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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Preface to the special topic: Non-equilibrium
quantum many-body systems

DOI: 10.7498/aps.70.230101

In the context of traditional solid physics, the majority of studies in quantum many-body
physics focus on the systems in or close to the thermodynamic equilibrium state, while the far-
from-equilibrium system is less known in general. In the past decades, due to the rapid
development of quantum manipulation and measurement, enormous novel synthetic quantum
materials have emerged in condensed matter, ultracold atomic, and solid state quantum
information systems, where the systems can be driven out of equilibrium by dynamically tuning
the Hamiltonian parameters, or coupling the system to a non-equilibrium bath. Due to its

unique feature, such non-equilibrium quantum many-body systems exhibit novel properties that
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are completely different from the traditional equilibrium quantum many-body systems. Lots of
fundamental concepts (for instance, the topological order, spontaneous symmetry breaking and
universality class) have to be reexamined in the framework of non-equilibrium physics.
Furthermore, understanding such complex quantum systems is also of important practical
significance for the development of the new generation of quantum technologies.

As a new branch of physics, non-equilibrium quantum many-body systems are far from
being understood due to the intrinsic difficulties of it strongly correlated and non-equilibrium
features. At the same time, instead of focusing on a specific branch of physics, the researches in
this field involve interdisciplinary theories and methods in condensed matter physics, atomic and
molecular physics and quantum optics, quantum information and quantum computation, non-
equilibrium statistic physics. The emergent non-equilibrium quantum many-body phenomena in
above systems do not only possess the interest of its own, but also exhibit universal behavior
that is independent of the details of these systems. It is expected that the interplay between the
ideas and methods in various branches of modern physics can trigger exciting physics in this new
field. This special topic contains several review papers written by experts working actively in
this emergent field. These papers review latest progresses in several important directions in this
field, including the non-equilibrium quantum magnetism and superconductivity, periodically
driven quantum systems, dissipative and non-Hermitian systems, integrable systems and time
crystals. We hope this special topic can inspire the interest of the readers, and attract more

young scholars and students to join this exciting field.
Cai Zi

Shanghai Jiao Tong University, China
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Fig. 5. (a)Spectral functions of the environment and the system; (b) entropy dynamics after the quench interaction between the sys-
tem and the environment. Here the temperature of the environment is higher than the system’s initial temperature. The entropy dy-

namics shows a typical thermalization case. Cited from Ref. [3].
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Fig. 6. (a) Spectral functions of the environment and the system; (b) entropy dynamics after the quench interaction between the
system and the environment. Here the temperature of the environment is lower than the system’s initial temperature. The entropy
dynamics shows a typical cooling case. Here it can be compared with “Black Hole Evaporation” and the entropy dynamics looks like

a Page curve. Cited from Ref. [3].
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Dissipative linear response theory and its appications
in open quantum systems

Chen Yuf

(Graduate School, China Academy of Engineering Physics, Beijing 100193, China)

( Received 10 September 2021; revised manuscript received 1 November 2021 )

Abstract

With the recent development of experimental technology, the ability to control the dissipation in quantum
many-body system is greatly enhanced. Meanwhile, many new breakthroughs are achieved in detecting the
quantum states and others. All these advances make it necessary to establish a new theory for calculating the
dissipative dynamics in strongly correlated sstems. Very recently, we found that by taking the interactions
between the system and the bath as a perturbation, a systematic dissipative response theory can be established.
In this new approach, the calculation of dissipative dynamics for any physical observables and the entropies can
be converted into the calculation of certain correlation functions in initial states. Then we discuss how
Markovian approximation at low temperature limit and at high temperature limit can be reached Also, we
review the progress of the dissipative dynamics in open Bose-Hubbard model. In the fourth section, we review
recent progress of entropy dynamics of quench dynamics of an open quantum system. Finally, we draw a

conclusion and discuss possible development in the future.
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TH: FFEETEUHRSE

I"XmBERKSIFEKEFIEIR

KK OEET

(THRERFEREHFVIEBE, JLat 100084)

(2021 4£ 10 A 14 HYZHI; 2021 4E 10 A 29 BYCEIENH)

ey HS R RS WA A 2 —, N R [ O3 i 2= 2 HAh iy B4R . 4Pk, A2 AR oK iy 3
) RRE SR B BRIRHE ) BARJEOR IR R . AMTEEIRE R IMA R BF R th R, X — ) 75 BE IRy 2 e
B T EEAME . BB KRN (non-Hermitian skin effect) iX — 3% i 1) L JE K BL G S 20T 1 1% B a7 %
18 R 80 LA B R 4065 I G R I IR . FERE 1S 1155 5 MR AR kg SO SR B9 A BLIH XA TR 2R A
AT KX (generalized Brillouin zone). 38 JER R B — R 50 RIS ] LLAE T SCAT B YK DX 45 208 5 2] 1
BT A B X AR TE KRB B iSRRI 10 E T ARJEK RGE M R E A I 4. IR A X A 1 ik [ 45
B I 2, X — PRIS AR R AR AR 1% Bk BE 7 #iE (non-Bloch band theory). S SCHLER 171 SC AR BL I IX AN AE 73 3% %
A B Y A, IR R AR TN TE AR TR AR 2 X 17 JE B MR R R S Bl 2 L TR R

A 8 TR - T 6 o P 25 5 T 4

KSR A HLN X, AR RRAION, AR A A A BIE, AR oK AER HLE

PACS: 03.65.Vf, 03.65.Yz, 05.40.Fb, 73.22.Gk

1 g

FEsFJ17E T, JEK WS B i (H = HT) 85
IR T BT RGN L EE . SR, X —Fh
BN O, SLPr b, IREYH ARG SR Z
(] R B AN 7] 2200, X SERR B 1Y) B RE AR A
4t 5 IR Z [ A5, ik LeAZ Wit FETC 4 R 48 A
SO K e it & i ERR A IR S TR R 5 ER
ARG, — Pl PR R G E — A
—MEMRRSGE, JFREREA B RGN e ks
R A 220 I R . 3 O v S s TR R
RN, PR RGERY A BT R T HRATC
DRYIBRRSE, 52 AN, Hs B i W AR H R 4.
— AT IS R R E T IO LMY R S
H S8 A B, ¥ HAE R — D FF A R (open
system). AHNHE, FLHS ] LA GE H—ANJE K G

il

* ERAMEER IS (HfES: 12125405) FEBIAY IR
t BIE1E#H. E-mail: wangzhongemail@tsinghua.edu.cn
©2021 HEHEFS Chinese Physical Society

DOI: 10.7498/aps.70.20211908

SRR R, T BRI A Bt (o
2 TE MR ALFRT). 4 T2 R R, KMl Jr
FAFTZATHL

TPt TR — AT U Lindblad
BT AR 1

d%t) = —i[H, p(t)] + ZH (2Lup(t)LZ

— (L Ly p(0)}). (1)

Hrh pRERRE R HEIER; HRRRSE LR

S S s Ly, iR RS MR Z A 53

B & T BKiT (quantum jump) B9 Lindblad #E#UE

¥, HARW R BT SE M 015 R G BT H S L E

et (1 sartizy PO = o), sop e
FR-A Liouvillian #8E4AF.

Lindblad & - 32 75 T J& — > 4 14 %5 1 46 1%

p(t) (A8 Ak 1Y S P 0 o0 T B T SR N 8% R R

http://wulixb.iphy.ac.cn
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s
—~
~
~—
I

2, P 1) Gl B — A e it (1) =
Zij p(t)ijli) @ |j), HE AL i Liouvillian #H4F £

&
ey
E\I?
et
—
&
&
=
N3
2
=
2F
o
=

~LiL,®T- I LLL,). 2)

Liouvillian #8AF & —MHEEKREAF, 7T LA X
AR Rl LR S | B £ NS = o e Y A
FERE YA L IETE AL

R E AR W ik Her=H — i) L}L,,,
FH (1) TN '

dp(t) = —i(Hexp(t) — p(t)HeTff) + Z QLMP(t)L;Tw

dt m
(3)
AR ET IR T B B AR AR JEOK A R
i Hes VEFH T A9AE Z IE AL, G —Hif R T
ISR A R ) B BKAT

I—H b i R R ) 1 K, A A B TR P
W PRECR I 28 AR LK AT R B W it Hepe SEAT7E AL
Op|Yp) = —iHeg [00) . AT — 22 MR RAE S — B 20 ¢
RARFIRE, 18— 8092 [)(t) — Ly [9(1)).
Bifi J5 X NG AR AE Hoe IVE T #4734k, B2
T—WEFIRE AL, XN E LT &)
TEAR LKA R % i A B L R AE R T
— B FHIE (quantum trajectory). SZES F, AT
DI A S o) A i B 5 A w7, DA
MR 00 5 2455 R 7 BE L 4548 28 1 a2, 3506
TSI A A £ HE (post selection). HH TR
FEFE AT AR Z2 2 SR R T o2, Bl
XA R BE Y L A T AR RN AT 45 3 2 i
FEMETE Lindblad 5+ £ 57 T AL

LRI L, b 7 R R PR, &5
FF R AR KRBT LA Her, He $538 T JR1EHE T
U PR BT E] AL, T LA T AR (Jeai)E
PEPE) By EE 1.

TR R FFRCE SFERUE 7R IR 7 A k2
FYRARR PR . ERERSER T, HAHE
YER 835 7 S 800 A FRER At &5 AJE
JEK L B8 BRi 2 Ah, R KR B 5k )
SRR R R R A AR, flhn, # e

W3 07 B ) LS AN E v 7 BRI B IE A,
MTECF AR R G, A PG HRI a5
GRS AR X — AR S AR oK. 3 29
P57 R G o] (B T A AR TR
FRPRG, WOGT MG AR B3 MNEOTE P R
- ReA % 45 AT 5 AL (exceptional point) 144 2%
AN (bulk Fermi arc)!'!.

