfh 2
AERAZVERD S 3 4EAHZYE, B CAC PR,

2.3 ABS /772

AL, Z AN RGN IFAE
SRy T HL R H B B 1R e 0 T 5 v 6595363312003
4, Adler, Bobenko il Suris (ABS)PY & 3% 1 i
TEZ AEARAS M R SERH_E X DU 7 R R 4025, AT
RIS RGP N ABS 7R

ABS eI (30) HA 3 HEAHZ M A A

|, PR (30) 2
(i) P&tk (affine linear),
(il) ZEIESTEXFREE Dy F AR,
(iii) POmIfAPERT (tetrahedron property).
TERTPIARER T AR (30) M — e AT Rkl
kouiitin + ky (Uil + wiit + uiiu + utiu)
+ ko (Wt + utt) + ks (uti + ) + kq(uii + G)

+hs(u+ U414 1) 4 ke = 0, (32)
o g PR R E R BG M A RIS T RS, T

=
~

MafXx, M5« XX, B (3, u, @, ﬁ)lm/l\lﬁ
FESE TR (18] 4) sl s —AS DU k. ABS IEBA T
T2 L TE 3 452K 3 dEAHA R (30) HAT 94
(FLVFAFAE Mobius 284t ), F435 4 4 o H1, H2,
H3(8), A1(6), A2, Q1(6), Q2, Q3(5), Q4:

Hl: (u—a)(@—a)—p+q=0, (33a)

(p—q)(u—l—ﬁ—i—ﬁ—i—ﬁ-&-p-i-q) =0,
(33b)

H2: (u—7u)(u—1a)—

p(uti + @) — q(udi + ua) + 6(p* — ¢%) =0,
(33¢)

H3(9) :

plut @) (U a)—q(uta) (G+a)—6>pg(p—q) =0,
(33d)

AL(9) :

A2 p(1 — ¢®)(uii + Ga) — q(1 — p?) (ul + )
— (p? — ¢*)(1 + i) = 0, (33¢)

plu — @) (i@ —a) — q(u—)(a@ — )
+8%pg(p — q) =0, (33f)

Q1L(d) :

~

Q2: p(u—a)(a —a) — q(u— ) (@ — 1)

+pa(p— @) (u+ T+ T +a—p? +pg—q°) =0,
(33g)
Q3(8) : p(1 — ¢?)(uti + ) — q(1 — p?)(uii + )

- (-7 <uu+ua+6 (1= Zp);l_q )> =0,

(33h)
Q4 : sn(p)(udi + i) — sn(q)(udl + ta)
—sn(p — q) (Ut + ua)
+sn(p)sn(g)sn(p — q)(1 + kPuiiiiu) = 0, (33

i)
Hor) HI BR B B KAV 5 # (27), H3(6 = 0)
KB mKAV R (17) (u— "), QL6 =
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0) N E B Schwarzian KAV J5 72, WHR M 3L
(cross-ratio) /7 2, Al(&) TEu— (=1)"ma T RN
QL(8), A27Eu — uCD""" R R Q3(6 = 0), Q4 &
Z 2 1 Krichever-Novikov J7 £  Bicklund 78 #
AR B N A, TR A R EH Weierstrass #fi
5] PRI 7R P69 (331) 1 Jacobi MR PRI Y S %K
LAk H T Hietarintalé™, 2 k& Jacobi i[5
PREXYA (modulus).

2.4 =8 Boussinesq Bl 572

L # Boussinesq 77 FE 2 - T 9 5 &,

EXAE3 x 3K T I
P-Q P—-Q
11 — T20 ZTo2 — T11

= (w00 — 221)(T10 — To1)
— (zo1 — T22) (721 — 712), (34)
Kb P, Q 43FR n, m BT TIZAEL, @55 = piime g -
XTI Nijhoff 8 (0570 225 4y I 5T
BT AL () 256, (34) KATRIS R (3% X
#ik [65])

y—ax+2z=0, y—zx+2=0, (35a)
y—a:a:—!—z—P_Q:O. (35Db)

T
B w = (2, y,2)", TR EEE T

PUIrks R4, I HA 3 e

2011 4F, Hietarintal™ 7£ (35) 20U 2 1) 3L Al
b, 4R T AT RE MY B Boussinesq B 1Y 3 4EAH %Y
REGE, ARETFEN (XS FRVER Mobius 22 4t):

B—2]: y=aZ—2, §=uaT—z, (36a)
_ Q
y = xm—z—l—bo(x—x)—i—bl—&—%_x (36b)
[A-2]: y=zi—2, =22 —u, (37a)
Py OF
y=az —box + z gx, (37b)
zZ—Z
[C-3]: ye=T—z, Yz=72—ux, (38a)
Pis_00%
Sy —boat b+ L2 QVZ (38h)

K P, QAR WIS n, m BT M1 B8, b #R AT
R A b ] DL I Y AR e Fe . AR

[B-2] /& (35) A HE). STk [71] H s 15 3 [C-4]
T, B [C-3] ZIBIfFA7E Mobius 28, O

FIlH.

2.5 ARIAEEN 3 HEBEY

BIHLY sine-Gordon J7 2 (19) ANJ2& 3 HEAHZS
0, (B E SEEEH mKdV RE (17) —&a] RIS
BT 5 RAHZR 2 FEA55 (26) U, BN RS
FoRH

B1(u, &, @, ; p, q) = p(uti — tl) — q(uiiiu — 1) = 0,

(39)
Al
B2(u, u, u, ﬁ;p7 q) = p(ﬁi —uu) — q(u Ut — uu) = 0.
(40)
T (39) FEAE e u — (—1)"u FECH (40) =X

i &

5 BB sine-Gordon F1# mKdAV J5 FE A 25 57 J5 14
Fig. 5. The consistent cube for the discrete sine-Gordon

equation and potential mKdV equation.

BT FE (39) AT AR (40) LLANF 5 2 B Fr
FRRY 6 AT
J&: Bl(u,u, ﬁ,ﬁ;p,q) =0,
T : Bl(w,w,u, %;
Vi Bl(u,ﬂ,ﬂ,i;
fi: Bl(u,u U %,p,r) =0,
Ja: B2(u,u,u,u;q,r) =0,
Wi B2(a, 5,1, 0 g, r) = 0. (41)
ALK, 7R M w, 0, 0, U, o S E— .
X 1t BH A R B ok Ty iR T ST AR Y
6 NI, AT (FE—R) HA 3 AR
ABS JFEFIES L Boussinesq B 7 R AR & A1 FH
[ — 5 R A SRR 25 7 4R, T T A8 - 15 B e
VFH AR B 7 A AR 25 3 7 . SCik [73] 25
THZHHF. Adler 55 M F1 Bolll™ X i3 Fiff i
AT T8, PEANESH 51 F Bolll™ il 42247 i
.
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2.6 BHMSHEBERFE

XF T AE 6 TR FRY 8 3 4E (hrkt) BHL
TR, WA 6(a), HETC R EA MAEAREE (W
K 7) BT A B

(a) . . i

U

Bl6  5E X3 AEJr LY 6 1A LA K 8 T
Fig. 6. Cube and octahedron for 3D equations.

[

Fl7 FSEESL T R 4D A A
Fig. 7. 4D consistency around the hyper cube.

ul — U + Ut — au = 0, (42a)

- =\ (42D)
(@ —u)(u — u)

XFFE AE 8 TR /Y 6 45 3 4o 2, W

K 6(b), EoRiX e A 4 g, Adler 2577

T 2011 4EHEAT 14028, W e SRR 5

i) wu-—Tuu+uu =0, (43a)
ii @_m@_ﬂ)(i_a =1 43b
QY o

e N
2 (ﬂuﬂ)zg(%_%) (43¢)

DAIE L3 Y AR RS . X Sy R EL Rt T
AR SCHk . n: (42a) U B EUY BKP JifE, X
PR b Miwa 77 2 ;) (42b) & Bk A b 2 B T
Schwarzian BKP, B 55 ML Fh 53] [@; (43a) 2
H Hirotal® 7£ 1981 4 25, X AR B i) X
Toda J7#2; (43b) 2, (43¢) AN (43d) KPR A
BHL Schwarzian KP . B KP FIE# modified
KP J5 72, #x % i Nijhoff %5 & e # & (W ST ik
[20] 1 (4) A (23) = ASCHER [22] H(4.16) 20);
(43¢) 3l Date %5 F 1982 4 3K 745 (WL SCHR [13]
i (N-1) J7F2).

3 ZAA A

“LUERNE ANMUE I — R B R Ge v
PER AR, RO TR B, T T s o]
ARSI Bicklund 284 | Lax X K075 5%

3.1 Bicklund Tt

Bicklund 28 #t & F XF £ Bk w69 4 i .
BianchiB! B 4eHEA T Backlund S EES
By e A LR HF sine-Gordon J5 FEAE . AR
AMUEFIA B R 1) — M RIE, WK R E S
S — ERF . W, auto-Bicklund A5 45 [F]
—J7 W% 2 [B] /) A8 #, nonauto-Bicklund 2%
TR R fif 2 (] i A8 .

UM A T AR BB 1 auto-
Biécklund e 19 771k, X FAEERA 3 4 A
MR (30), B HE TAA S T IRR 6 AN 1E H, dn
&l 8 7K.

K8 FHASLIT K
Fig. 8. The consistent cube.

JE T AT 1A %) 7 R 43
Q(u,u,u, ﬁ;p, q) =0, (44a)

)

Qu,u,w,u;p,q) = 0. (44b)
208 T A AR (44a) BYFRISE, AR ST 5 AR
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PRSI A
Q(u,w,u,u;p,r) =0, (45a)
Q(u,u, u, u;r, q) =0. (45b)
H SR M b B R (44a) B9 — > Biicklund A8, X
T H1 78 (33a) K ut, Z4EMAEMN B RN
Bécklund 242 (28) =K.

R 2 X6 T A7 B VR AR 25 37 7 (AR
R AR AR A 8. X T B HL sine-Gordon 7
(39) FMEHEFA mKdV I (40) M5, EN161EH
AR IR (L (41) 5X). BEBsS, Ze M AS 0 i i
DITEE, R

p(ut — Uw) — r(viws — 1) = 0, (46a)

~ ~
~= —=

r(uu — uwu) — q(uuw — wu) =0, (46D)
F RS sine-Gordon /72 (39) 1 Biicklund ZZ#.
ANt I AR I AT KRR
22 YRR 25 PR AR T DL T 1 AN [ 7 7R (] Y
nonauto-Backlund Z8#t. LA Q2 Fl Q1(8) K 14
K i e n Ay A1 AH 25 57 J5 4R # 57 nonauto-
Biicklund 224t 155, ¥ Q2 T2 (33g) B THIA
S VI 6 AL SRRAETUR Q2 (T, 7,7, 1 p. g) =
0 I AKHR
_ v &
u = < + 12
XA 2 LG U R € — 0, T2 R8N
p(v=0)(T-0) ~g(v=0) (0-0)+8%pa(p—q) = 0, (48)
B QU(6). BEAF, S bhy 22 R D P4 R,
2ot 4 (47) LA SRR LA, 15 3]

§(u—1)(v—0) = —p[6*(u+u) —2v0]+p*S (v+0+pd)],
(48a)

(47)

5(u—1)(v—75) = —q[6*(ut@)—200]+ 425 (v+5+q5),

(48b)

XHE Q2 5 Q1(8) ZIEIH nonauto-Bicklund A&,

2008 4, Atkinson 41 | ABS HHEZ[H]—F

%1 nonauto-Biicklund 78 #, $E40 45 B ik S %

R (73] 3R 3. BR T iRk, Backlund AR AT L)

FIF Yang-Baxter B LN ABS J5 #2150 E i

Kb, A P15 0T LUy il 225 S0k [82) A
SCHiR [83].