TR KRB 2 A TR R R S,
GOt Rl Sl BERBIR RS, M
HEAVFZ e RSB B b, fr
DI E R AR O — A 32 T Jy ) 12:43],

21 g, BER S —A> EZ W 2
MRS, Horb A B LW 2 BT N 250240
FMRET LS. EA TR FRIERE R RS, Ak
i E B (Bloch theorem) $73 i % 22 ¢ 5 2L (1) ff {6
AT IR PR ESIT 255 B A R R N A R A AR T REA
AN, WO T TN SRR BT 5T
PRE M1 LB M R I A DA i, — i
& X AEAT LYK X (Brillouin zone, BZ) L. f5il4n, %
] B ZRRUV I FREL (Chern number) 3 A A
TSR PR Berry RAEAT BLIHIX ERYRY. #h
FINBET BRIS BE T 41 NS S RO R M XS AN [] 24 J32
DR GEIEAT IS, MRSt 17—
ANBEHESE DO, Hop ) MR — 25 TPl e R
“URi1%F 1" (bulk-boundary correspondence), i J5t
PRLAA A1 45 F (periodic boundary condition,
PBC) T 8 A7 ¥ b i ek BT 28 5 it b A B 5
FF i B %5 F (open boundary condition, OBC)
TR BFIME B RSB H Z A E —— X R
MY IEFR . FFMAS A0 PSS BA R ) 3 o
SR B SRR, HhFNh RS B TR T
FRENE, NN R TCP A TR, B TR
SR SR NS MR R B E A Y
I RIS

FrFDBET B 10 I DA S N B8 1) £ BT
KT NNTRHEFM IR R . fEX Z )5, bty
PRIz ] T B i A . 4, DT
AR R G5 A T 25 5 1 AR MR BT, X 5 TH
HIBFTERR AL 1 Fad o207 [ 1191,

FANEH ERTE L L ILAFERUS T BRIV AL
. SR, XL ELSAGE H TR e K RS Aijm
P2, AR E R AE AR R A AE. — 1A
SRS : dEE KRG IR EMETT BIR 2 A /8
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FERPIE T BT KR T BRIS (Y ] S48
B A RIE? (0] 2255 S [n] U {2 B AR
JEKRFFFNS PSR, WX HA AR JE K Y BRI S

KEE IR T “HE e A RN (non-Hermi-
tian skin effect, NHSE) B9 & 1925 A[EF ek
ARG, BAFRXTFRIEEAEEK RGN —A E 2
JoT 2 L SR SR S A R G AT AR
ATLAAEE A, FEEK R G, JFRGL AT
AHEZS I A BT A i b (R T 9
PP ) It Z o, mAEIR ek Rge, Tk
FGAE T AANE 38 5 DU Eo i i B 2R )
TER G AR, X — IR an 44 o “AE K
PR AL 19 3 — 2380y T AR A A s e PR PR 2R 38,
AR B AR RGERPE B FLR A+ or Usk.

TE & T Fh il AU, 7EARE K R g,
J AR T AR B (R SCPEA FLPH X
ARFIANR ) AN FEREHERA MR AR G AR
TR AR X EWE LK RG LG AL
X PR oK RGE R 2R S THAIEE
KARGIFMERT, 752K R RE i A ah AR e Kk
&N AE JE K BE 7 32 (non-Hermitian band
theory). %& T A SR IEEEMR AR A, X —REAT BIR
— M FR A “TE AR R g4 B2 7 (non-Bloch band
theory)1920, 3x —FEig A& i 115 48 B BRS04
THREAKE S, A BLIH X ) A FLPRIX. (genera-
lized Brillouin zone, GBZ) Fr Bt #H0#, 74k
AN B A S A B R DX AR Sy ) A FLPH X
X BRSSO AEAR I AR A A E B (non-
Bloch topological invariants), & 77%f i1 #245 B 4
Fras R R IS . AR NS B S A
025 A B X 07 G 2R R Sy Sl A1 % o A 340 %6 i

(non-Bloch bulk-boundary correspondence)!?.

AR H R T A AR T K B RIS 1 B AS A
BRI 5 2 W E SN AR KGR )
SCAT BLPR XX A HEAME 2 BEFS e T A B
XA PE BT, 26 3 e R JE K gl BRie 1Y
A TR, AAE AR JE KA S X 1 | 3E JE KA K R
e, Wetush i FAEEED (chiral damping) ., AE AR
1% B 5 K- ] XF AR P (non-Bloch parity-time
symmetry, or non-Bloch PT symmetry) 53 4.
B AR G HEE A ST B AR TR
A, AR KR BRI A RE S TEHOR B Y B R 58

HAF RN, HOERL S dR e — P R e 5E .
TR R PR, AR SCORREAE 22 AS 5 [0] 4 BT A B 23
Ji&, BOGER5E PTE— PRSP 9275 SR,

2 XA 2 X 5 Non-Bloch & #
72 i

2.1 JEERERRRIN

AT EIAJEEKREELES, B Ehme ok RS
AT I AR BIS . A ik BRER I, HA P
PRI K RGAE TN RS T B AR S R
AT YA PRI 0 - T (2, k) = wp, g ()€™
P SE R R TR — A NI HESh i, n 3R
REATHER, wnk(®) = un k(2 + @) 2 R HIPERY A 1 55
PEeREL. FEIX L, o 3RIR AR AR, X SEAE A T
NRATEE O N En (k) EATRNAE T REGHRET
251

AV 0 S5 A T J300 S 25 A 1 e 285 i
AH 25— A1 Wi v i B i ih FL I 0 H . qn 2R DL
W30 A AR {|n, k) ME R LSS, %l 5t
TR A A5 AN [R) B ASAEZS {|n, k) } Z BIFFTERH, H
B 38 I o8 (k[0 H|K ,n') ~ [6H|/L, H v [6H]|
RARBHIE K/ LERSRRZENKE. KW
[l k)[* ~ 1/L FLOH FU43 Ry M 3 M s S B £
W eRAL, B AR FE R T IE L T 1/ L.

TERTZEWBR L — oo &, 3R 1 SAET00 %)
FEFETTE T2, X BT A0 52 e AT L 208 PRI
EFHEH R R, JER ARG NELLRETE IR En (k)
. REMAMESE LR JE Gk &S
hn, FAEAG ISR LSS (1 R TT R B0 i 451
P2 TR

SR, TE— AR IE KRG, LiktERiS &
AR R A SR I BGh FEA I R &R
SN FHATLI RIS A R XA IR AR R
KRG AATE. A T BB X AP AR {E, T
A1 %5 J&— N T R ] F——3FJE K Su-Schrieffer-
Heeger (SSH) Y, HAR 1 ffAe 2 il 1 oy [1927)

H(k) = dyoy + (dy + %) 7y, (4)

Hdd, =t +tacosk, d, =tasink. & 1(a) 44 H
T ERSEES A MG S . ¢t 43 s A
ML Z [ A ERAE, ~ ARERIEIE K. dEJEK SSH
TR 25 545 B F M BT, AH DG A AESS 3.1 77

230307-3


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230307

THE. A9 FEGHE AR K SSH AR AITEA [0 A
ST RETE AN R T A, LAS | non-Bloch fg
HHE.

JEJE K SSH LAY 1) FAE X FR M 0. H (K)o, =
—H (k) (i #3 HAETE DL (B, —E) AYIE 20t i 3.
T JE W B 56N, AR JE K SSH AU Hepe 1Y RE
T bR A R IS AR Ea(k) =
BT (d, T T 2R, HoAeE i R A
(A& 1(c)). Mty =ta£7/2 (t1 = —ta £v/2) I,
REMWBEIETER =n (k= 0) SCHIBER.

SR, FEFF G AT, ek SSH 2l
Hogc W RETE 5 A LRI IR OUA 5 W35 IX
B (B 1(c)). o T BRI AR DO, nl DA AR 2S
e SR AR TR BT AR DL R Rk
bR AL [¢) = (V1,4, 01,8, U2,4, V2.8, ,¥L.A,0L,B)"

[¥(2)[?

0.4 F(c) - liB\C 1+(d) .~ ~_BZ
/ | 4
o2t/ ) / \ / \
< | \ I \ ! \
& i \ = ! \
= Oy [ ! T or! I
£ \ | | OBC || 5 \ |
S N A \ /
N / \ \ /
~_ -7 N s
—0.4F —1k - -
—2 0 2 -1 0 1
Re(E) Re(B)

K1 (a) dEJEK SSH & RUR B (b) FH A 44 F A
fEZS A 28 (8] A A, Hod [o(2)|2 = A ()] + [vB(x)|?, 4E
K L =40; (c) IFJEK SSH # B 7E il 130 B 545 4F (R (5%
2R) FIF RO S A (B SELR) T ARETE; (d) dEJE K SSH
R R ) SCAT LN X (M (L 52 4%), B A i LK IX . 24
fH: t1 =25, ta =1, y=4/31

Fig. 1. (a) Sketch of non-Hermitian SSH model; (b) eigen-
state profiles under open boundary condition, |t (z)|? =
[a(x)|? + |¥B(x)|? and L = 40; (c) energy spectrum un-
der periodic boundary condition (black dashed lines) and
open boundary condition (blue solid lines); (d) generalized
Brillouin zone (blue solid line) and Brillouin zone (black
dashed line). Parameters: t; = 2.5, to = 1,y = 4/3[%.

o U R AR AR A R 2 AR E T R
Hogsc [¢) = E |[¢). FFGHFSE T, 778 Hose [¥) =
E )5 F Hope [¢) = E|¢), Hit|¢) = 571 [¢)
H Hopc = S~ HopcS . 1 UM LI AR 460 36 B S hy —
AN F AR B, X AT {1 e e R BT
rlely How e = /[t —v/2) /(i +9/2)] 4
t1] > |v/2|i, Hope 28 L T HRUERIE K SSH ARHY
HERIFTIAE by ¢ = \/(tl —v/2)(t1 +7/2), ta = to.
YRR —AJE KRG B i, HAR S R AS O T
WFIEAE, H OBC REIG W LUl PBC REIE 45 1,
1M PBC HEiE AT LA 12 2y 25 (1] (1) i 2 i 115 3]
H(k) = (t; +tacosk) o, + tasinko,,. (5)

FEt] > /21 & N eI 2. T
ARV BA AR GRS, H (k) FATEE W Z T4
RIS AT AR JE oK SSH #8Y Hope 75 il F 45 14
THIRETS . BLET, BEBROCH AN B TE 6 = i, H]
t = £/t5 + (7/2)2 WL X 5B F &M TR
K SSH 5 Y Hppc 8 B & A FIAL ' 61 = tto £ /2
FEDEWX. 55 3.1 176 Z 0 B R X 1 bk
PR S TR AL R IR R e S M NP IR G 22E | [N
KARGEH AL

T EER R, LR A R I sk A
AN ARk SSH BLAY Hope 28 1 — AN JE K
R XA IEIFANE T A AT AR ek
SSH %! Hppc . % J& | Hppe = Hope + 0H , Herh
§H = to(|L, B) (1, A| + |1, A) (L, B|) FoR B A4
WAL A Z BINERE, LFERRENKE, Lk
AH oL AR e {15 S~ HppeS=Hosc + S™10HS. It
B}, STYHS = tor~L|L, B)(1, A| + torf|1, A)(L, B|
B R LR BOE KB IE. JH
WAL T RYAEIE K SSH Y Hppe 76 AH LA e
Ja 5E K SSH 8 Hope #H22 — M8 R AE L
KINFI, X Gk RGP IET 1/ iR 5)
AHEBEXN, 6H AFRER USRI, XA-HEE0K
P4 340 ST S R R AR 460 i ik A FA I T 45 TR R
BRI, 3T Hepe Ml Hope #176 #AR AN R HY
PERT. X RIARIE K RGN AR 5 UK.

X A A R AR IR R JE K R 4
P FFBGR FEAAT T B sR 8 b FFGh R A TR
K B0 i Hope PARZS I PRER o ) 76 25 (] 2 4
JERFTE. L, JEJEKk SSH AR Hope MRS
W PR ) = S |0 K LIS B0 TE R 0 &
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GEry A ( 1(b)). X B 85 07 T P Y
AR AL e LT B = et XM TR
kSRR b — k—ilnr. KAMAZS )R R EUR BAE
RGN T EPRR R AT K IR 1
TEAZSE R JR 5225 (8] A9 A 1 bk D 1]
0t I 431 2 (R A e A BLIH X FRATT A SR 23 10,
EAR LK B R RN T, 2 AT 4R A7 AE 18] 25 [
(reciprocal space) FIMEE? HiMLRIE L A&, AT LS|
AT AT BN IX A& 19, s B i H () =
H(k — —ilnB), 8% H(B) = H(k)|en_,s. T H KA
HINX e BALR 6 =1, TR b, H(B) 4
thTHRIEoK SSHBIRLAE A 130 B4R T RAIE Rg
i ([ 1(c)). # MR I adr, R BR k2N
Sk — k—ilnr, W8] =r, IR H(8) K%
B GH BT B R (K 1(c)). kR L,
18] = r T B9 &2 1H A B e T AEJE K SSH
BERL T AR I (B 1(d)), BA B TE5W
MEIHX (18] = 1), LR RGP E LK R
ge AR LI M. 24 87 AR FLHIX 83
N, H(8) FIASIEMEAN 817 734 1 S (6] f g 1%
FLEA AR T K A RSO 145 PR &S (19,
KD A AHE TAREAK RS 2522813,
BRI T HEEK RGO I A SR A B X
TR (75 2R 2 0 R EICHE A 00 i 55 1 R G A
FEME N 2R EARARNTT R

2.2 T XHEHNX

MAETEK SSH 81 1y 451+ 7] LLA F, dE)E K
RGAETF GRS T T 23 R e KRR
LRI pRE R T SO IR IX 25 . FEAREOK &R
g, S BUH X 7 TEOKAB BT A LR X
A, B TAEL KRG HhiE 2 MR nAToR .
B, BRI ZER AT AN BT SR A B UK X (1) 35 ik
SR
2.2.1  dFJEK SSH A 89 LA Zif X

TR A B IX, T B RN AR
B\EAEH. Flan, XFFE 1(a) Frosi3EJEK SSH
AR ] DA e i B A5 AT bR O isGh B A%
T ByREE . R RGEK N L, TEIF GRS 2%
T, AR S 23 (Rl B v T

tohe—1,B + [t1 + (7/2)] Yo, B = Etbz, a,
[t1 — (v/2)] ¥z,a +tooi1,4 = Ep g (6)

Mt 8¢ S5 75 T e o B0 () = D 109), ok
A ST U SR R AR, |01)) AR BREUE 3
(BT 0§ $8H45): (92,4, b,8) = B” (¢4, ¢8), il
AT 12 :

[(tr +7/2) + 287" ¢ = Eda,

[(t1 —7/2) +t2B] pa = Edp. (7)
FHE T AR JE oK SSH RS R 7 2

B = |(h—2) + 0] [(h+3) +£87]. @)

XATTRA PR

=B+ /B2 — 4t2(t3 —42/4)
bralB) = 2ta(t + ’27/21) ’

Hrp B =12 412 —~%/4 — E?. X MR E 8182 =
Ejﬂﬁ.ﬁ@wﬁwﬁﬁﬁiﬁﬁ@ﬁ%ﬁj:L
1

o, FOFAR 1 DL RO R

69 = L )
A tlf"}//2+t26j B>
6% o). 9)

/2408

(9) XBIPIANTTREAETT R (8) HYIK R T 255 Y.
AR T R 1R 1 MR BH 28 48 R A7 A2 P il S7 AR 4
18 B0 R B, BT L—E iR Uitk &
T, AT AR AT B A6 TR, S T35 bR KR
i — el Rk

ra) _ e (94 | g (05

ijzm<%o+@<ﬁ). (10)
TR () VR (9), LA RECH A
9%k, AR il A P4 . R Gemin
A

(tl + %) V1,8 — B4 =0,

(fl - %) Yr,a— EYr g =0. (11)

AW RBERIR X LIH R AR SEL, W R IR GiAF
TEAEE R 55 R
PPNt = /24 t2B2) = B3+ (1 — 7/2+1251). (12)
TER S EWIR (L —o00) F, (12) XM £ F
Wi B HE R T L. R (12) =X i A
HF181l = |Bal. QAR |G| > |Ba, WY LARK
B} 7 A B sy TR I AT DL 22 7 R A oA
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Pt —v/2+t2B2) =0, BRI t1 —7/2 + t22
= 08H 61 = 0, R4 B IE LT LIk, 45
G B1B2 = (t1 —/2)/(t1+ ~/2), AT LIS
t1 — /2
t1+ /2
UERPEEJE K SSH BLRL A 42 r 19 A HLJH IX
(1 1(d)), SHRIAS #7525 SR — 3k T e iX A~
TR R B O BULE T TGN R R T
RETE (1% 1(c)).

SR AT SCA BLUK X T AR T DA S DL
KIS EDWERAR: BT RGAEAE DI AL AR a5
I R B BT, B, H& MBI o (z) ~ CLBT+
CoB5 T L0 JE RGUAE LA WA B A4 . sl 2
Js, PO (e < 1) = 0= (x> L) ZOR
P FEEOE 2 A R BRI AR I AH BHGTH, T2 AL
ey, R, 78 = 1T C1 81 Al Co B Ab F Al — %K
B, MAE e = LHHE CLAT A Ca B3t /] — %k
W LT, SRR A AT (1] = (6],
AT REAE B fi0 1 S 245 (] (R AR IR 25 00 R AR

1B1(E)| = |B2(E)| =71 =

RIS

» Cip5
{ f

C1p

Cs P Co55

K2 AR KRR R AETE RO B T B8 B el i 7
ORI BRI S0 “BEI, R i By RN Bo I8 2B N T A

Fig. 2. An eigenstate wavefunction under open boundary
condition, which is a superposition of the 81 wave and B2

wave.

g, FETAT IS AR JE R SSH LAY i [ 1
J AT BUH DA TR 0. — AR TR AR
B R RFIETT FEAAAEA 1 —XF B, Fir DL 240 B¢ 5%
PERY DR 2302 2 — 28 XF T ix s — i ol 21
R 21 1y | A LR X e ?

fhn, & 3(a) Fm BA BRI 6 BRI
K SSH HLRY, HoA i ey 2 it i Dy 1)

H(k) = dyou + (dy +i5 ) oy, (14)

HrArd, =t + (t2 + t3) cosk, dy = (to — t3) sink. X
AR TF IR FEA A T A BA R e K RS
(18 3(b)), (HRIZEERI R RE T A 4, B
ToE I RN 20 2 3R B AR S A5 1F,
XA AR TE A AR A — A JE KA AL T 5L AT
P& IR, F A BN XA B2 — A3 (] 3(d)).

N T A —RAR AR R GE, 5 2 SN 3 1
I A LI

[¥(2)[?

—~ ,’ \
: o)
g I
Ny ;
Vi
—05F 7
0 1
Re(E) Re(B)

Kl 3 (a) A mR RIS ¢3 1Y AR LK SSH AL AR =&
(b) FF R TS R AAEZS 19 25 [ 43 A, o |y (a)|? =
[Ya(z)]? + [ (x)|?, L=40; (c) FIMIM R A0 (REE
2R) FHHF B S SR A (0 S 4k, T A LK Xt
) T RYRETE, B 00 100 A 3R X Ak 5 S T 2
B4 L = 40 RGEAE TR T4 0 T 1R () 13U
LI (i (5 5620 RIAEN ) S BHIX (K 6 552), B
BH: t1 =11, toa =1, t3=0.2, v = 4/3 )

Fig. 3. (a) Sketch of non-Hermitian SSH model with ¢3 be-
ing the third nearest neighbor hopping term; (b) eigenstate
profiles under open boundary condition with |i(z)|? =
[a(z)]? + |¥5(x)|? and L = 40; (c) energy spectrum un-
der periodic boundary condition (black dashed lines) and
open boundary condition (blue solid lines, calculated from
the generalized Brillouin zone). Orange points are eigenen-
ergies from directly diagonalizing the real-space Hamiltoni-
an of an open chain with L = 40; (d) generalized Brillouin
zone (blue solid line) and auxiliary generalized Brillouin
zone (gray solid line). Parameters: t; = 1.1, t2 =1,
ts3 = 0.2, v =4/31

222 —ABARG ) LA ZHK

ARAAG o — SRR SR LU X A L
T A, B e — e A R R ) X
A HLHIX, B R E S0, % R
i AR A 3 O T (k) =
S e m RS A 4 SRR BRAE
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2m + LA S L Z T A BRI R O - s i 2
e 52 B0 U L8k € [—m . KA IR B Ay
FARL e A — LB, e — B, ATE L —
MRl TEAT

h(B)= > taf". (15)

n=—m

PR 2 IO I A S 2 [ U i iy

H:Z Z tndldm—&-na (16)

S ST L 25 ) A o OB 8K, 0, 40
R R TR AT,

B i T X, 27 R LA
IR w(e) = (ol) = CF7, L C R s
i MR, 35 SRR L B, e
JPRLH ) = E o) He2h o F B

/(8,E) = h(8) — E =0, (17
(17) SHFR N RGBT 2. AN ThE
BB, FATH A (o) ~ B (E)" AT 2%
IR REAER et e, Horh B,(E) RTRR (17)
1 2m A2 . e SR BB AT AT
BUE) < 1BB)] < -+ < [Bam(B).