3.2 Lax X
AT JE N, Biicklund 542 5 Lax X776 %5 1)

KR, X T2 RGR UL, DOFIIDE R TN 4.
LA HL R (33a) M6, A 3 gEARAPES
1) Béacklund #4435 B 11 Lax X

4 H1 9 Backlund 284 (28) 2ik’E R

Wu=g/f, 73

g _ugt+@—r—uu)f
f g—uf ’
g _ug+(g—r—uu)f
7= - . (50)
FIA® = (g9, /)T, LXHERH
&=y MP, &=, N, (51a)
_(u p—r—uu _(u g—r—uu
e (i ) e (1)
(51b)

oy T 7 SREAMEIE X (50) U5 BUE FEE
i (51) IR RIS T . B AT, — i

1 1
Ny = Yo = ———, X T H1RUL, 7]
VM P VIN
DIBCHAT B8 A S = 5| H
MN = NM, (52)

HEJE A HL 72 (33a).
E H1 1 Lax XF (51) 2, B @ = (41, 62)7,
n=v=1, Né& = M&TIHZE ¢, 153
o = (u— W — (p— 7)o, (53)
o HY s bR e 2. kit & o] DI
1 H1 7R JE 55 P B,
Ll H R TR Béacklund 224
1 Lax XYL, FL b, A 1 ABS 7 2
BHHFZEH Lax xF, HAFFE—RE . Bk H,
X FAE— ABS 72 Q(u, u, 1, ﬁ,p, q) =0, H Lax
XA (75 3CHR [85))
&=y M®, &=vND, (54a)
Hrp

( —-05Q —Q )
M= ’
050:Q 05Q )= .

( —05Q —Q )
N = . (54b)
%0aQ 05Q )i s pmr

Y1 = v |M‘, Y2 = \/|N| . E%E H%ﬁ%i%rﬂ@ﬂl

010202-8


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 3B 3R Acta Phys. Sin. Vol. 69, No. 1 (2020) 010202

Bibr e Us, 7T BTA RS ABS 7 AR H
ARMT (53) iy s Hos .

TN R AR ST 5 R, H
FHRERXT IR, H Backlund 28 #e B SRR P,
Lax X HAT X FR ¢, BI7E X M, 5 (L p) 4
H(,q), RIS E] N. 7E3CHR [86] HiH4E TH 2/
FIH 3 A 2 3 Lax XF 41 7. X F il A4~
Ty A AR 7 A RE, il an 2.5 15 A BT sine-
Gordon JFEM#F# mKdAV e, HEMIAHE T
PAHE) 1 1) B L sine-Gordon 521 Biicklund 25
HAAEXIFRYE, B 5] A B HL sine-Gordon J5 2
[ Lax X 2AEXTARY:

&= % ( ;55 _p; > 3 (55a)
o= \/%a ( q_’"“ fifg > 3 (55b)
3.3 IFRE

N IE LB R KAV (H) H1) J5 2 (33a) A 41,
T 7R 0] 38 a3 H Biicklund 748 #e 44 1 5 9T i
(1-soliton solution (1SS)). B/t &— . 1t
(12 =D, b2 = —q, (56)
ANHEAR B
ug = an + bm + A\, (57)
TR (33a) BU— M, Horhy AT R AL
7572 (33a) 1Y Bécklund 7542 (28) =X, H)
(u—7) (U —7) = —a® + k?, (58a)
(u—7)(T—1a) = —k> + b2 (58b)
FHRL 28 (56) 2, X B r = —k2. B w2l (57)
VER TP T, PR w it an

u =g+ v, (59)
Horp w21 (57) W 1 — IO
g =an+bm—+k+ A\, (60)
v IR PR K (59) X (57) XA Bécklund
A (58) AT
5:vf—vF’ 6:vf—WUH’ (61)
Hrp

FIAv = flgMe = (f,g)", ¥ (61) XEH

5:(? 2)45, 5:(? 2)@5. (62)

WP AT UL RSB @ = B, AT A [ 2
ERiae FE T CEMLTF (51) sty ). E—
ke, JeEiaE)

E" — F™
fn,m = EnfO,ma In,m = _72]{;f07m + an(),ma
P&
G —H™
fn,m = Gmfn,Oa In,m = Tfn,o + ngn,O-
MNTTAT
ErG™ 0
én,m = ErG™ — FrH™ @0’0. (63)
G- FUH™
—2k
il
Pn,m = I3 i £0,0= a_F h—k £0,0,
(64)
Hrpo o AHEL M (63) AT
Uo,opn,m/Po,o
Un.m = ) T0.0 U0.0 . (65)
+ ﬁ - ﬁpn,m/po,o
HHTE LH B pooJo, A
_Qkpn m
o = m 66
S . (66)

RAF] (59) 20, BHE KAV i (33a) Y 1-98T
fitt

k(1 — n,m
ulSS =g+ v, = an—«—bm—i—)\—i—w. (67)
’ ’ L+ pn,m

et baRiFE, 25 A Backlund A8 Hi3kig 2-
PP BIRAZE S . BJE: 1IN O S A A T LA
“BERT L8 - IR TR ISR B, A B T A AIE
10 A5 2N 20K B O R LR AL, IR E— 2 RS
N-BRFiff. AP RT LIS %S0k 38, 87, 88).

3.4 O-IFRESAhEFE

Xt (33) XTSRS ABS HHE, u=0—/#
TRAS e, M H AN 5 W 5 o — 2 5 B fi
CRNF ST B A Backlund 25 4 SLAY oK A7
O-IKF M0 k. I b —T skt ok B, X F
75 Q(u, @, 4, u; p, q) = 019 Backlund 254 (3.1),
HA S r RINT-SHL, BRI B HGETE a b5
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H— I B, AR INT S48 r e P <2k
0, Bl a=w, WA
Q(u, w,u,u;p,r) =0, (68a)
Q(u,u,u,u;r,q) = 0. (68Db)
HH A7 46 | A D R ) A 7 24 2 e FRT A, ) LA
YEH 0-97-1#.
X H1 JifR (33a), A
(@—u)?®=r—p,
HHAR R 575 3
u=an+bm+~v, a*=r—p, ®=r—gq,
By (57) =X
WERSFR Q(u, 0, 4, u; p, q) = 0 TEASHR u — T(u)
TRAE, WA (3.1) T = T(u), MITTA
Q(u,u,T(u), T();p,r) =0, (69a)
Q(u, T(u),w, T(u);r,q) =0. (69Db)
X QL(6) IR (33f), TET(u) = u+c FAAE, XF
T Bicklund 284 (69) =0
r(u—a)* = p(c + 6°r(p — 1)),

(@ —u)?=7r—q.

r(u—a)* = q(c* +6%r(q = 1)). (70)
ZdZH (p, ) = (0, B):
A /r—8%r A [r—o6°r
P e 1T g
a:=pa, [:=qb, (71)

AT QL(8) MLt 0-PIF-fif:
ug = an + m + A,

Ho N BAE B AN, QL(6) IR (33f), iR 7E
T(u) = —u FAVE HYHAY Biicklund 78z (69) A
dpuii 4 r(u — u)? = &*pr(p —r),

dquid + r(u —1)? = 6*r(q — ). (72)
L ZHAE (p, q) — (o, B):
p= %r(l — cosh(a)) = fir(l —a)?/a,  (73)

4= 31— cosh() = —r(1 =67/, (T4)

133
ug = Aa"f™ + Ba" "™,  AB = §*r?/16. (75)
IR FTRR R AR A SR TTEY . BN
T Q4 JrRERIRh T B9, R RGN T
HoAth, ABS J5 # O-9IFfif i #4 3 B758, 294K, tn]

DA A 5 7 3240 5 O-9IFfift, il 1) FH 7
B8] Y Bécklund 254 (4 (48) ), M—A 52K 0-
INFFFAF 20 53— DI R 0-98F .

4 %

A TR AR R T2 T Z 4R ERY
WS LA B RO R ARG P RN . X T Z4ERH A
Ph, fA7E—E LTI 5§, #1552, Sy 9) 25 L
i P B R Z M SE R 28 A T RO LR S
(2 HEREZEE (AN SCHEk [79,90]). AN, Z4ERIZE T
AT LA TR I8 PR (8 X0 B o B . Miwa B ST
SR B T T P 1 (78

Y= H(l — pik)™

TEAAIT ) EHA X PR B BT R
el AN A &t Cauchy HFF ik P74
SERARAAR 1, ASMERILE Hh AR 1 B O] PR R S
BAZ 5 EAAYE.

XLIGESE RS, BT, BT R G EE
PR U8 5 B oA TR )5 AR AT)
& . lan, T3k )@t | 2 i #8072 il Kac-
Moody fREXHEZE ] FUR G BRISIFANIE FH T 5L
RG, P2 828 SCT 1 LR R A7) oK S 30 B ik
b, BRI 4Bt i A A

X T B HOAT B R GE B ST AR — N TE AR BIA
P HUAT R | R SR IriE T B S
T HZEE (40 Tropical JUAT |, Cluster fXE5F) 1yt
. R T EHOT RGP EA TR R S0 TT
], B I SIDE 23130 34k

S 30k
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Discrete integrable systems: Multidimensional consistency”
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Abstract