WIS IS AP, RECHI A ERE BUR (LG
FURHE TR (17), SUFTXHIA A G 0 o6 0
RS TR, 0, JBA AR (@) =
G+ L), Ho LR GE R I BE . X il 5 2%
PFBERAFIE RS DT AE— R B (E) S 5 = 1.
TER TR, A AP 015, ()| = 1, B
BEIEITRAFAE— MR B, (B) = €, k9280 e,
PSR T BB E(k) = h(e™).

SR, TP TS PSR e < 1) = 0=
U > D). BRI EER am A3 BB S
RELAEAL S () = Cubt MEAERSE
{22 AT TSR AF TGN, T A, B SefbL 2
O AATAT IS B0, 4 T A 5 A PSR T
GUARPE, RT3 MR Oi67 , A7 —
A ZRERENG €565, HAFEHES = 1, LA A
ARG B A BRI AE— R AFAE TR
By, EATHG 09

6i(B)| = 18;(E)l, (18)

RIS PR AR A 2B A5 A X T AR A
i B A AT RETETT Gl AR NI E:. 7RiX
AR, A g e{l 2, 0 2mb IRA, RANEST
AR IXATT R RE AR R GG AR
THYARNEAE R ? ST A I 3 AR AT LA K
(WA 2.3 795), QR 7 RRR AT HOR A T
FRT R 1 A0 PR 5 010.260;

1B (E)| = [Bm+1(E)|- (19)
JrAE (19) BEBHRRAE T R (17) By r A v A iR X
JNF P BRI ESOR B T 0 B AR B <R
AR (19) WEeRE B 2 XTI B A A5 TEE
JEARGWIHETS Fose. ILRT, 24 F € {Eopc i, &
G R B EA M TIER: [v(@)] ~ 1Bn(B)]". 24
B (E)| # 105}, U A& AR B I e 2 m B TE 4
A, BIEE KGR

HIFER, 5 E € {Eopc} I, BERPIMR B (E),
Brn-1 (B)TES T8 I — A~ 50 T 57 51 114 [
SRl AR (P 1(d) AIEL 3(d)). X4~ T A 2
N B (E), Brny1 (B) BT LR S BFR N ) X
A LK X 119201 2 a7E T AT B X RS Bhist, fh
FHE R4 Y B3R T I 2# RN HHiiGh
PR TSRS, UL, R (19) 8RR AT X
A KX 7 FE.

FET T A BN X & J AR e oK B B B
F*A non-Bloch BEH S, TEILKRGH, |Bm(E)| =
1Bma1(E)| =1, 7 A BN X IR 22 s 3], Rp4%
G An IHIX B = e (kS 5e%k). sent, dEJeokhg
itz N A CIE WEIER, Sy A U R TR e = S 7 e
MBEMX Z FAEDK RS, KAFHE T A HIHIX
ZTIEKRRGEMIERN. (bR U2, T A
PR X8 1 BB AN R T i DL Yy Rk i 2%
1, % T HAl S A A 30 B4, s EE (domain
wall) i1 B4 AR 14,

23 T XHEBRNXAENES

A i 4 % G T A P A A
AR UK TR (19), JFHRHE— B SR g
R 57k Bt A TR A 2 A 5
B

% IR (15) B A 1 — 2 0 4R TR B
R, AETFRGH AR T, AR B AT 450
B () = 3 G, Sl 5 R T
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h(B) — E = 0 BRI Cp R T30 LAY 2m A~
FRERBL Yl < o< L B, 558Xk k%L
iR B T e

S te + 1) = Eu(o). (20)
l=—m
MAE A, B s 7 A (20) AgIE L.
RAMNAEGN RS T m AR X 2m ATy
TR R FFTGL AR T AR o (2) A
WiEX. AN F « =1 m DM HBREAWT
R

> (i +1) = Ey(), (21)
I=1—j
Hj=1,2 -, m. IMEEHENT o(-m) =
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BRFIE Y m A R A B

S (L) = B - m ), (22)
l=—m
Hobj =1, 2 - m. SRS T (L +m) =
GL+m—1) = = (L+1)=0. ¥ ()=
ST CLBIRA (21) A (22) KBTI 2m A
TR, AT LA 2m A T AL O TR,
EATLELA QTR &5

2m 2m
> 9C =0, > giymiBCi=0,  (23)
=1

=1
Hrpj=1,2, -, m.(23) X g;, F gjpm, 1 5E 2mx
2m N RESE Ly -, b MIATERER BT
EMSREKE LTRN AL X 2m PNEYETRE
BA M LR BT N5 TE,

91,1 91,2 co g1,2m
92,1 92,2 s 92,2m
9m,1 9m,2 s 9m,2m
L L . | =0
Im+1187  Gm+1,253 © Gm1,2mBam,
L L L
Im+2,187  Gm+2,203 © Gm+2,2mBam
L L L
gom1 51 92m,253 92m,2mBam,
(24)

PR 181] < - < |Baml, ITRAFERTIZER IR (L — o0)
T, (24) XA (i8k LHS) W EF00h
LHS = 4185851+ /ByLn-s-z/ByLnH"‘
A2B3 B BrogaBm -+, (25)
Horpr Ay, Ag JEFN L ICRIFE AERTFR R, 0 =
LHS = 33,85 1+ BE o (A1BE 1+ AoBl) + -+,
B AL+ AsBl = 0. LT 18 (B /Bmin)” =
—A1/As. MR B/ By # 1, XA 55 2 A8 i bifi
H LYK M8 EO K 8O, AT AR T L
PR I A A T 25 W PR T 3k AN T R BT B A 1 2
B/ B | = 1, BE19:26]
1Bm(E)| = |Bm+1(E)|. (26)
BERPT AR (19) g AT AT EL R X 5 2.

IR ERIS AT DL B 2, R 2
AT ) AT V% R A R A H (k) & — > q x q IR
M (anJr A (4)), Hod g ABEH AL, RIS
Ivi] Lt =2 ) st ) R R B S R o, LGRS A RRAE 7
AISE U

f(B,E) = det(H(B) — EI) = 0. (27)

X H(B) = H(k — —ilng), T 12 ¢ x g AL [

—BIEOL T, LIRRHE TR 2me R, K A IR

1B1] < -+ < |Bamgl FILFEHES . 78 L7 A FF

A A A 22 0 RN A S A48 ma AL R T

O RRIM IR DL B 2 1T AR LR X
T

1Bmq(E)| = [Bmg+1(E)|. (28)

[, ) RS AR AR A S5 25 Hh T A B
IHIX.

B AR ek aE R BIE T 1(a) AIAREIEK
SSH AAIA] FHEE A AT BLIKIX. (452 (4)
G A = 2T, H(B) = H(k — —ilng), 3E
Jek SSH AR AYREEAE 5 2 det(H (8) — ET) = 04Ny
T2 (8) Fzn. MAUE=H ik E BE, 3X > J7 T2 4 5 S AR

R fufy = T 2 RS MIK
1+7/2
tl 7’}//2

A ) = () = = || 2 B

T2 (13). BCBLMIE ok SSH AR Y1 SUAT LI X
R LA BT (F 1(d)), SHIBAE b
S WA R A 125 5 — 5.

R F— B AR TR, 1 S A5 ST X AR A
AL I, 2RI 3(a) R LA R £
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AIARIEK SSH AR, K575 R (14) ROAT IS 25 1
i H(k)SEH S H(B) = H(k — —ilnB), 75 H 5
e R

2= [%4—(151 - %)-Hfgﬁ} [t35+(t1+%)+%]. (29)
¥ (29) WA LIE H9(B), ER—DRT B Z
W FHENFRE? = g(8) A 4 MRIBL(E)| < [B2(E)| <
1B3(F)| < |Ba(E)|. % & F) J7 #2 (19) B R A7 7E 8L
AH A5 AR R B AR A BN Bel? ) Horp
0 € [0, 2n]. XA N AH R AU BERE, L A]75:

E?=g(B), E?*=g(pe"Y). (30)
THERAER B2 15T B #2107 /& 1200;
9(8) = g(Be"). (31)

MTER 0 = [0,2n], TSR B(0), SRIGHRYETT
T (30) fHBAHRIY B, %% 6 el 215 N FFAETT
i B ) AR Bo () F B3 (B) (X T — BB, 2
B (E)H Bri1 (B)). #54E, W AFN Bt J& T XA
BRI, 28 0, X SEfi AR G A L T IR )
SCATHLPRIX (18] 3(d) e 855 2k). T E Y
J A LR XA 2 B 3 3 BH R 00 R0
T, HA TR AR Lk SSH &R TC ik ot
AR AZ B8 SRy — AN JEKAGAY . Sk | SCAw LYK DT
PLSRAS R GEAETT 0l 554 T I RETE (181 3(c)
WS, HAi R 57— A IR K IEE B a4t
1AL S22 [ I 2% i 6 T 45 1Y RE T — B (18] 3(c)
RO R). EERREEI L R F M0 N HEE
REM RN RS, Hae s IRt )™ SO BN IX 48
L BCURBH T SOA ELH X R PR A 1Y) 3 SRR
HIEKZRGE P BN f 2.

B 2 AR e R RHE R £ (8, E) =
det(H(B) — EI) = 05— KT EM SRy Z I ATy
T2, AT RIRH

2mgq

F(B, B)=cu B [ (B-8n(E)) =] [(E:(B)-E)=0
n=1 i=1

e g Shragar AT m Sk I R] s i BRI
XA TR — & REAL AT ST J7 2 (30) ARFERY
p1(E) = p2(B)ER, Hrhpr, po RREEMZ IR,
PRI, T ik f S b K g i B B5C T B 5 2
p2(B) = p2(Be?).

AT A R ) A BLPH X, AT LA
FI 4530 (resultant) B b J7 k4 —

RGBT XA B X (auxiliary generalized
Brillouin zone) #7749,

J7SCAT BLPR IX 7 R BRI 5 7 1 B AR
KA, TR MREA T XER: = B,
Hrrg € [0,2n]. HLBT BN Be® BB NFFIE JT R AIAR :

f(B,E) = f(Be’, E) = 0. (32)
HE—D0, AWM KT BH B 27 2,
FIHEE e AT DL bR e R B, 138 —1
KT B AR BT B R(B, ) = 0L XHAT &
0 € [0,2n], IXAT5 R AR Rl 2 f(B,E) =
f(Be?, E) =0, FIEATZITFE (18) Hfif. X Uik
AR B B S A RPR A  B ) SCAR FLPRIX 91 Gk
BEHR P H 6 AR A5 B (B)] = [Bing1 (B)| AR ED
AR A KX, SE iSRG FA T Y
RETEFIIE PRES.

FE 3(d) Hr R e S LR RN Sy HAG TIC R ¢ BRAE T
HYAEEK SSH ALY AT B SCAT LK IX | 61 (E)| =
1B2(E)|; [B3(E)| = |Ba(E) X LAY 467 Bl )™ A HL K
R S N N N

T8 B A 5K DR Bl 7 SO 5L IR XY
WEE, AT DABRAR — SRR R it Sl O K Bk Ak
(critical non-Hermitian skin effect) [ 42 16-48],
AN BUH R JE KA AL

1= (5 )

BT SRR TAL, Ht ha (8) = (ta — 7a) 87+
Vot (ta +7)8, H a=a,bF£m P BHAEE K
Hatano-Nelson A5 # [49:50] 33 /™ BRI AR U 22 [H] (Y
M HI 20 .

M B 2 ARG (0 =0) B, X
MRGFFETTHE (E — ha(8))(E — hy(B)) = 0 R 3
NP TS E — ha(B) = OFIE — hy(B) =
0. BT 43 %5 0L PR A BT AR A R AR O A,
7 A B X PR X AN 3 242 00 ) R

ta_ a >, 2
Bl = 5| Hehra= a,b. HHERTRAIF

BOA T2 T BIRETE 2L S0

IR, P PR RIAEAER S (0 #0) I,
WA HE 1 By AR A RA RS (5L Bl # 185 ) 5 BEH
B, fAR RGN A HLIH DX f B P A 5
. S B R 5 R (B — ha(B))(E — he(B)) =
&2 ANFHRE M A PN ST B B R T R X AT
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Fig. 4. (a) Sketch of a single-band non-Hermitian model
with asymmetric next-nearest-neighbor hoppings; (b) eigen-
state profiles under open boundary condition when
L =100. Blue/red eigenstates are localized at the left/right
side; (¢) energy spectrum under periodic boundary condi-
tion (black dashed lines) and open boundary condition (red
and blue solid lines), E, = —3 4 0.1i (yellow point) and
E, =4+0.1i (green point) are two reference points; (d)
generalized Brillouin zone (red and blue solid line), auxili-
ary generalized Brillouin zone |B1(E)| = |B2(F)| (gray sol-
id line), and Brillouin zone (black dashed line). Auxiliary
generalized Brillouin zone |B3(E)| = |B4(E)| is out of the
plot. Yellow and green points are the zeros of h(8) — Eq
and h(B) — Ey, respectively. Parameters: t1 = 2, t2 = 0.3,
v=0.3, k=0 152
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B [B2(E)| = [B3(E)], AT HRAGIF ROl 4%
PETIREDRE (] 4(c) TV EOANEE (ILR). 14 4(d)
HIIR LT ST HLIRIX | 81 (E)| = [ B2(E)].
FBLS AT BLHIX |83 (B)| = [B4(E)[#E H T A B R
JR/RIEIH.

AR, XTI HOA AT B —T
OIAMERS RS AE RGE A ZE M, i 55 —FR o AL
SRR G A MR AEXADRGET, Fek
8 JERASUIN JRy 34 7 1 A LA R KR RS T 5 /s
A5 T AH B 3l B R B Ry SR A T A JEk A%
¥ (bipolar non-Hermitian skin effect)P, £ Z87F
PR S TSR B B A —E SRR, RERGHF
TEATA MR A4 B ) OR, BN RIER 5945540 3l
) ZE BT A HOR (ML 3.2 747) 1.

T 2 R AR TR R RSN, K A B 2R
e LA E S RGP R DI R], B
A JE KA IR AR 1) 28 G A SR 3300 5 4 0 T RO g
TR P B IE  S RERRES Y, AT G
TN T BRERERIE BRI A HYICRE S (] 1(c),
K 3(c), ¥ 4(c)). IIE 4(c) ATRLFE H, THGh # 5%
7FN B RETE 0 30 2R 1F T RO REIS BT 3R g, B
PRGEY T7 1) A F I B A6 T BE 1 X IO A 357 bR
BORBRTT 10 A0S O 1 20 & b SCHR P, 51 A
AE % I 28 — 1> 2 F ik & Eony 3 S8 8 (winding

number)P254=57);

we(Fo) = - ) g h(3) ~ Bl 45, (39)
S arg R SLACHOWEAA FLC O BU R, % 1651
M(B) — B XTF BT IZTIR, (35) SN T

we(Eo) = Nzeros — Npoles (36)

o Noeros (Npoles) ARG HTE C N h(B) — Eo I 55

AR 53 Bl 1A C it AL e A BN X, wez(Eo)
FOR A BT B RB IS PR 58 Eo i IR, X
DGR E W AT fE B # #N (point-gap
topology) ALK RGEMA WML, FEJL KRS
o, ANIRATFP I A, R RETE AR A2 SE 1 Y
AL B ILRE X AR ANZE BB IS B 1S5 5
Eo, HABTEHAGEIIANE. B2, K RSTE
JAIAH P T I RETE TR O IR S, PRI 2 IR
R A GEE waz (Eo) # 0.

WE 4(c) B, TEH TR (34) FrfidR i oy

R JE KR | BB 275 5 Eo A Ey X0 Y JE 1930
R T RIS IR 58803 0 R wez (E,) = +1 F
wpz(Ey) = —1. MXMER P REIEZ X h(8) — E
FE SR AL & — > R, B Npoles = 2. LI, FE
NGRS 8 E, | By TEAT RN IX WA
3/1 ANE S, W 4(d) WP s /S TR,

SR, FEHFHGA AT, dEJEk R R RERE
Y SRR 254, B3 1, LRI “ N
R AU . R, anSeR R FlE C )
AT X, AR ZE (e Eo ¢ {Eosc } ¥IAPIT
I FAAT T I RETE T RS 0254 R

wasz(Eo) = 0. (37)
BEBEIATET™ AT B IHIX Y Noeros = Npoles . XK FR
AT A 5 — iR R ok AR . (B — i B 2
Tz h(B) — Eo n] 73N

h(B) ~ Bo =t [] (5~ BalE0)),

XA 22 0 AR B AL S — A m B AR A, B
Nooes = m. BEAEHCE R R (B =" 1,67,
4 |Eo|—oo B, h(B) — Eo=01E|B|—0HI[B|— o0
MRS m AL FERXFMEOL T, 1 XA EIHIX
£ [ T TE (8] — OB 3T 1) m A F & Bi(Eo), -+,
B (Eo), B Noeros = Npoles , 1 15 wepz(Eo) = 0. ¥
Eo\TGg5 imAb i g i vl HELRE i Eo AN I
WCGIF R T BIRERE, B (Eo) Fl Brng1 (Eo) BAZ
FIRTT AT LI X, AE 30 F A AR 1 1) 26 S5 4L
wepz(Eo) TEREAN I AR TP IR ZARFEAAE.

R R FEGH P4 F T B RE TS 38 5 T2 LA N
HB DX I 1 SR BOTCIRIE 2, Fr LAY Eo ¢ {Eosc}
B, EVREFR B — SR S AR NG Eo TEA 20 T
NFEM T BRSO B LT B sh B 055 i AL .
I, ST RHIX N SRS B (Eo), - 5 Bm(Eo)
X AT, B Nyeros = m. HHILATERI 7R (37).

R B SERE B B BB A T TG0 A5 1 B
R A EE THEFTR, ke KR A
WAL 27 R EoTe NINFRES 8l 3] Jo 5 e Ak iy aot
g ok OGN R AT W BRIE B, B (Eo) A
B 1(Eo) BT A A B4, EATHE 535 i 3%
AT A BRI PR, ) SCA BLIR IX N AR 2
HB1(ED), -, Bm(Eo)iXmANE e, Blwesz(Eo) =
0. X — SRR A — T 1 5 B, H5E BEIE
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A3 2 ) Sk [52).

HHE (34) FrR ARl & 4(c) HEER S
% 15 Eo F1 Ey XN TGRS T B REIS 1) 3158
BHINE. % 5 E, | By 1) UM B NAT 2 4
G 4(d) TR SRS TR,

RETE MR GBR I S Hak & Eokb 15 J4]
W R I ERARBE I AT, wesz(Eo) = 0fH
wpz(Eo) # 0. X Ui AR BLIH X R A LM XA
FEEA. T O BIH X A SRR B AR
X L O T TR0 P45 S 28 [ AR AR 285 38 R ESCHE Ry
WE R G A, 2R K RN . an Rk
WOFHOO R4 T — D ARIEREEAE NS % 5 Eo,
wez (Eo) M 1E 11545 YL AE Eo I XF R i ARAE 25 5y 35k
FER R 22030 B slcA s 3 (1 4). BRIk, JR
WA T I RE TS B IR RGBT 5 FTT st 5
ZA T AR TR RN A 2 —— KR OE R 204,
W5 R B, A RE T R Z A SR HAARUE
NGV AR e AL 7B T IAER

XA E I A A E T B RE IS IR SRR G
TR B AR TR K A RN (1% o 6 R AE — 2 &
FE AT RIS gk R BIE—A m e ek &R
4c, S A A N R RE IS AR 2 i b
W T — AR A X, IR ATE R BT
2 PR T KR RSN ). T BRI, e
AR TE KGRSO i 14 22 [n) LA T B

3 AfJE oK HE AT 0 6y B

IS B X HE S 5 non-Bloch BEHF FEIE Ny
— R e R et T A, MR TR
IR IR . AT EHE AR e K R B R AR X
AN -7 NEE VG A ) WA K= R (158 - R % | E | R RS
PT XFHRM: A5 77 T i .