In contrast to the well-established theory of differential equations, the theory of difference equations has
not quite developed so far. The most recent advances in the theory of discrete integrable systems have brought
a true revolution to the study of difference equations. Multidimensional consistency is a new concept appearing
in the research of discrete integrable systems. This property, as an explanation to a type of discrete
integrability, plays an important role in constructing the Bé#cklund transformations, Lax pairs and exact
solutions for discrete integrable system. In the present paper, the multidimensional consistency and its

applications in the research of discrete integrable systems are reviewed.
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Boussinesq J7 #2 & MR Ty 2 S5 40— AN 4B W BB W T 2. A SCHES: T Boussinesq J7 #2 1Y Lax . {5 Bh F
7 PainleveE I, 15 3] T Boussinesq 77 2 A H Bicklund 48 #t, Ll & Boussinesq 77 & A1 Schwarzian JE 2 1Y
Boussinesq J7 £ Z [8] (1Y) Backlund 28 #t. #8131 T Boussinesq 77 #2 FJE R 86T R, BF59F T Boussinesq J7 #2 B B4 2
BOmE AT e B8 S B0 1 BE S 28 i . 32 FH Riccati J& JT B W1 5% T Boussinesq J7 #2 , ilF ] Boussinesq J5 & B &
Riccati JEIF A2, 1538 T Boussinesq J7 B2 F PR 7. 15 -1 52 4% 5% Ik £ .
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Fig. 1. The solution (49) with Formula (47). The free para-
meters are {n =02, m =050, =1, a3=1,k =1, k =
lLw,=1,a=-08, =1}
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Fig. 2. The solution (49) with Formula (47). The free para-
meters are {n =02, m=0.9,a =1, a3=1,k =1, k, =
lw,=1,a=-08, =1}
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Fig. 3. The density of u. The parameters of the Fig. (a) are the same as those of Figure 1 and the parameters of the Fig. (b) are the

same as those of Figure 2.
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Fig. 4. The interaction solution (49) with parameter satisfy-
ing Formula (48). The free parameters are chosen as {n =
04,0, =1, a0=1,a3=22,k =1, kh = 022, wy =1,
a = 400, § = 80}.
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0.1, « = —-14, 8 = 6}

Fig. 5. The interaction solution (49) with parameter satisfy-
ing Formula (48). The free parameters are selected as {n =
06,0 =2, a0=1a3=4,k =1, kb = 012, wy = 0.1,
a =-14, § = 6}.
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Fig. 6. The density of u. The Fig. (a) is related to Fig. 4 and the Fig. (b) is corresponding to Fig. 5.
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Abstract

The Boussinesq equation is a very important equation in fluid mechanics and some other disciplines. A Lax
pair of the Boussinesq equation is proposed. With the help of the truncated Painlevé expansion, auto-Bécklund
transformation of the Boussinesq equation and Bicklund transformation between the Boussinesq equation and
the Schwarzian Boussinesq equation are demonstrated. Nonlocal symmetries of the Boussinesq equation are
discussed. One-parameter subgroup invariant solutions and one-parameter group transformations are obtained.
The consistent Riccati expansion solvability of the Boussinesq equation is proved and some interaction

structures between soliton-cnoidal waves are obtained by consistent Riccati expansion.
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Fig. 1. Soliton solutions of integrable reverse space-time
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An integrable reverse space-time nonlocal
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Abstract

In this paper, we introduce an integrable reverse space-time nonlocal Sasa-Satsuma equation. The Darboux

transformation and soliton solutions for this nonlocal integrable equation are constructed.
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Fig. 1. (al)—(c1) One-soliton solution with parameter A3 = —1+42i; (a2)—(c2) two-soliton solution with parameters

A1 =341, 2 =1+ 2i. Left column: Exact solutions; Middle column: Numerical solutions without noise; Right column: Numeric-

al solutions with 2% small noise.

Bl 2 (al)— (c1) BRBE A = 11/4 WP — IR T2 (a2)— (c2) BB EL A1 = 2, Ao = SIFAY IR IR T-1%. 2251 K580 1%; F 31l 5
{ELA; A7 50 I 2% /NS A BB . T PP O BT 1 2 2330 R S5 A 0 hg X A I I T
Fig. 2. (al)—(c1) One-breather solution with parameter A1 = 11/4 ; (a2)—(c2) two-breather solution with parameters Ay = 2, Ao = 3.

Left column: Exact solutions; Middle column: Numerical solutions without noise; Right column: Numerical solutions with 2% small

noise.
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Fig. 3. (al)—(cl) First-order rogue wave solution; (a2)—(c2) strong interaction second-order rogue wave solution with e; =dy =0;
(a3)—(c3) weak interaction second-order rogue wave solution with e; = 100,d; = 0. Left column: Exact solutions; Middle column:

Numerical solutions without noise; Right column: Numerical solutions with 2% small noise.
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Fig. 4. (al)—(c1) Mixed strong interaction between one-breather and first-order rogue wave; (a2)—(c2) mixed weak interaction

between one-breather and first-order rogue wave. Left column: Exact solutions; Middle column: Numerical solutions without noise;

Right column: Numerical solutions with 2% small noise.
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Dynamics of localized wave solutions for a higher-order
Ablowitz-Ladik equation”
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Abstract

It is an important research topic to study diverse local wave interaction phenomena in nonlinear evolution
equations, especially for the semi-discrete nonlinear lattice equations, there is little work on their diverse local
wave interaction solutions due to the complexity and difficulty of research. In this paper, a semi-discrete higher-
order Ablowitz-Ladik equation is investigated via the generalized (M, N — M)-fold Darboux transformation.
With the aid of symbolic computation, diverse types of localized wave solutions are obtained starting from
constant and plane wave seed background. Particularly, for the case M = N, the generalized (M, N — M)-fold
Darboux transformation may reduce to the N-fold Darboux transformation which can be used to derive multi-
soliton solutions from constant seed background and breather solutions from plane wave seed background,
respectively. For the case M =1, the generalized (M, N — M)-fold Darboux transformation reduce to the
generalized (1, N — 1)-fold one which can be used to obtain rogue wave solutions from plane wave seed
background. For the case M = 2, the generalized (M, N — M)-fold Darboux transformation reduce to the
generalized (2, N — 2)-fold one which can be used to give mixed interaction solutions of one-breather and first-
order rogue wave from plane wave seed background. To study the propagation characteristics of such localized
waves, the numerical simulations are used to explore the dynamical stability of such obtained solutions. Results
obtained in the present work may be used to explain related physical phenomena in nonlinear optics and
relevant fields.

Keywords: higher-order Ablowitz-Ladik equation, generalized (M, N-M)-fold Darboux transformation,

localized wave, rogue wave
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Fig. 1. Profiles of singl-hump gap solitons of the cubic-quintic GPE (Vo =4): (a), (b) ¢ = 0.1; (¢), (d) ¢ = 0.99. Shaded regions

represent lattice sites, i.e., regions of low potential values V(z).

0.5
(a)
- n=-1.0 == n=10
_ n=20
—— n=—-2.0
_ —— n=40
- n=-30 =100
0.4F —+ n=—4.5 n=
< <
pn=1
0.1
0.3 1 !
—4 -3 —2 —1 80 100
g g
P2 BRI BT 1 B 0 AR EL AR TSR 8L (Vo = 4)
Fig. 2. Amplitudes of single-hump gap solitons v.s. nonlinear interaction strength.
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SPECIAL TOPIC—Nonlinear physics

Gap solitons and their stabilities in a quasi one-dimensional
Bose-Einstein condensate under three-body interaction’

Tang Na?  Yang Xue-YingY?  Song LinY?  Zhang Juan V2?3
Li Xiao-LinY?  Zhou Zhi-Kun??  Shi Yu-Ren V21

1) (College of Physics and Electronic Engineering, Northwest Normal University, Lanzhou 730070, China)
2) (Laboratory of Atomic Molecular Physics and Functional Material, Lanzhou 730070, China)

3) (Department of Basic Course, Lanzhou Institute of Technology, Lanzhou 730050, China)
( Received 23 August 2019; revised manuscript received 12 October 2019 )

Abstract

We study the gap solitons and their stability properties in a Bose-Einstein condensation (BEC) under
three-body interaction loaded in a Jacobian elliptic sine potential, which can be described by a cubic-quintic
Gross-Pitaevskii equation (GPE) in the mean-field approximation. Firstly, the GPE is transformed into a
stationary cubic-quintic nonlinear Schrodinger equation (NLSE) by the multi-scale method. A class of analytical
solution of the NLSE is presented to describe the gap solitons. It is shown analytically that the amplitude of the
gap soliton decreases as the two-body or three-body interaction strength increases. Secondly, many kinds of gap
solitons, including the fundamental soliton and the sub-fundamental soliton, are obtained numerically by the
Newton-Conjugate-Gradient (NCG) method. There are two families of fundamental solitons: one is the on-site
soliton and the other is the off-site soliton. All of them are bifurcated from the Bloch band. Both in-phase and
out-phase dipole solitons for off-site solitons do exist in such a nonlinear system. The numerical results also
indicate that the amplitude of the gap soliton decreases as the nonlinear interaction strength increases, which
accords well with the analytical prediction. Finally, long-time dynamical evolution for the GPE is performed by
the time-splitting Fourier spectrum method to investigate the dynamical stability of gap solitons. It is shown
that the on-site solitons are always dynamically stable, while the off-site solitons are always unstable. However,
both stable and unstable in-phase or out-phase dipole solitons, which are not bifurcated from the Bloch band,
indeed exist. For a type of out-phase soliton, there is a critical value g. when the chemical potential u is fixed.
The solitons are linearly stable as g > g., while they are linearly unstable for ¢ < g.. Therefore, the modulus ¢
plays an important role in the stability of gap solitons. One can change the dynamical behavior of gap solitons
by adjusting the modulus of external potential in experiment. We also find that there exists a kind of gap
soliton, in which the soliton is dynamically unstable if only the two-body interaction is considered, but it
becomes stable when the three-body interaction is taken into account. This indicates that the three-body

interaction has influence on the stability of gap solitons.

Keywords: Bose-Einstein condensate, gap soliton, three-body interactions, stability
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Fig. 1. Stability phase diagram of ring dark solitons under

deformation perturbation.

THEERMA . S8 A Feshbach £ ARANHAT]
DLy A - B8] i Hdk o] DL DR PR 3 98 g A2
EVE L i, Rl Feshbach 40 i B i) J&] 14 4
AR T 18] B AH AR 5 DR T B AL g0 27 R 1Y
B R4 16576801 Saito A1 Uedal™ L) & Abdullaev
45 M1 % B A Feshbach 4R 18 35 5 7 6] 40 B AE
FHAEWG 5| FIHER: Z A sk P37, n] DAAE 423 [A]
HeFFFa e Y LSS -, Liang 45 B0 i — 2D 5T
TTERIRE R A EAE R, Yk e I
PR S 2 18] 0 J 20 B SS . A58 G |
e Al F|H Feshbach HiREs AR 5 FROMR G HLF-
AR EPE.

iz Bifi e 1) FE PR SR f A B B R
B

g(t) =1 —sinwt. (12)
TR (12) R R0 B HE R A BAE R EEAE 0 — 2
ZIE IR . g R R ] B AR — iR
R, PR IR Ao RS v I b . B X T
BRI, TEAH EAE AL iR G R, )
SRATIEA IR KA. LIIRIEITIRE cos ¢(0) =
0.76 A, it B —45ATie, FRATHEE PRI IR
TR BE T AR E (.l S B3
133 T WS I 75 bifi AH B AR FH R 3 03 10 A2 1k
IO, W 1 prs. wT LR BE, YA AR R iR
BAEEIRT AR o MR, RGN A a2
JRIRG A ;5 AH ELATE 0441 32 491 48 178 2532 31 A 41 32
B, SRR B T 19 7 i /). Liﬁ%ﬂ’lﬁﬂi%
A A B8 KR T A AR A 4R 35 0 BRI IR

TR A SR G | R Y.