3.1 FEERIFIPRFEHRDIT

Non-Bloch fig7 # e e W4 28 T 2%k
JEK RS RGN AR, FEJEoK REerh, L
SRS B A 1 o iy 2 i i 2 AR N AR
SR BN RFE T M A S Z RS
XRS5 Z =11 B FEARJEK R G, 118 b
i ) RE T A LT X Iz A 8 ) ST T R =
PRVECS T G B 55 T B RE TS M ik R B B B

AR, T TR AR T RAT 1y 2 R A9 4 MY
JRGHE TS TP R A T IS w0 Sbn
b, T AR AR B A AR A R AR
AR, — IS BT IR T R AR H Y
AR 19,

DR g A % A e 3 B DG 1 il I B 2R A
T HYAETEARABIRL, BT LA 1844 A A e i
YR T HOH A T AR R R R ST SR M.
REWS 2] I 3R JE K 4 JIRAUV Y non-Bloch BE#H BHi&
A DA ARG AN L R, $hd AN B AN E A
fege A LK IX L, i CAE)™ SCAR LK X L.
ORISR B 2 1) SO LI DXL e o
TS M, PR AR IS AN

A8 & (non-Bloch topological invariants). ‘& g%

WERA LT 5 T BGH AR T RS AT R, S
PRI T A ER RGE R AT . PR, (A %o o D
FRAEIR TR R R ER ST, (A SO ARk
A JE K A4 30 % i 56 R — MR A non-Bloch 4 1
XTI

h T AR T T A BLIK X B AR AR 1% AR
AR, % 1(a) BTR B AEJE K SSH 4551
(2 (4)). B 3(a) Frs BA AR BRI R e oK
SSH #i# (J5FE (14)) RIHRFMEFHIA RN EE L.
H B 242 3], K SSH HERI7E & 1154 7L 4
TP HGH A5 T I RE TS A 4 0 1 X AE s
RGESHET, FFHCOREM T RS B S
(t1 = £/t + (7/2)%) FEAXT R 0 B 4500 T R
BROCHI AL B (1 = o £/2), RN I
BN R REBR S AL E, anlEl 5(a) BT, R,
ST 20 AR JE K R GE R AR 6 R, T 2R A non-
Bloch fgr HiE.

i FECT T () B0, 8 A VNG 2 T ek A B 8
B L, ARIEK SSH SR 2 i T LU 1
H(B) = <t1 - % + ﬁtg) o+ (t1 + % + 6’1162) -

(38)
H oy = (0, +i0,)/2, B=re*. FEXH | r=
VIt —~/2)/(t +~/2)] 52 AR B X AR 1
ke (0, 2n] S B M. M BUE ) A HLIH X A5k
W, Bk H(B) AT S5 1 T FF el Bt 24 T 3k
JEOK R G0 1) 3% SL ik, LR B A& 14 A 22 508 R
ty = £/13+ (v/2)2.
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b AB+(/2)7

'eo-e-e-o—--o---o-
t1= B+ (/2)?
3 2 1 0 -1 -2 -3
t1

'
Ofe-o-o-c-eed

K5 (a) dBJEK SSH BBIFEIHOA S AT F MBEISHK |E|
BEAE S8t AL, O RR BRI R DAL, K
L = 40; (b) Non-Bloch #i P AR5 i 5 ¢4 AYA5 1k, 24U
fH: to =1, y=4/31

Fig. 5. (a) Absolute values of open-boundary eigenenergies
|E| for the non-Hermitian SSH model. Red solid line repres-
ents the topological edge zero modes. The chain length
L =40. (b) Non-Bloch topological invariant calculated
from Eq.(42). Parameters: to =1, v = 4/3 1.

H(B) FIAMEAEAANEZS 4T

H(B) lur) = E(B) |ur) ,

HY(B) [ur) = E*(B) ur) . (39)
Fortfug L) 73 3 2R H(B) A R AZER . ek
SSH #AY { FAE X BRI AR [dr L) = 02 Jur,L) JERE
N —E(B) WA RAAE . AT R A I — 3
Z: (uL|ug) = (uplar) =1, {(ur|ar) = {(ap|ur) = 0.
H1 AT DLSE S Q AE R

Q(B) = |ur(8)) (u(B)] — [ur(B)) (ur(B)| . (40)
FAEXFRME 0.Qo. = — QU EA W T A fE

Q= (q91 g) . (41)

IEHT, non-Bloch M8 n & A& AT HLIH
X fit A4 [19);
i -1
21 JGpz 1 1 ( )

lE 5(b) PR, AT AR IHIX P non-Bloch
FFbA A B 20 TG A T ARJEK SSH R
BRI R RS RECH , HERRIE TR RER

(ZSURSITA

JEJEARAR TN R GE IR X R O 4 AE 2 T2 5
P B, b e o RS P Hhihh
% 23 OGrE AR R GE O MR ATRL 29 S G e
B 25 SRS AE HO LI B A JE K R, I s T 2k
FJ A LM X 4 non-Bloch g7 FRIS HERf HuF
R THEIEK R G BRI

Non-Bloch A1 X i 3¢ & (4 17 FH 78 [ A5 BR
TR R fAT B T GH A4, BT DA T
MR R R 5, R e oK R RE R 48 1. R ek
7 R0 FT non-Bloch {4 i1 X [ 7 5 4k 2 G2 i
RAEE B, E AR JOOR R4 2k ] DL
X non-Bloch 5%, WS T ALK MR 21k
B TR R FAS P E E PO (E15 45, X 5L 1Y non-
Bloch WREURTEEZEM IR TR0, —4EsiH m 4
JFE %) non-Bloch #iFMNAE & 1Y &AL S 1A
B A AN, MR DK RGRAAEE T B
EJE KRB, ani R JE oK IR AN, DA K H
=5 AR JE AR AR MR 13,6068,

3.2 JEERIBINEE

EJEK R G 5 — R E LY R R AE e oK
FEARPREL. AR PRESCTE P B2 O AR 22 ST AR 1 i
ToaEENAA, T T RGN TNV NMLShRY
AL PRIk, HFFE RO R AR AR ek AT LAFE B 2
AR TR oK R GE A ma AN Bl g 27 o

F Al 4(a) Frs B EAA X FRUGE LB ERAT (Y
— YL ARIEK R GE, HAAR A 6] T A% AR R BUE
XK

G(w) = (w—H)™, (43)
Horb g oS3 RGBT R, ik
T T RIARAREREL G (w) F G (w) X TR GEK
FE LR HOROC R B an Bl 6 B i 8 £R 1k i
1724 BbU:

Gri(w) ~ (a5)", Gi(w) ~(ac)".  (44)
Feal, Moy > 1(ac > 1) BFRGEXA B A
&5 e N 2> B A (Z2) BORBYAHIE.

A& non-Bloch A& BE, TFHGH A &A4F T 52
23 [A] (R JE KA AR R BICRT LU ) SCA FLPH X |
) R ARk 4R B

d i—j
Gigle) = /GBZ 2755 w f h(B)

(45)
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i G B w — h(B) = 0] AT HLIHIX A9 A

102
B WE 7(a) FE 7(e) Fias. 55 2.4 TUEB T A B
5 5: 1007 WX AT mNEEB(W), -, Bm(w). KL, 4
09 o T e i>>§ W, FRAR PR B T N AR

el D Gij(w) ~ B (W)™, i>j. (46)

10 5 10 15 20 25 30 10 20 30 40 50 60 . " . L
L j [ BT, 20 << I, ME AR R A BT HE T A
Bl 6 (a) 7R (34) 8 0 3 T K A0 76 JF i 3R 4% 1 Gij(w) ~ Bms1(w) 77 <. (47)

TR TR AR R |G L1 | F |G|, SRR SO L
WX HE R B (b) L =80 1A [Gao 5], HELFRR
P AT MR AZI B . SEBUE: 6 =t2 =1,
y=4/3, k=—0.8, w=—1.701

Fig. 6. (a) Non-Hermitian Green’s functions |Gpi| and
|G1r]| for the non-Hermitian model in Eq. (34) under open
boundary condition. Solid lines are calculated from the gen-
eralized Brillouin zone. (b) |G4o,;| for L =80. The blue
lines are the results from the generalized-Brillouin-zone-
ti=ty=1, y=4/3, k =

based formula. Parameters:

—0.8, w=—1.7b1,

ARk, HEHIE > JIELL. o) X
A HLH DO B SR i) — P [, LA
B ROE BRI (45) AT SCA HLIH X N B A
A BRBCZ AL D TR SO B DX Y B A

W 7 R, B A o, o FIF
BT AW — h(B) =0 BRI B (@), By ()
FEAHRAE, B

asy = B,
e = |Brr(@) " (48)

HRGAFALIK (0 > 1k ac > 1) I,
B () 3R 1 (o) BL T S B BN LK 2
1 F 1 88, W] 7(a) RN T(c) P, (A7 — 4 A
S 75 MR B R ELAT IR
BRI R G AT RO (1 7(a)— 1 7(d)),
T 57— 451 2 I L 2R 4 T 28 WK (1] 7(e)
R T(W)). BT R P T 5
KB = h—.

1.5 1.1
Lol 0.4 ((b) |52] 110 0.4 ((c) as 1.2} (d)
0.5} 0.2 199 0.2 Lot
a H{0.8
R «  ofF - lor © 0-7”””7”:! s o8l
—0.5} —0.2} loe  —o2} -
— - or o
1.0 _04} 105 —0.4t — ||
—~15 L L L L LI0.4 L L L L 0.4 L L L
-4 -2 0 2 4 -4 -2 0 2 4 —4 -2 0 2 4
w w w
n 0.4 H(f) |85 ~* 1.4 0.4}(g) a
0.2 12 0.2
o “I 1.0 :
= Oof ¢ 0 ' 0.8 « 0 ’ 3
— 046 ,,,,,,,,,,,,,,
—0.2} —0.2}
L 0.4 0.6 . ac
—04}f 02 g4} B3]~
1 1 O 1 04 1 1 1 1
—1 0 1 -4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Re(ﬁ) w w w
Bl 7 (a) WHEINX GEEAEL) ) XA R (AEAEL). Bz FA(B) =wfEr=—0.1, w =48R (Bs 75 RR T

ZHN). Bafi T AR I IX AT M X Z 18], (b) |B2| M w, k AETL. (¢) as BHF w,k AELL. (d) |B2|Fl as IFER (c) H
M k= —0.1197281k. (e) Al (a) WX R w = —3, M} B 0 T AT LI IXAIAG RIHIXZ 08 () B3] 7L, (g) e . (h) |B3| 72
Ma IHERE (g) HHEL k= —0.10 2L, SHWUE: t1 =2, t2 = 0.3, v = 0.301