010302-4


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 3R Acta Phys. Sin. Vol. 69, No. 1 (2020)

010302

R PRI T A i B R A IR 95 05 Y

it o
Table 1. Life of the ring dark soliton as a function
of the interaction oscillation frequency.
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Fig. 2. Decay of the ring dark soliton under deformation perturbation in a single-component BEC.
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Fig. 3. Decay of the ring dark solitons with the same depth in two-component BECs.

t =660 t =669

t=1010 t=1060 t=1270

1.0
0.8
0.6
0.4
0.2

0

B4 U BER T 1E M 23 it BEC A2l J) 27 3 4k B

Fig. 4. Evolution of four vortex dipoles in two-component BECs.
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Fig. 5. Decay of the ring dark solitons with different depths in two-component BECs.
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Fig. 6. Pattern formation induced by the decay of ring dark solitons in a system with periodically modulated interactions.
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Fig. 7. Evolution of the pattern in a system with periodically modulated interactions.
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SPECIAL TOPIC—Nonlinear physics
Dynamics of ring dark solitons in Bose-Einstein condensates”
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Abstract

Soliton is an exotic topological excitation, and it widely exists in various nonlinear systems, such as
nonlinear optics, Bose-Finstein condensates, classical and quantum fluids, plasma, magnetic materials, etc. A
stable soliton can propagate with constant amplitude and velocity, and maintain its shape. Two-dimensional
and three-dimensional solitons are usually hard to stabilize, and how to realize stable two-dimensional or three-
dimensional solitons has aroused the great interest of the researchers. Ring dark soliton is a kind of two-
dimensional soliton, which was first theoretically predicted and experimentally realized in nonlinear optical
systems. Compared with the usual two-dimensional solitons, ring dark solitons have good stability and rich
dynamical behaviors. Owing to their highly controllable capability, Bose-Einstein condensates provide a new
platform for studying the ring dark solitons. Based on the recent progress in Bose-Einstein condensates and
solitons, this paper reviews the research on the analytic solutions, stability, as well as the decay dynamics of
ring dark solitons in Bose-Einstein condensates. A transform method is introduced, which generalizes the
analytic solutions of ring dark solitons from a homogeneous system with time-independent nonlinearity to a
harmonically trapped inhomogeneous system with time-dependent nonlinearity. The stability phase diagram of
the ring dark soliton under deformation perturbations is discussed by numerically solving the Gross-Pitaevskii
equations in the mean-field theory. A method of enhancing the stability of ring dark solitons by periodically
modulating the nonlinear coefficients is introduced. It is also shown that the periodically modulated nonlinear
coefficient can be experimentally realized by the Feshbach resonance technology. In addition, we discuss the
dynamics of the decay of ring dark solitons. It is found that the ring dark soliton can decay into various vortex
clusters composed of vortices and antivortices. This opens a new avenue to the investigation of vortex dynamics
and quantum turbulence. It is also found that the ring dark solitons combined with periodic modulated
nonlinearity can give rise to the pattern formation, which is an interesting nonlinear phenomenon widely
explored in all the fields of nature. Finally, some possible research subjects about ring dark solitons in future

research are also discussed.

Keywords: Bose-Einstein condensation, ring dark soliton, vortex dipole, pattern formation

PACS: 03.75.Lm, 03.75.Kk, 67.85.De, 67.25.dk DOI: 10.7498/aps.69.20191424

* Project supported by the National Natural Science Foundation of China (Grant Nos. 11775253, 11704383) and the Natural
Science Basic Research Plan of Shaanxi Province, China (Grant No. 2019JQ-058).

1 Corresponding author. E-mail: xfzhang@ntsc.ac.cn

010302-12


http://dx.doi.org/10.7498/aps.69.20191424
mailto:xfzhang@ntsc.ac.cn
mailto:xfzhang@ntsc.ac.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Chinese Physical Society
Mﬂ#ﬁ Acta Physica Sinica :

€D Institute of Physics, CAS

E AR S BB AT E RS TR R
B dk RIE HEE

Quantitative relations between fundamental nonlinear waves and modulation instability

Duan Liang Liu Chong Zhao Li-Chen  Yang Zhan-Ying

5|5 &, Citation: Acta Physica Sinica, 69, 010501 (2020) DOI: 10.7498/aps.69.20191385
TELEIR 2 View online: https:/doi.org/10.7498/aps.69.20191385
AN View table of contents: http://wulixb.iphy.ac.cn

BT BB A HAB S EE

Articles you may be interested in

TE AR =BT rp SRR B T A 8 ) AN AR PR B
Modulation instabilities in equilateral three—core optical fibers for isosceles—triangle symmetric continuous waves

PB4, 2018, 67(5): 054203  htips://doi.org/10.7498/aps.67.20171650

A JE 3 A Rayleigh—Taylor AN ERUE M 19 2 i Boltzmann 542
Discrete Boltzmann simulation of Rayleigh—Taylor instability in compressible flows

YIBR2A 4. 2018, 67(8): 080501  https://doi.org/10.7498/aps.67.20171952

PP AR AR S PR3 IR AT E TS
Coupled oscillation and shape instability of bubbles in acoustic field
Y24z, 2018, 67(3): 034301  https://doi.org/10.7498/aps.67.20171573

2 M 2R AN AR E T S A TR T A B S R 2 A
Improved thin layer model of classical Rayleigh—Taylor instability for the deformation of interface

YIHLAHT. 2018, 67(9): 094701  https://doi.org/10.7498/aps.67.20172613

ARG H9 YN Richtmyer—MeshkovANERUE M BB T IT B 2 A 7t
Numerical investigations of Richtmyer—Meshkov instability in different magnetic field configurations and the corresponding dynamic

mode decomposition

YR 2019, 68(16): 165201  hitps:/doi.org/10.7498/aps.68.20190410

Weibel ANEGSE P A A= FL RGO IR B BT A D £ TS

Deflection effect of electromagnetic field generated byWeibel instability on proton probe
YIBR2AHR. 2019, 68(18): 185205  hitps://doi.org/10.7498/aps.68.20190775


http://wlxb.xml-journal.net
https://doi.org/10.7498/aps.69.20191385
http://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.67.20171650
https://doi.org/10.7498/aps.67.20171952
https://doi.org/10.7498/aps.67.20171573
https://doi.org/10.7498/aps.67.20172613
https://doi.org/10.7498/aps.68.20190410
https://doi.org/10.7498/aps.68.20190775

) 32 Z 3R Acta Phys. Sin. Vol. 69, No. 1 (2020) 010501

T JEL& IR

BEARIEL RSB ATRE ER BT R

ETRE

Xi| v 1)2)

Ao E DY

8% 2

1) (PHIERFYZRE, V% 710127)
2) (Bepuss BLE YN E RS, P9E 710069)

(2019 4F 9 H 12 AUEI; 2019 4F 10 H 31 BEE )

AR MDA AR LA B 1 20 T A B BRI — SR AP AE TR A B R G b AR DY
FEAHLE | B B AT AR T AR B SEI S B L Bl T SRR B4 BRI R L 2 O EE Y AR SR
BLRR T AT AR R AR L M Dl (0 S50 A B BT ST R, [ T AR S R B A 7 A AL L e T Al et mT B A g
R AERSE AT 45 2R, RGEVHE 1 r g S S AR e Mk il 55 98 AN RS PERORS B G AR TR AR T
AT SR S WL B4 A 2l RE A R S AR 07 78 W 2 AR L MR IO A Y E B A, JF PR T — L RE RS B E AR L MR D
WE MR EESE LT R A MBS, T 2 SEA AR e M 3 AU S AEFAR ] S e 45 0 B
T B2 T Jey S B T PSR, I T DA B B 2 AR L A G P S A L

KR ARLRIEDE, PRIATEN:, P AL, B

PACS: 05.45.-a, 42.65.Tg, 47.20.Ky, 47.35.Fg

ARL MR B AR R R G A — 2 i
RIS 12 BN 2 TR 2B R S,
QKR =21 AR sy =21 SRk 22231 it

T RAB] - Fe DI EE IR (A 2638 R AR P

BRI BE 10— Rl R 8 T R R 815
S PUUPT XARRGE P12 4. I H., ik SEAR L P
TEAR 22 GUBAR AT AR N O (EL, f1angs~1-3
ASC 53561 R S T A 7 AR BT O 7 AR P A
LD 7R 785 By 5 ), v D5 fok v g o 2 061 )
I ARSI AT BEASAE(EL 2 2. F AT, AR
LMW BN J1 2 AT T © 2N SR L BB v
AR —> T A R

XTI+ g ARG S, Bl &k
A AR L B DU, Jr R T | BRI P

* K A RRHERAS (S 11875220, 11775176) BB

t BIE1EE. E-mail: zyyang@nwu.edu.cn
©2020 HEHEFS Chinese Physical Society

DOI: 10.7498/aps.69.20191385

SRR I — R e AL R R RN
A R Rk 254, BR T i i Russell & 3L
ST Z A0, JE R TSR] T 2 A RIS IF
WA, AL I P 165650 g i I 96:67] . W B AR
F 05-T RN Z W PR F- 7273 ppAM R B T — e
9 4 A R v Ak A A etk B, B A SR I RN
W IEIRF5E -7 B TR E WAL 25 Z b ie
TUZE R 0 B o 1610 A2 A 1y e Mk D A 45 R 38 1701
Akhmediev FEI - 70 Kuznetsov-Ma P - 7778
F1 Tajiri-Watanabe W 7 (L8 FR Sy — BT 1
+ 5081 B B AT £ ). il RO 3R BRI 5
fill 43 0 3R B MR 2 A 8 0 PR B, B 40 super-
regular WP - 83891 I 53— 190 SRAH 2% 195
YRR 01 25 i PRI R A5 F RN P A B B
J Rz A D208 O R T R SR A IRIR L
ARCTR | ORI | LA K Ll A9 RG5O T] 25 44)
PR 22 B) I T LA 3E o 6 50 7 SR ek i 2
() 1149 AP XoT 4 S S B AH B 3 46 1081 AN AR e 1 T

http://wulixb.iphy.ac.cn

010501-1


http://doi.org/10.7498/aps.69.20191385
mailto:zyyang@nwu.edu.cn
mailto:zyyang@nwu.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 Z 3R Acta Phys. Sin. Vol. 69, No. 1 (2020) 010501

D SF S P R 0 | PO B A, N
T — 2D 4T — ST LA () 98 R AL A fip R
W A AL, A AR e X Ry R 10 B
FE PR I ASAR U e 0L, s s g B R A AL T 3
it T AR B T AR RS e PR S 00 28 I W AR L bk
RGP R BAFTERE IR . 5 35O X R B & 1)
SRR iz e M1 AATEE— AR TS
TP - A Rl ] A& s B (16- 1181,
AR L rh S IR A I F 28 T K
HSCEAPe R I HC A T 2N . SR
[[0RE3)aNER S ENS T2 = S w0 E ) R G 2
AN MU |2 2 N s a1 e/ (RS S AW B ]
SRRGELE 2 T ER Ik Se R LM I DR — B
AR S TR b ORI 1) R A IOR SR AN
. HAAk, Kibler 55 1LY A1 Dudley 45 121 43
B 17 AE et 2 75 7 B2 Y Akhmediev I fi# |
PR H A Kuznetsov-Ma, FEWE i, A& BIX JLAPEE
LMW AR SRR SR FE TR, I 4
T ENTRRE M. R4S 46 th TR 55
{4, A3 3k AT AR S DA TE S Ty
SSEEL T 3K LA RS AU . B A R 5k L
TR Lk AT i T R R M S5 A7 SRR R 4r. B
P T 5t AR R e R T LR IR

AOPEWE, FA AR LA P A0 S G INF- . W AT~

ZWEDRT | SRR W AR5 SRR AT Bl S 0o
B, It HIE e P BS OA BAR Rk 7%
PHTSSRANTERE . BRI T AR G SE 2 R UL
ARLNETT LRI BT A A T ARZE RS — 2k
AN S epad R sl i o B A [ AR L PR A T LA
T3 P AN I ARLAMEROR S B BLCR 251,
AT TG R I 2% P F) A AR ey B XA R0 25 70
A AT AL, AT ARG 20X L A AR L e B A . 3R
LEMEP LR S BRI B B G TR A BR A% | A
LR BB 7 MR B BRI A S TR AE H 2. BR
Tl o AT AR LR A AT AR B AR LR B Ok
P Z A0, 3] Lo AR LI rY = AR BILR], Bo3
B ASTRIAEZPE B 7 R T, B T ARk i i)™
AL IS A SR AT LA I TR A SR ) 2
B KA RO 5. IRIHAR SC R B 56 T4k
ARARLAE P A 7 A ML) B 55 98 A AR S 1 4 X
7R IR SIS, JF B REAE 1 8 AE L
PR AT 58 S W BB HOT 45 1 AR AN Y
WO A BARIE. X SEES R AEAR KL A pExS

Z PR 5 1 SR L.

2 &R AN REER R
I 3 A0 B I R 2 8] iy A

H A 2 DA A P T St b A ARt i i
R T RS AJE AR 1 (2701 PR AR T
SN ) A 1 2 1 s b I s B A e A Y B KRR
Ik V9L FERE RS JRHIASTR e MR R B R
AR SSLSh BIG S HOR, e i A TR e
PRV LK 1947 46 B B SNV P AL i 55y 1 7 A I 48
DiAeHOr g, fei DO 215547, Mkl
Ji 52 B0 2R RN 22 55 22 ) AT A e 1 50 46 55
AT Ry 2020 i I 5 A 2 28 0E SE R AN AR
JE TR DL SR PR % 22 5 5 B ARSAE B B
J1 %, 4 Peregrine £ I . Akhmediev ' I |
Kuznetsov-Ma WP —-H: 2802 2 B PRk 1Y ) ) 224
E. Sr AT R GRS E PR IR R L AR
FEMEST BT 7. T T AR LR e v B o il i
FAANHAMERCEE I 2O ER. EehR IR
PEREE TS T IE

i S+ 0 =0, 1)

ZH 2 M ¢ R A — AL I BE B RN ], (o256
AROGER. TR (1) FEAE AN 81 T8l o (8, 2) =
aet2)  HA Ot 2) = kz 4+ wt, X o Flw 5303
TP IR IR A k= a® — 1/2w? 2 V- T K
BRSBTS T — A/ N p(t, 2),
Bl o(t, 2) = [a + p(t, 2)]e?®2) B iz A0 A JE Ltk
BEETSTTE (1), B ELICT p(t, 2) BRI, JTHE)
p(t, z) KRB I, p(t, 2) = frelBEar2D 4
foe K=t 2D S K0 43523 Sl it KR
R, HAS T BRI SN E AR A (¢, 2) TP T
el B 28 S M O, 52 B B 4 3 X N 3% 2
p(t, 2)e = p(t, z)elk=twt) R WS BR 8 o0 38 B0
WA RS Bk + K Flw+ 2, R TR
KK K QRIS BCEOIR s, f o2
R MR IRIE, OF B £ o/ N T SRR
a. G5 A HH A LIS B4 30 p(t, 2) W R KA
R 0 ZBIMEHER: K = —w + |02V — 4d?.
MEFOCR AT LVE 1, X T |02| > 20, A K #B8/&
SEH, I I AR PR R R AR E RY . T K AE
12| < 2aBF 7 R EL, BLIHHE B p(t, 2) B LTS

010501-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 Z 3R Acta Phys. Sin. Vol. 69, No. 1 (2020) 010501

B, 2 B T TR SRR —20 < 2 <
2a IHEAFRAE /Y. B K A B2 T 3K b
18, PRI AT DUE SCIR S AR PR 254
G = |Im(K)| = |2]v/4a2 — 22. (2)
EM NS, ZEARHOCERT, B K
KA THRK V2 —4a?, BEIR 2 = 0}, R
K V022 — 4 IR AL, FURTEAR R R 4
12| = 0 FEEEL K WBHZE. T K 0 I
RREFLSL N ZR GE YIRS B PERFAE. 2 = 0,
AR e FRAE T SRR A, X 2 =0, HAk
Al LLE R 122 4p(t, 2) = [a + ep(2)]e®2) . X HL
NEHBOFHe < 1. TR NE, I 5(2)
RERR ¢ FZ BB HE LM 5
HHE (1) H, FEmE 25 e 9 R B R L BT, SR AR
RN LIFSE] p = 1 4 2iaz. BEHHREEIA TR & M
B4 nl LoE SR
G = [Im(p)| = 2a. (3)
AN B, ST R S AR PR
Tk SRR E TR Ol T RE SRR B
(14 75 R LM AL 2SR A B A B W G2 /)N T I8 5
AIHRIR, PRIIZ 7 AN T IR IS0 3h i T
MESHT. XEF/ N sh, witadhshiRimie /N, B i
L2 IR HOY MG, Y S A0 SR PR e oK
VKRS B, e sl ik AP AL B B, BEhs
MR EM T EATHE . REAEL X
SRR = SAEERIL S A RERR G K. AR
LR T A3 M i LR BN S5 P B 38 KRR A
R AR b S vy 2 e P % S 75 5t R g ik
FIFSE HERRAE, TT DAAR LS b4 7= 135 Il FIE I (1) 3
FI2EATA.
i Baronio 45 100 JLF P2 438 G AR MR
ER W A Nl 38 e i Y A e ol 1 £
X OGFR . T I bR ) 2 RS E ST BT O i, 45 3
RGP ATRE 45 /A0 A& 1 PR, BRI
St o TR RNRRE X, P X R A R ok
Has MR XS, BIE SRR E X, [ 1(a) FE 1(b)
I3 R AR E PETE D SRR 0 FUAH T 7 545
R w A3 A L) R B E 0 FE SRR a0 25 A Y 43
i [l Baronio 55 1000 B 98 il ANFe i X 3 43 Sy Bt
PR AR DX AT PR AR e X, e S
i P SRR E K E O MBI 2 = 0 b TR 4
R HI AT E X (] 1(a) FIE 1(b) B g2k

TR, W E O TAEEish
AR AL B PR R AN ESE X (18] 1(a) AT 1(b) Hhk
L DL AR A X ). Sl o TR G AR et v
SE Vo 7 R I RE IR A RRAIE, e B il ANGUE Tk
FORRERHC R B BEATE o 25 R UL, A
HIAFEENEA—E RSO RRDE, AR &R
G — A TIATREYE. AN TSP R
R FEEEA A R LR ARE YA B, JF B
P RARTE PIRSIIR o TERINLE. BEn
/NSRS RAES 2] Fokas-Lenells RELAI
KA PIR R GRS T RIAE Y25 0112, 5
BEZE R S TR 5 T AT E M R R T E
A — AN EEEEGA, SRk S SR P AT SR A AE — L ]
LA D, B 1) A TR
SRR ATLE PR SC R, PO A BIARAS
JEIRBEAT 45 AR 2) A AT 145 380 B0 R 3 1) AN A
E XIS 1R 45 %, TR T4 R R
PRI A HLA I ) A B E XIS R T /Y
(EE, XA RPN E PR £ AR AT
JE; 3) R — RGP SIIR 2 = 0 4b A
PHHIAERE P, TITE 2 = 0 09 W DX AT 2 18 il 2
TE XIS, WA BERE SCHEAAT, T84 I 75 RS I

S NN |
T

o = v ow
——

o = N W A& o

Pl1 A EO Y T 2 A R A R L M B 8 R G A
REM I (a) AT E N 4578 (02, w) V10 1Y 53
A, G R R R R P HIA TR E KBS (b) IR
FEPETE (02, ar) V- I 53 AT

Fig. 1. Modulation instability distributions of the defocus-
ing two component coupled nonlinear Schrodinger system:
(a) Modulation instability distribution in the (£2,w) plane,
green dot curves are the boundary of the modulation in-
stability regime; (b) modulation instability distribution in
the (£2,a1) plane.
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Fig. 2. Modulation instability distributions and phase diagrams of fundamental nonlinear waves in standard nonlinear Schrodinger

system: (al) and (bl) are the distributions of the modulation instability gain in the (w, 2) plane and the (a, 2), respectively. “MI”

and “MS” denote modulation instability and modulation stability, respectively. the red dotted line is the resonance line; (a2) and

(b2) are the phase diagrams of fundamental nonlinear waves on the modulation instability gain distribution planes correspond to

(al) and (bl), respectively. "AB", "RW" and "KM" denote Akhmediev breather, rogue wave and Kuznetsov-Ma breather, respect-

ively.
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Fig. 3. Modulation instability distributions and phase diagrams of fundamental nonlinear waves in Sasa-Satsuma system: (a) Distri-
butions of the modulation instability gain in the background frequency w and perturbation frequency 2 plane. “MI” and “MS” de-
note modulation instability and modulation stability, respectively. The yellow dots are the critical points on the resonance line;
(b) phase diagrams of nonlinear waves in the modulation instability gain distribution planes. “AB” , “RW” and “KM” denote
Akhmediev breather, rogue wave and Kuznetsov-Ma breather, respectively; “WS”, “WST” and “AD” denote the W-shaped soliton,