Fig. 7. (a) Brillouin zone (blue dashed line) and generalized Brillouin zone (red solid line). B1,2,3 are the roots of h(8) = w with
k=—0.1, w=4 (B4 is out of this plot). B2 lies between the Brillouin zone and generalized Brillouin zone. (b) |B2| as a function
of w, K. (c) Numerical a—, as a function of w, . (d) |B2| and a—, along the dashed cut x = —0.1 in panel (c). (¢) The same as
panel (a) except that w = —3. B3 lies between the Brillouin zone and generalized Brillouin zone. (f) |83]|7!. (g) a—. (h) |B3|~!

and a. along the dashed cut k = —0.1 in panel (g). Parameters: t; = 2, t2 = 0.3, v = 0.3P'.
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L IREE X2 Z A AR OKR B AR SR BT itk
B B (w) B Brrge1 (w) A ARES T 2 det(wI — h(B)) =
0 1y ]RGS2 A B,

I, AR TEORAE AR R ECRT T SCAR B Xt A
flAEDCIR I FR AR N, An7E T s )iy v 581,

3.3 IEKEEHAF

Non-Bloch fig#7 #He AT H F 11535 s
FREAE T A2 (Al A A% AR eR 2, 18 AT H TR AR IR
KRG 3l T2

FE— I ETE 4R B RGNS (GBS
HA) A7 AE. Longhil® #F5Y & B, RGN
fu Ak 8 7 22 K TR AR BR R B9 Lyapunov #8544
REAE H T SCAT B DM DXk 201 A5 BRI, Al )
2F 4 B Lyapunov #8505 A 244 T0 6. ANE
2 JE A 0 B 2% A A S I i B 45 1, Lyapunov

BECERS T AT BIHIX iAo X— N
SEESERIAR JE AR RN S T 557 A L

VEER R GV ATE o ALY 6 BREL Y (2, = 0) =
(2|20) = Op g - X TVRALKGFAEAR LK IS 25 i H 1Y
YER T 7 Ak, ¢BF 20 % R ECH o(x,t) =
(zle Hzo ). FERIIL AT, 0T DU A i
TR PRI

Wi, t) = /027I %ieik(x—xg)—ih(k)t

_ /BZ %ﬁw—zoe—ih(ﬁ)t7 (49)
b h(k) 2 H OGN ) A 36 6 i % AR T h(B) =
h(k — —iln B) & B 52 T A i (49) 50
ATLVE h, SRR ENAE B = 0 A — AP A
X 150 B AR 53 BT T DAAEAS 85 D e AR 50 M A
BRI F SR A LA, anax AR JEK A 25 0 5 B
XFIE AT A LM X DR, 7R A BN X B AR
B BB S g FRE R o (1), BRI A 55
P AN A5 W B ) 2 A AR TR Y
178 X ER A E] ¢ /NI B R
AR Ti) 75 D)3 A R A 7 SRl 32 31300 AL ) s el i ™ A=
25 AT LRI, #R 7 2 i BRTS 1) B Ss A% AR e £
G(z,a',t) = (z|le |2 ) 7E t 5 /INIF 5 R GEH 0 5
FMFIER M.

SR, RIEAE SR AR BRI sl S 5 i
FMTC, () PSR S AT LK X (5
B R U v T W AR © = o + vt ] 8

AR Lyapunov #6848

A, = lim In | (2o + vt, t)|

t—o0 t

Lyapunov F8E AR KA N JRHID A5 44 T BeiE Y
I R HERR: max(X\,) = Im(E,, ), Hrp UG R R I
AL L v = [dE(K)/dk] . QR R GEAETTIL
R BEAAEEKERAOY, 7T LIIEM v =0
— %€ AN J& Lyapunov 8 F a0 M R AE &, Bl Ao <
max (A, ) 9 33X 8 B R JE K R 2800 25 it 255 ) &
GENFR R ALE 2.

I SCAR BUPR DXCAT A2 AR P 0 o s e ) B
FE IR R AR AT A3 L o7 1 05 R
B (o, t) TEA I TR FR T 9474

B _inaye _ —iBB)t
To,t) = —e ~e st 50
1/J( 0 ) /BZ 2mi3 ( )

S (5 Je— b, BT -
B=p

0. (50) sLF W, 75 KA BR F v = 0 ) Lyapu-
nov $5H N = Im[E(5,)| JE 51k A4 A 1 e
AT LIER, TR R4 R IR A S
SR (P 8(a)), SR B — 2 A TE S SUAT HL
PHI 09, AT 2B, IR I A
S L R I AT, £ PR A
R 0 K B A SR04 41 T R0 8 e T
FRY A Sl O HE RS2, [R5 A L R
Rt LM DI 2. A AL — B T
GEBLR), 1 — L5 R

100
(a) IE!(E;) = —0.279 (b)
ol I/ES v \\
7\ \
—~ I/ \ \ = 10-3
8t v 5 o
g A | ' Y ©
— | \ | / = 090‘9
Y / 10-6} §
\ /< - //
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Re(E) t

8 (a) MR A (CREMEL) FIFF LR A (6
S T, AR B 200 = 0: () B
137 5 U FRBCHR IR o) (o, ) | BE IS 160 93 £k . SBCBUE: ¢1 = 1,
tao=1, vy=15 k=-12

Fig. 8. (a) Energy spectrums under periodic boundary con-

dition (black dashed line) and open boundary condition (red

solid line). Blue points are the saddle points satisfying

OF
ﬂ =0. (b) Time evolution of wavefunction amplitude

oB
[¥(z0,t)| at the initial location xo. Parameters: t1 =1,

to=1,~v=15 r=—1.2.
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PR R TR A 2T R At (4 e (05 T A 40
AT T REIE AN, FTLA—EH Ao < max(Ay).
il e SUN RSP L o ve S N1 | B ey i 3]
FENT, READREIRBLAR LK RN AT A
FLPH X A o 1091,

VR BIT, %8R 4(a) BY—GEBAHFRERL A —
SR K AYEE (L = 1000) [ EB (20 = 500) HA
— BB (2,0) = 6,0 HE—EMSECT, B
B AR, ©(o, t) 2 BT 8(b) Frs T
O IAT R | (o, t)| ~ e 0293 X AR H
B2 TP GH A5 T BT Eosc A Ui i1 HE 8, R
M EsBY HEHS Im(ES) = —0.279 (& 8(a)), 58 HiA
b RN RSN AL e

Non-Bloch figr Bl FR T 76 . 8h J) 24 v
PR SUA LR X s O R, A HA S 2 AR ek
BNy B R R A A T G0 e AT DA TRk
1P RIS i 28731,

34 FHEFKEK Liouvilian fEPE 5
FHEFR

AT, JEEK RGN sh Az
| non-Bloch REFVE B IR ZIFE M. 76515 6412
B, Pl TR & 1) Liouvillian #3845 0] LAk
VEFAAE R B I A SR S oK s i, P T
SR JE Y B E] e k. — AN E ARG ) R
Liouvillian /£ —~ 38 JL K & 6 0T DL 3R
JE KA A ? H W BSR4 7 AT LATE
non-Bloch REH B THIE?

NI M Lindblad & FF FFEHE &

do _

o = CAH.pl+ Y (2LupLl = {L{Lu. p}) = Lp,

' (51)

Hrp pRERG B, HFRRRG LR
G, L2 iR RSB Z R G 5
AT, W98 & B, Liouvillian #8547t 5E
JEBARIE KRN, HLIX Al 25 35 H 52 e 5
GEAERIN A T s 12847 . fE—RIETFilE &
g, KA IR BR T A R B AR S5 T DA
RAECE Y i TR, A Beh R4
AR ki TR AR L

R HAAGR WL, 2 AN K 9(a) TR I FF SR K
TRG, HREpiE 0 = Zij hijéle; P9 SSH A

il [27).

H=> tiél yéon+126], 1) 468 +hec,  (52)

Hor e, a, éop A B TR TR BAF. itk
RR GBIk 2384, 25 PR U P AR
FFL, = D MLE =Y Diel, HAME
HCh
LY = //2(éea —iéuB),
L = ’Yg/z(élA + ié;B)- (53)
WA TR AT ISR, Bk O R AL A (1) =
Tr[e] & p(t)) I 40T AL 7 e (74
dA(1)
dt
:T‘K:EF', X = lhT - (MIT + Mg)a E

(Ma)ij = Z(Dﬁi)*nga
N

Hra =g 1. ZERITERRT, FXouifb2iaasm
%Ejé[‘z]ﬁ As = hmt%oo A(t)7 Eﬁ/&:l XAS + ASXT+

= XA(t)+ A@#)XT + 2M, (54)

oM, = 0. BB RRG RSN TR, WAl =
A(t) — AL TTTE
dift) = XA(t)+ A@)XT. (55)

THRATE] X R A s 25 () A A R

X (k)=i |(t1+ta cos k)ou+ (t2 sink — 1%) ay} - %IL
(56)
Hry =g +m. XAHEEEN TE 1(a) PYAE
JEoK SSH BEA . 7 JA W AT, X
JIF 5 %€ /9 Liouvillian R8 BR ATE t1 < to 55 T &
mWE 9b) HE A, BFETR; it > tafih A0, 4
[ 9(b)Hh C, D FF.
HIEE NI, ¢l . |0) B Al fL, 22 X
EROY SN DR ok A ¢/ =

() = \/me(t) — n(s0))?/L;

YR E X, ne(t) = Apazat) + Avpop(t). BUER
MR, Mt < tolF, a() 7E IR0 T AR
BEEw, E 9(c) I A, B FR.