W-shaped soliton train and anti-dark soliton, respectively.
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Fig. 4. Modulation instability distributions and phase diagrams of fundamental nonlinear waves in Hirota system; (a) Distributions

of the modulation instability gain in the background frequency w and perturbation frequency (2 plane. “MI” and “MS” denote

modulation instability and modulation stability, respectively; (b) phase diagrams of nonlinear waves in the modulation instability

gain distribution planes. “AB”, “RW” and “KM” denote Akhmediev breather, rogue wave and Kuznetsov-Ma breather, respect-

ively; “WS”, “AD”, “PW” and “MPS” denote the W-shaped soliton, anti-dark soliton, periodic wave and multi-peak soliton, re-

spectively.
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Fig. 5. Modulation instability distributions and phase diagrams of fundamental nonlinear waves in fourth-order nonlinear
Schrodinger system: (a) Distributions of the modulation instability gain in the background frequency w and perturbation frequency
0 plane. “MI” and “MS” denote modulation instability and modulation stability, respectively; (b), (c) phase diagrams of nonlinear
waves in the background frequency w and perturbation frequency (2 plane. “AB”, “RW”, “KM”, “PW”, “WST” “WS,” “WSWS,”
and “AD” denote Akhmediev breather, rogue wave, Kuznetsov-Ma breather, periodic wave, W-shaped soliton train, rational W-
shaped soliton, nonrational W-shaped soliton and anti-dark soliton, respectively.
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Table 1.  Excitation conditions of fundamental nonlinear waves.
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Fig. 6. Phase diagrams of nonlinear waves in the background frequency w, perturbation frequency (2, perturbation energy e and
relative phase ¢ space for different systems: (a) Fourth-order nonlinear Schrodinger system. Parameters are 8 =1/12, vy = —1/36,
a =1; (b) hirota system. Parameters are 8 =1/12, v =0, a = 1; (c) nonlinear Schrédinger system. Parameters are 5 =~ =0,
a =1; (d) phase diagram of anti-dark soliton and nonrational W-shaped soliton in relative phase space; (e) phase diagram of peri-
odic wave, W-shaped soliton train and rational W-shaped soliton in the (¢, £2) plane. “TW”, “KM”, “AB”, “RW”, “MPS”, “AD”,
“WSp 7, “PW”, “WST” and “WS;” denote Tajiri-Watanabe breather, Kuznetsov-Ma breather, Akhmediev breather, rogue wave,
multi-peak soliton, anti-dark soliton, nonrational W-shaped soliton, periodic wave, W-shaped soliton train and rational W-shaped
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and “WS;” denote Tajiri-Watanabe breather, Kuznetsov-Ma breather, Akhmediev breather, rogue wave, multi-peak soliton, anti-

dark soliton, nonrational W-shaped soliton, periodic wave, W-shaped soliton train and rational W-shaped soliton.
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Abstract

Nonlinear waves are ubiquitous in various physical systems, and they have become one of the research
hotspots in nonlinear physics. For the experimental realization, observation and application of nonlinear waves,
it is very important to understand the generation mechanism, and determine the essential excitation conditions
of various nonlinear waves. In this paper, we first briefly review the experimental and theoretical research
progress of nonlinear waves in recent years. Based on the exact nonlinear wave solutions and linear stability
analysis results, we systemically discuss how to establish the quantitative relations between fundamental
nonlinear waves and modulation instability. These relations would deepen our understanding on the mechanism
of nonlinear waves. To solve the excitation conditions degenerations problem for some nonlinear waves, we
further introduce the perturbation energy and relative phase to determine the excitation conditions of nonlinear
waves. Finally, we present a set of complete parameters that can determine the excitation conditions of
nonlinear waves, and give the excitation conditions and phase diagrams of the fundamental nonlinear waves.
These results can be used to realize controllable excitation of nonlinear waves, and could be extended to many

other nonlinear systems.
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Fig. 1. Phase portraits of System (15): (a) Homoclinic or-
bits (8 = —1/10, 82 = 1/18); (b) heteroclinic orbits (8, =
1, By = -5/9).
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Fig. 2. (a) Propagation of bright solitary wave via Solution
(22) with the parameters chosen as a; = 1, ap = 2, a3 = 1,
=8 a5=2,a;=6,a=4,a3=6,c=1,K=1, 0 =
51/16, ¢ = 1, a = 1; (b) propagation of dark solitary wave
via Solution (25) with the parameters chosen as a; = -1,
=2, 03=104=-8, a5=-2, 056 =6, a; =-4, ag =6,
c=-T,K=1, 0 =-123/32, e =1, a=1.
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Fig. 3. The propagation of one breather via Solution (32)
with the parameters chosen as € =0, n=1/2, ¢=2/5
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Fig. 5. The propagation of first-order rogue wave via Solu-
tion (42) with the parameters chosen as £ =1, n=1,
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Study on the generation mechanism of bright and dark
solitary waves and rogue wave for a fourth-order
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Abstract

In this paper, we study the generation mechanism of bright and dark solitary waves and rogue wave for the
fourth-order dispersive nonlinear Schrodinger (FODNLS) equation, which can not only model the nonlinear
propagation and interaction of ultrashort pulses in the high-speed optical fiber transmission system, but also
govern the nonlinear spin excitations in the onedimensional isotropic biquadratic Heisenberg ferromagnetic spin
with the octupole-dipole interaction. Firstly, via the phase plane analysis, we obtain both the homoclinic and
heteroclinic orbits for the two-dimensional plane autonomous system reduced from the FODNLS equation.
Further, we derive the bright and dark solitary wave solutions under the corresponding conditions, which
reveals the relationship between the homoclinic (heteroclinic) orbit and solitary wave. Secondly, based on the
exact first-order breather solution of the FODNLS equation over a nonvanishing background, we give the
explicit expressions of group and phase velocities, and reveal that there exists a jump in both the velocities.
Finally, in order to verify that the breather becomes a rogue wave at the jumping point, we obtain the first-
order rogue wave solution by taking the limit of the breather solution at such point, which confirms the

relationship of the generation of rogue wave with the velocity discontinuity.

Keywords: homoclinic and heteroclinic orbits, solitary waves, rogue wave, velocity discontinuity
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SPECIAL TOPIC—Nonlinear physics

Full reversal symmetric multiple soliton
solutions for integrable systems”

Lou Sen-Yue

(School of Physical Science and Technology, Ningbo University, Ningbo 315211, China)
( Received 31 July 2019; revised manuscript received 26 September 2019 )

Abstract

Multiple soliton solutions are fundamental excitations. There are many kinds of equivalent representations
for multiple soliton solutions such as the Hirota forms, Wronskian and/or double Wronskian expressions and
Phaffian representations. Recently, in the studies of multi-place nonlocal systems, we find that there are a type
of novel but equivalent simple and elegant forms to describe multiple soliton solutions for various integrable
systems. In this paper, we mainly review novel types of expressions of multiple soliton solutions for some kinds
of nonlinear integrable systems. Meanwhile, some completely new expressions for the Sawada-Kortera equations,
the asymmetric Nizhnik-Novikov-Veselov system, the modified KdV equation, the sine-Gordon equation, the
Ablowitz-Kaup-Newell-Segue system and the completely discrete H; equation are firstly given in this paper.
New expressions usually possess explicit full reversal symmetries including parity, time reversal, soliton initial
position reversal and charge conjugate reversal. These kinds of explicitly symmetric forms are very useful and
convenient in the studies on the nonlinear physical problems such as the multi-place nonlocal systems and the

resonant structures.

Keywords: Integrable systems, multiple soliton solutions, full reversal symmetries, multi-place systems
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A PRPRER. N, X4 EMe=A=1, w=0,
M Q=—1.24691F, J5F8 (11) FI (12) K25 i PRLHA
BEAE (m,n) = (—1.3514,0.7803) Al (-0.4287,0.6442).
R, U ma)ERA (5) X, (6) XM
(10) 2 rheke A5 31 25 T 48 7] 8 5t 2 5000 W9 Fl 55 By
RW fift. & 1 ZEF B 45 H T X 2 RW g1
WA 1 RS R A 0 T BRI ZE AL AR W AR,
TERRME IR B B4 A HREE BRI, RE X
A MI 2R B HEVEH.

F—J T, AMIWEF2sm], XMW RW fERed
TEBLSC A FAAAWE? A, Chen 48 1Ol
MRE IR S5 BUA b, eI 2 = 09 F- T I A
How v W IR SR, JF 4 ¢ = 0.4cos(2nt/40) x
sech[(t — 2)/8], SR J5 FI FH 43208 BL S A (E AR
IR AR (9), IR RME 1 A5 R (Rh e
P LG 115 g s K VA SN 2T ety S S g I
Bt MI 51 A2 1 i 25 AN AR B S ). AT LA Wi b
B, 78 2 = 10/ 3, [Al—5 St rp Rl b B 7 A i
TANIA) Y 5 B, AR R (9) HIAET i
SEA—F W, T MIASKHE R, 55l
L S sl 12, AR X 2 g 25 R LR
Fif S PR A &

3 ZHEIRMEERRS

AP REAL, ZPOE IR EAEH (TWRI) 74k
MR A A €0 10 filan, FEdEZebE
S, TWRI AT AN R g 12, S &k
PN 5 RUNE8 CA=E: 1 € NG S & 1]
MBI 4] 45 A, TWRI i A] FH e S2 306 ik
I A R A ] 000 R R Dk g e A 8 S =
W AR 77 A T DL R -4 B8 - (AR VR ()
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B 1 BB IR UA 1 T B3R RW i (5) 3%, (6) UAI (10) sRAGRaE M:, Z23 B R (m, n) = (—1.3514, 0.7803),
HBIE X R (m,n) = (—0.4287, 0.6442). 4751 & /83X P2 RW 250 78 7] — 75 5 3 b B0 BB 3 % . B eie 4 A SCilk [109)

Fig. 1. Simulations confirm the stability of the fundamental RW solutions (5), (6), and (10) against initial white noise perturba-
tions. Left column: (m,n) = (—1.3514, 0.7803); Middle column: (m,n) = (—0.4287, 0.6442). The right column shows the nu-

merical excitation of such two rogue wave families from the same background field. Figure adapted from Ref. [109].

A RUTE 20 el 70 4EAR, AR, T TWRI %
W7 R AT R, IRgh T AR 0L R E TR
FITABI R ICTFIEIE 1) LA 07 F2 %
FEAE T AR AN 5 RS 11 B B 5S4 5 P A
AN VG L JIT 5 32 1 X6 9 =2 [0 ) S Ay 101, e B 2 g
PL—AN LY (BE ) SR ALK, R H =AMk
A3 AR A B AR 22 BT A B T LA R A [ (120,
XFREEE 15X 2 TWRI IRF-76 0 TP A 2415 A
X PR A ph A R AN DG T 51 A A A AR R
(walk-off) HE REREAE L AR A KT 45
TEFEROEIT, TWRI FRRIEAIE A 0] 2

7y [110],

w1 + Vv, = ujus,

ug + Vaug, = —ujug,

uzy + Vausz, = ujus, (13)

N w1 23(2, )78 =6 W9 18 72 5240 4% PR AL

Vi,2,3 0 HOAH I 1Y B 20 RE R H. R A W ERCE
V=0, LRI PR G BIAY (13) & H 7 7 us iz
IS IRAR L — e, 2V, > VL, % TWRI A
DK FR VIR 28 4 (soliton exchange) 3l J1 2% (1
LM A, PR SR SR RE) 15
VIFFTE, (H25 V) < VoI, OB SR A7 BRI 52 BT
#} (stimulated backscattering) zfj 2% 101,
R =N e ol 2N LS N S U 8 = S 1)

Lax X

R, = (A\Uy+Ui)R, R.=(-3i\Vi+ V)R, (14)
XPANNEEIE S, Uy = diag(-2i,1,1), Vo=
diag(0,1/V1,1/V2),

. o ui Vaw
Va-Vi V=W
R=|s|, U =|y 0 0 ,
w u; 0 0
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0 uy Uy
- -1

Uy uj

vi=| -2 0 Us

: Vi Vi
u; U3

——= - 0
Vi Vs

AR M, ok A AR e UnT AR 021

3i(A — A )r*s
Uy = ugg + — o

RT0'3R
3i(A — A )rw*
Rt T RIGR
3i(A — A")s*w
uz = uzp + %7 (15)

K o Fluy, (n = 1,2,3) 505 R R (13) HYFp
5 il FORT MR, N R BT A E I S R,
os =diag(1,I1,1%), I; =V;/(Vi — V) (j =1,2).

7 3 = PAE R BAE IR AT (B3 i hE &
SPAE), BIAG AV IR T] L3RR

u10(z,t) = ay exp [—i(k1z — wit)],

ug0(z,t) = ag exp [i(kez — wot)],

uso(z,t) = tazexp [i(k; — ko)z — i(w1 —w2)t], (16)
=K k1§2+;§1, kQU‘ZJr;Z, a3:a15a2-
X HL 01,273%%3?)}2% H E@%ﬁ%g, 0 =w —ws
(R% ek, FHi% > 0).

R E I Lax X} (14) AFAA AR (15) =,
RE 5135 TWRI FREIEER RW i DI Bk
A A8 45 SR ik BE B B e B S A TR AR R ] 2
FIRATEINE 9 3 [64,67,72)):

[ 3(Ao — AJ)EOT /i
e _1 TP+ Tla(f|gl/a172)§+11<2f11§|92/a2|2_

g = Ugp 1— 3(/\0 — )\6)5*92/042
L &2+ TNalb1/aa? 4 Taa3]02/az|? ]

uz = usg |1+ 3()‘0 - /\8)59193/(041045)
| GEF Ty jon® + Tadlaanl |

(17)

A e=t+ z (aerag) + A
— —_ — | o; = —_
Vl_‘/2 Ot% Ot% J Ho 0

(71)j6/27 aj =& i/aj (] = 172)' ﬁiv NO%jﬁ

BT 2 ,u3 —3ou+2p = 0By — 2R (Hfiﬁf

i), N RFERIGNKA =0® - p? = 01— P ER
N . 1

(HAR 0), Krho=X3 + 62/12+§(F1a%+F2a§),

p= 3[52 —2(I'1a? + I'va?) o — g + ié(l}a%—]&a%)

ATLAIERA, A2 =R (Vi > Vo) 25T

B (<), #RESHEHT, @
(17) I REIR HARUERY) Peregrine J-FE X 1991,

ZICEEN], AAT14:A], TWRI J5 FE A R 15 1
(VLB VL = Vo = V) 2 EAEE RW fRIE? X LTAR
SME TR A AR S SR A 5, BN TERX G TE
T, Lax Xf (14) 20B AR5 J0 & L. H B, &It
TWRI J REAKSR 2 AT ALY, DA H: RW fi 2 ] g
TETEI) . il SCHR [122] 2R 575 — A 5w Sk [m] 2%
XA, e, X SR (17) QBT A B
Vo — Vi =V, IIRE] T #JF TWRI 5 72 1Y 5
B RW fii:

210V (0 — 2a32) — 62AV? /a2
up =uyp |1 ] N |
02+ 4024222 + A2V2/(4a2)

26V (0 + 2a32) — 62AV? /a3
Uz = ugo |1 2 2,22 2172 2y |
| 02 4 46%a32% + A2V?2/(4a3)
AP V(VE = 2) + A*V? /a3 (18)
| 02 +462%a322 + A2V2/(4d3) |’

U3z = u3o

AP A=a24+a3, 0=Vt —2)—(a? —ad)z. 5
Sy e
] + Jug|* = af + a3 = A, (19)

R wy 1w 43 1 1Y 5 8 RS 2 AN AR 1Y
ANEENE AR gty a2 4. $eaihit, &
TR 23 F AN, PRIHCRR Ay B A S i 11221,

SCHR [122] 21 T HAME S i R E A AL 2
R, WA 2. BARRUL, VEFAHS =300 R i SR
FER A IR AR T-[1 + eri(2)] (XHL, i=1,---,6,
ri ABHER 0. 7250 1 IBERLIT A1 sREL, & AR
W EEZH), SR IE R 94 Fourier k%) TWRI
BB R AT BB AL A 2 2250 R U i M e
(e =0) BIBULEER, HHI AN T HBEFS (e =
10 %) WOBHDE R, W LUE B, et heydish v, Br
A=A H BT EARIR AT LUTE A XS4 (Y s 1] P A
SEAGE, HRBESEE 5 MI B E KON k.

S b, FRATTIIU X 2 5 - e R ) X, A A
SR T RETE UL EF FAS DLSEEE. KR,
HWAE WA CET BALRRIT , IRZE T K A1 1m) 52 AR
FE PRI I 0280 FER AE AL T, SR CATHG e
Hr (Stokes) YERYFFHZILFAHE, MiAHILZ K, 7
W B AT, = R AT I TWRI &
Jv it S AR RIS 5 25 1, DA H 390 b T 2 38 Fry R 62
AN S gl A 122
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B2 HAMIEEG RW # (18) AR RUERLIA R 2250 RN ; HiIK:

9

-8
-9 0 9
z

R AR TE . P A SO [122]

Fig. 2. Simulation results of the complementary fundamental rogue wave solutions (18). Left column: unperturbed; Right column:

perturbed by initial white noises. Figure adapted from Ref. [122]

4 A LMEERE-Z R A

J3— 5, i G ARG R BT A B
RN B AR CE SR (R X 4 L
P LWSW, TWRI i 2, Hol 5 & A4 £ R 1k
A I P VPR R 8, = A B AR ) 24 i 3k e
A 24 WL TR K b 5 W BE R T 5 R A
YERT, BUETIE 19 22 5 7 45 A Bk (MB) #5402,
TS B TR RA EAE A, AR & W] (s
W) B A JBT A R R VO ok o R ST AR A 58 4 i
B, S RIR ST BRI RN G 120, R T A
JENE LG A1, MB 5 R i) L™ A AR 2m 1Y)

A sech RIPNF- 124, J5ok, —LL225 % MB R4t
T HE)T, BER T BEDLE i Ik v g 3 3h
22 2T FENS A 2 e NGE U T, R RS AT
FRL MR E 1522 ST T AT IFORF (NLS-MB) 5k
TR . T TH R e 1K — A R ) AT B Y R H
B RW fif.
75 HE, 8 NLS-MB 75 725 1 an K o i

?ﬂﬂfﬁiﬁ [94,95]:

u, = %Utt + iul?u + M,

M, = ipM — 2uF,

F, = M*u+ Mu®, (20)

K ulz, ) TG IREE, M1 F Yk
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BT R (ELPATIE, M R A 02 R 1 B
F1TC pro HEHE, L BREG F 35 L FAESIO A
., WIERE, THWE (M2 + F? = 107), ¢ h2E
et

[FIRE, TR BT SR 2 x 22k
WA (LS (Lo X1):

R,=UR, R.=VR, (21)
KPS L AT T:
r 1)\ u
R = B U = 5
s —u* =i
iju? P w, M
—ia2 ijul” ! )\ -t
v 1 +2+2)\_¢ u+2+2)\_¢
e M i iF
T T 2 22—¢

P, AT LA I TE A s A A 4 028):
2i(A = X\*)rs*

u=1ug + |r|2 T |s|2 ,

CA2My— A=) (rs*)’ Mg — 4N \*)rs* AR,

M 2
22 = o2(Ir* + |sl*)

)

[|A|2+4()\—)\*)2\rs|2] Fo—4i(A—X*)Im(r* s AM)
12X — ¢|2(|r|2 + |s[2)?

(22)
A= @2A—@)r2+ @2\ —¢)|s]2, A A%
SE WSS BUE, (uo, Mo, Fo) il (u, M, F) 73 7R
NLS-MB & (20) B 1H f# FH i

FIH Y Lax 4 Ak A A8 ek, I3 B3
fik [64,67,72) B9, TLIMRZE S 43 NLS-MB J
T (20) BYHERT RW fi 199

1 16inz + 4
U =1u —
0 167222 + 42262 +1)°

16ik2nz + 42
(K% 4 4a2)(16m222 + 402602 + 1)

M:Mo{l—

B 64i(4a20? — 9?)a’nz — 32ia*k90
(K2 4 4a2) (167222 + 4a20% + 1)* |

_ kb 8ab[(161°22 — 4a20? + 1)k — 32a°n20)]

2a (K2 + 4a2) (167222 + 44262 + 1)°
(23)
XPr=w—-0,9=4dinz+1, 6=t —xz, UK
ab a® Kb
- - P (4
K /@2—1—4a2+27 X a(m2+4a2)+w (24)

X FLAT) U B9V WA wo (2, 1), Mo(z, ) F Fo(2, ¢) 7T

010504
7€ SCH
ug = aexp[i(kz +wt)], M, —§u F _nb (25)
0= 1Y » Mo = o, Fo =50
b w?
k=— 2o 2
aJra 3 (26)

FAN, ARE S UEW, FA M R 25 0 A6 i e

PP+ MG 0 = (1o +1) 12 E R
W 204y HAT 57 IF TWRI 2250 AL H D534 I%
M 0220 R4 Bk RW il H TR o, (B%
BRI RSP H LM PP+ MP2=1, AT S b =
2a/V/k% + 4a? , HAEBRTZEL o Mk IHUE.

Kl 3(a) BN T X S fift By i 0 i 25 0 A T, G
WIhZH N a=15, ¢=1/2, w=0. W[ LLFEH,
e i BoR N — D HRUER) Peregrine K- 4544;
HART S, MR A5 MR F s s 2 i i
ELER, H B P2+ (M2 =1, BIAEs oAb
P AN, AT VAR SR I s e SRR E
Chen %5 951 5% F 48 U W} 18] 22 43 Crank-Nicolson
(ETDCN) Bk XA )7 (20) $047 T HUER,
25BN 3(b) FrR. X u(z = —1,0) 1R
Yoy e RIIR SF, Tk & M A F 53 5]
Mo (2 = —1,¢) 1 FofE N HATGRE. X 2] ih 5%
A% BT X AT (23) 2RISR ZNIE sl . 45 R
RS A &M MI B A R E0E K, I B+
RSl 1 R AR o, AEUR S i A5 4, R 2 Xof
T, BT DITEA S K i e bR IF Ak
B, E—Hh, O TR RW 25 e A 7E 5K
SAE R A, A A 4R 45 Pt - i 38
WA, BEEIE RW MR BUE B A BB, T 3(c) M
HEUERI R B R T X Lo LRI ) RW 25
Fa 2] AR P HE 1, DL PR BB bR R Ay ax e
BUESS R 780 Fs 1 SE5 0 gl 474k, BARSZE
LELE -GN

e JEdE X B R RW g (23)XE
A8 G, AT LAEST N 2 = B NLS-MBJy #2 rh
X Bln, XFF R A Hirota-MB J5F2 129]:

. 1 1
u, = ig (Utt + |U|2U> +h <6Uttt + U|2Ut) + M,

2
M, = i6M — 2uF,
Fy, = M*u+ Mu*, (27)

(23) SARER T LIAE ]y H LBy RW i, HU 224
(24) XU (26) 28 LW &, n, A1 xS EdR LT
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Kl 3 NLS-MB i EEB RW fift (23) (S 23 84k, o (a) 51 180 X5 R % A i 09 3D it it R4 121 5 (o) 30 el S B0 MEL AR 400 485 2R
B AT ST g i (o) PR R X 28 57 B IS TE S 5 T N BUEIUR ™ A, © BBl B A SCRK [95)
Fig. 3. Spatiotemporal evolution of the fundamental rogue wave solutions (23) of the NLS-MB equation. Column (a): Analytical

solutions, given by 3D surface and contour plots; Column (b) the numerical results, with initial conditions being specified in the

text; The column (c¢) shows the numerical excitation of the rogue waves, indicated by the black circles, from the background field.

Figure adapted from Ref. [95].

jiZ= e
b w? hw(6a? — w?)
k=" 2@
ate (“ 2 ) 6 ’
ab ga?  hwa?
= 4z 28
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B Kb b oow h(w? — 2a?)
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XH g b MR ELEE. AEREL, M h=0F
g = 11, i Hirota-MB 2 & H RW fi# it [0 5]
T NLS-MB {&JE.

KILRGLHR T LWSW i54E 7 F2, TWRI J7
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LWSW ik R 46, $24t 7L RW i —oE
2, 48 AR IR B 2 (R TR A LA e S SR
SRR A R, R RW T B 20
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%, R3] TEUERRIEGIE. 2R, £ TWRI &40
o g5 TR T B LB RW f#, 5 Hiz g nT
DITEFH =R (Vi > Vo) MBS HU (Vi < Va)
Wi RP SR . RE B e, X R A 9 TWRIA B
(Vi= Vo= V), AL T RS LB RW i, JIf
BE R T H B8 3l 1% &5, 78 NLS-
MB JrBHEZL N, e T 9637 SRR L i i gE
RBIE TR BAER, 45 TR sk
BB RW fit— BB 2, B RR 1T A58
SR 2. R, 15t IR IERY RW T L
TN H B E B B A NLS-MB #S & & 48 (W
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SPECIAL TOPIC—Nonlinear physics

Recent developments of extreme wave events in
integrable resonant systems”

Pan Chang-Chang!)  Baronio Fabio?  Chen Shi-Hua DT
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2) (Dipartimento di Ingegneria dell’Informazione, Universita di Brescia, Via Branze 38, 25123 Brescia, Italy)
( Received 19 August 2019; revised manuscript received 28 October 2019 )

Abstract

From a microscopic perspective, the single extreme rogue wave event can be thought of as the
spatiotemporally localized rational solutions of the underlying integrable model. A typical example is the
fundamental Peregrine rogue wave, who in general entails a three-fold peak amplitude, while making its peak
position arbitrary on a finite continuous-wave background. This kind of bizarre wave structure agrees well with
the fleeting nature of realistic rogue waves and has been confirmed experimentally, first in nonlinear fibers, then
in water wave tanks and plasmas, and recently in an irregular oceanic sea state. In this review, with a brief
overview of the current state of the art of the concepts, methods, and research trends related to rogue wave
events, we mainly discuss the fundamental Peregrine rogue wave solutions as well as their recent progress,
intended for three typical integrable models, namely, the long-wave short-wave resonant equation, the three-
wave resonant interaction equation, and the nonlinear Schrodinger and Maxwell -Bloch equation. Basically,
while the first two models can describe the resonant interaction among optical waves, the latter governs the
interaction between the optical waves and the resonant medium. For each integrable model, we present
explicitly its Lax pair, Darboux transformation formulas, and fundamental Peregrine rogue wave solutions, in a
self-consistent way. We confirm by convincing examples that these fundamental rogue wave solutions exhibit
universality and can be applied to the multi-component or the higher-order versions of the current integrable
models. By means of numerical simulations, we demonstrate as well several novel rogue wave dynamics such as

coexisting rogue waves, complementary rogue waves, and Peregrine solitons of self-induced transparency.

Keywords: rogue wave, long-wave short-wave resonance, three-wave resonant interaction, Maxwell -Bloch

equation

PACS: 05.45.Yv, 02.30.1k, 47.20.Ky, 47.54.— DOI: 10.7498/aps.69.20191240
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Fig. 1. Bright soliton lattice described by Eq.(15) with the
parameter selected from Eq. (16).
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Fig. 2. Dark soliton lattice described by Eq. (15) with the
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Fig. 3. Second type of bright soliton lattice described by
Eq. (18) with the parameter selected from Eq. (20).
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Fig. 4. Third type of bright soliton lattice described by Eq.
(21) with the parameter selected from Eq. (23).
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Fig. 5. Second type of dark soliton lattice described by Eq.
(21) with the parameter selected from Eq. (24).
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Fig. 6. Dark soliton described by Eq. (25) with the para-
meter selected from Eq. (26).
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Fig. 7. Bright soliton (with gray background) described by
Eq. (27) with the parameter selected from Eq. (29).
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Fig. 8. Dark soliton described by Eq. (27) with the para-
meter selected from Eq. (30).
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Fig. 9. (a)Density plot of the dark soliton molecule de-
scribed by Eq. (27) with the parameter selected from Eq.
(31); (b) three dimensional plot related to Fig.(a).
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Fig. 10. Density plot of the interaction between two dark
solitons described by Eq. (42)and Eq. (43) with the para-
meter selected from Eq. (44).
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Fig. 12. Density plot of the interaction between a dark
soliton molecule and a dark soliton described by Eq. (34),
Eq. (37) and Eq. (38) with the parameter selected from Eq. (49).
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Fig. 13. Density plot of the interaction between two dark
soliton molecules described by Eq. (34), Eq. (37) and Eq.
(38) with the parameter selected from Eq. (50).
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Abstract

The study on soliton molecules is one of the important topics in nonlinear science especially in nonlinear
optics. The bright soliton molecules have been experimentally observed in optics, however, the dark soliton
molecules have not yet been experimentally observed. Theoretically, the soliton molecules have been found for
some coupled nonlinear systems. Nevertheless, the soliton molecules have not been obtained for non-coupled
single component nonlinear models. In this paper, we first study the exact periodic waves (soliton lattices) and
solitary waves for a nonlinear nonintegrable optical model with second and third order dispersions and high
order nonlinear effects including self-steeping, Raman scattering and nonlinear dispersion. Two types of dark
soliton lattice and three types of soliton lattice are explicitly exhibited for general nonintegrable system. Five
types of bright (with and without gray background), dark and gray solitons can be obtained from the limit
cases of the modules of the soliton lattices. For an integrable case, using a novel generalized bilinear form of a
single component nonlinear system, the multi-soliton solutions are obtained and expressed by a completely new
form which are invariant under the full reversal transformations such as the parity, the time reversal, the charge
conjugate and the field reversal. To find soliton molecules, a novel mechanism, the velocity resonant, is
proposed. Starting from the multi-soliton solutions and using the velocity resonance mechanism, the analytical
expression of the dark soliton molecules can be readily obtained. For the model given in this paper, the
integrable higher order nonlinear Schrodinger equation, one can proved that the interactions among the dark
soliton molecules and the usually solitons are elastic. It is worth pointing out that soliton molecules can also

exist in the case of nonintegrable systems.
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Fig. 1. The contour graph of a rogue wave solution image.
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Abstract

By the reductive perturbation method, we investigate the Rogue waves in a fluid-filled elastic tube. Based
on a nonlinear Schrodinger equation obtained from a fluid-filled elastic tube, the rouge wave solution in the
fluid-filled elastic tube is discussed. The characteristics of a single rouge waveare studied for this system. Then,
the effects of the system parameters, such as the wave number k, the parameters €, the density of the fluid, the
thickness of the elastic tube, the Yang's modulus of the elastic tube, and the radius of the elastic tube on the
rouge wave are also investigated. Finally, the model is applied to the blood vessels of both animal and the
human to ascertain the effects of the rouge wave in different arteries and vessels. The results of the present

study may have potential applications in medical science.

Keywords: reductive perturbation method, nonlinear Schrodinger equation, rouge wave, blood vessel
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Fig. 1. The asymptotic processes of the magnetic component m3 in the limit processes p — Agsks and v = ks\/m in Eq. (3),
where the parameters are as follows: 4, = 0.9, k, = 1: (a) x = 0.82; (b) u = 0.89; (¢) u = 0.89999; (d) u = 1.1; (e) . = 0.96; (f) u =

0.9001, respectively.
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Fig. 2. The graphical evolution of rogue waves for the magnetization m = (m1,ma, m3) in Eq. (3) and (7), i.e., bright rogue
waves (a)—(c) and dark rogue waves (d)—(f). The parameters are as follows: As =+/3/2,ks = 1.5,v = ks\/1 — A2, and
p = £0.75v/3 with the sign & corresponding to the bright and dark rogue waves, respectively.
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Fig. 3. The formation of magnetic petal in the component
mg of Eq.(3) under the special condition of A, = 1,
w— Asks, v = ks\/@ . The parameters are as follows:
As=1,ks =0.9, 1 =0.8999.
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Fig. 4. The magnon density distribution against the back-
ground for the different parameter p;, which ranges from
0.09 to 0.29 in 0.05 stepsi®. The inset figure is the magnon
density distribution against the background for the excited

formation of magnetic rogue wave. Other parameters are
Ac=0.2,A) =k =0.1.
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Rogue wave solution in ferromagnetic nanowires
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Abstract

In this paper, we introduce some new excited states of magnetization in ferromagnetic nanowires, including
Akhmediev breathers, Kuznetsov-Ma soliton and rogue wave in isotropic ferromagnetic nanowires, and rogue
wave in anisotropic ferromagnetic nanowires driven by spin-polarized current. The isotropic case demonstrates a
spatial periodic process of a magnetic soliton forming the petal with four pieces and a localized process of the
spin-wave background. In a limit case, we get rogue waves and clarify its formation mechanism. In the case of
anisotropy, it is found that the generation of rogue waves mainly comes from the accumulation of energy and
rapid dispersion in the center. In addition, rogue waves are unstable, the spin-polarized current can control the
exchange rate of magnons between the envelope soliton and the background. These results can be useful for the

exploration of nonlinear excitation in Bosonic and fermionic ferromagnet.
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