SR, ZEFF G AT, R RE x AT
R AR . 3 (AT A RE T A2 S 1 i 7
SN RBETE . LA BT Y Liouvillian fEPR A # 0
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K9 JFicE T RSP Liouvillian GERE 5 FAE R (a) BATFERIYIT A SSHAERL . (b) R X HOARTE(E. ¥ 1R 51
PR, LERRIF AT A B (t1 < t2) TR0 F 544 T 19 Liouvillian BB A CH D (41 > t2) %, A, B, C,
D4 B BLAETF T80 5 2% 4 T 1 Liouvillian REBRIAN % . 4 Rl B 00 2 BORE WL (c). (c) PR 500 5 1 7 (¢) 76 8 13 5t %
PR AL, AR BRI MR BCEI, T CH D8 B (d) 5 L 19 30K 7 8000 2 7 (¢) 76 8 9930 5 % 1
(Z2) FOOFHOGA T A (F) T REAL. (e) AR BE R &8 b 19 9 0Kk 7 800w &5 () 78 8 130 LA 1R (SE4k) AN Gl 2 1 (1
2R) T, () SR THUR B Ao (8) TETFRGA RS (L) TRYEAL. (A)—() MBE Nt =ta =1, 7y = =0.2. (c)—(f) P
FFAT AL R BRI A539 0 4 i 48 5 T, @b, (0) 7

Fig. 9. Liouvillian gap and chiral damping in an open quantum system with non-Hermitian skin effect: (a) Sketch of the SSH
Hamiltonian FH with additional single-particle gain and loss. (b) Eigenenergies of damping matrix X . Blue: periodic boundary con-
dition. Red: open boundary condition. The Liouvillian gap under periodic boundary condition is zero for A and B (t1 < t2), while it
is nonzero for C'and D (t1 > t2). Parameter values are shown in panel (c). (c) Time evolution of the fermion number deviation
from the steady-state value, 7(t), of a periodic-boundary chain. The damping is algebraic for A, B and exponential for C, D. (d)
Time evolution of site-resolved fermion number deviation from the steady-state values, i (t), for the periodic boundary condition
(left) and open boundary condition (right). (e) Time evolution of 7(t) under periodic boundary conditions (solid curve) and open
boundary conditions (dashed curves) for different chain length [, . (f) Time evolution of 75 (¢) for an open-boundary chain at differ-

ent x. Parameters in (d)-(f): t1 =t2 =1, g = = 0.2. The initial state in (c)~(f) is [], , él,s |0y ™4,

(K1 9(b)). Pk, 7a(t) 7E A I E R BR T 2 S fe R0 KR FEAH, BRI ICE T R AR
Wl &1 9(e) BYRUARAY 7R 2R S8 -F- 2401407 By 32 o A 2 I (7L
PEASEROEWZ T, 24— Bt o] 2 BRI 7 2%

PRI O CRCERROTT Jy. X— 73 A etonsi k3-8 ARFRIEES PT SHARiE

FEIE TR L.

20, ARG BRI b AR R B
My (t) = 1 (t) — ng (o) TEAL. FIBL AR T E
TR 52 B A8 i) BRIk ) A7 0. SR THT, 7ETT ik
NIRRT, ne(t) e 1 — BB I8 DX
PEAFRRCE . XN R G — ML R 2 =0
BRI, W I RGBT 53— M HE . RGEA[RL
BRI ) 1E e T2 AL B30 B R RE RS, AT
FE R — T, WA 9(f) Bz . X FhELRBEFR A
FHEZWH (chiral damping), @&l 9(d) Frs. Bk
VT X R B e AR RSO0 . AN 2R X M AE T
TGS T BATARTEAA IR, TR 2T
AL R A2 A B AT .

I ANWUNE S5 S =17 S dEE D) &

TFRR-BF AR M (PT XFRHE) EIREK R4
A TR A . RO T AR TR R S B A,
—HAT PT X FRYER) R GERT LAY A 2 S Bl
SBCRETY , X 3% Z [ W 8 FR g PT R PR PR
e =831 XA [E] IR &R, IR RGRA
R KA RAN, 15 R AT ISR AET Bl R W] PT
X PRI A 5k i £ A1 FELH DX ) e

X T AT S K RSN A R ST, AR i T4
3 i) B P20 R RS T I BB R SE R T
H, PRI TAT BESM AE S8, WA 23 & 4k PT XK
PERER; SR, TR AR T A RETE AT LU S8R
1. ARJEK BRSO (A5 T B A T BB 5
BB R R AR AT & B PT X FR1E (non-Bloch
parity-time symmetry). {E#5345 0952, FFHGH 5
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SRR E L A AR R R, R S
KB I

3.5.1 —%HETATAFRAGIER KM PT
S AR

AT 45 10 A ) F B L S L 8 HH B T Sl E A 75 b
PT XFFRtE. n, B 1(a) fRMIEIEK SSH AL
JETTSC PT X RYE H = H*. X P X FRE & PT
SRR — BT, B ARE T S iR — A
FIEET R — SRR, 7E—E IS EIX 0] N 25
i1 8 A AR 25 T B RE TS 2 S0 (Wl 1(c)),
T AE A R P ERREIRS IR R R E [ 3(a)
AL [RIRE XS FbE B = 1, S 50UE
W 3(c) BF, JEAR BB PT X ARk & A T il
FEHCH B2 T R REREIN AT B A A AEAA.

FIHEE 3.3 Wiheid B sl J12%, 1F—4k
HeF AT E LI Al LOWI 2 ok { 3Rk
RSO AN T A B X A AE AR &k PT X AR
&/ﬂ\:ﬁﬁk [69,84,85]

FERXARZA D, BT i AFE L 1E A9 2 T
) 3 AL AT Z <[ (1)) = U* [4(0)), Herpre = 0,1,
2, XA LA A HIZS [9(0) FEH U = e~ e 3 L
(47 RS BT B Hegr BOFE R 24 78 Ak, ELARSEEL
FARZATRE, KPR EFAESLR R T
(AR & IE 54 [89:

o=n(3)sn(B)un(Z)s(%). o
H s R AT
S1 = Zx ) (x| @ 10) (0] + |z + 1) (x| @ |1) (1],

$2= ) |o—1) (xl @10) (0] + |} {xl © |1) (1]
B AR R RARAOE T (10) 5% (1), 0. 197
ANRAERS ) 52—k b 1) R [ D7 10 8. A5
i, AT S A
R(0) = (ZI ) <x\) ® e iy,
Rt AIURE I

M= (Y |a) (al) @ e
SLHL.
TESIAT St MM BFEFEVERTR , AT U A
S [A] H BAR RGN ISR [ —4E AR
GEH RAHIEID BUWGEE , WIN )H) B S H003 500k 6F

0T o, UMAIEASS RS EmERE |- W] 74
AW ISR AR 1855 PT Xk BB U
THEN SRS W U (k) 2 XU (B)=U(k — —ilnf),
A DSRAFEARSEAT T AT LN IX. & B7E) X
i HLHIX IR, 18R IR, 2| cos 05| > | tanh |
i, U(B) AW n-JE Z1EVE (n-pseudo-unitarity)®:

WUfl(ﬂ)Ufl = UT(5)|ﬁ€GBZ’ (58)

I = [6n) (€nl, JEr160) J2 U (8) O 2 A% G
B XA TSN TAH AR K IG  10 E Hor 2
n-M& LAY (n-pseudo-Hermiticity):
nHer(B)n~" = Hiy(B). (59)

DR O T A7 E RGN AE A i BF PT XF
PR, BN PRIIE He B ASTEAE (U XTI 19 HE RE )
SEANS A EE TOE E. W IR ACE , 78 PT
XPFREY XA PTG RAB R A DI, #2852
BORA R B A AT A, AT LSS 3.3 1 hak ek ik
£33 F1 5 0 05 5 R R GE ) PT X Bk 4 169991,

WE 10 fios, BEE RS SE AR, 0
TN T I REIS IR 2R B, WiTFHGA R4 T
MIRE RS 2 28 T NS B R EBRARZE. B 10 5 T
BB K R GEAE TN A2 T B A A 3 bk PT X
Pl B HL i ot A Bl S B R M AR A I8 B A S
J. (non-Bloch exceptional point)®). 7EiX 4~ H{&
ARG, ARA & PT XFRIE & A BBl i B 8 4k
| cos 03 M| = [tanh~|. 345 R R A T B
WA E AT, WL R AT, ZS 5T
I RETE AR LR SR, AR K AEATATAHAE.
3.5.2  EZERAIER AR PT sTARM

s SIS AR, JEAT ISR PT XEFRPEXT
T3 [ AE R0 % T ORI AR 8. 43502 R
4 AR RTEFF D AT AR 1% 6 PT Xt
P R ARTEL b ] ) A 348 ey 28 g 1) A
K 11 (a) Fmn—YE B

Hip(k) = (t —7)e* + (t + 7y)e™* + 25 cos(2k);

P 11(b) s —4E Aafr il

H35' (k) = D [(t=)e™ + (¢ +7)e ™

i=z,y
+ 45 cos kg cos ky;

P 11(c) Frm 4R pE Al

HEMM (k) = (m + teosky + tcos ky) 0.+ Aoy +iv0,;
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Bl 11(d) Form =4 By sy Hrp Hip, HSS®, Hap EIF G R4 T HA SRR
ARV, T HER S AT X —n; . ] LA
Hyp(k) = Y [(t=7)e* + (t+7)e ™) BURE AR (% F NG o RE S ACAE (LB 5 V 9 L g
= P = N/ N ¥ Z| ) X SEA R (1) PT XFRRMEARRE, 15
+ 8scos(kz) cos(ky) cos(k.), B P45 AN A 11@)7@ 11(h) A
(a) 0.3 (b) 0.3}
0.2F 0.2
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8 ~
E E°
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0.3 , ) ) —0.3F ) ) .
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o o/

Bl 10 —4ER AT E R AMERE IS TS Im(E) B 05 rAs k. HAMZHOh 0% = 0.5625m, 6% = —0.0625m, v = 0.2746 (a) 05 =
0.75m; (b) 05 = —0.9735m. Wi €052 2k AR (4 52 43 AR 2 T s 2 44 (¥ A A 0% 7 5 3 /R J) 300 3 S 2% 1 1) A 0% s i i 191

Fig. 10. Imaginary part of quasienergies Im(F) versus 95 for the experimentally realized one-dimensional quantum walk. Parameter
values: 68 = 0.5625r, 67 = —0.0625r, v = 0.2746: (a) 65 = 0.75n; (b) 65 = —0.9735n. Blue and gray lines represent quasi-ener-

gies under open boundary condition and periodic boundary condition, respectively!s5.

(a) 1D with NHSE (b) 2D with NHSE (c) 2D without NHSE (d) 3D with NHSE
t+y t—y s
to‘z/2 —_—— ——
S I
by T 3
S
t—ry =
..... —tm———————
S
J
mo.+Acy+ivo, € I
Proportion P Proportion P Proportion P

0.4 1
0.3
& 0.2 -
0.1
(e) (f)
0 U
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L L
— ] ee—
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11 ARRGFIEFHGE R LT ERERBA LI P (), () KEN LIEE LM Hip, Hht =1, s=0.15; (b), (f) Lx L
PIER G L Hn  Hoht =1, s =0.3; (c), (8) L x L WIEHFIE LY HRoskin, Hfim = 0.5, t=0.2, A=0;(d), (h) LxLxL
BIE R EW) Hep, it =1, s =05. (d) il A# S EAMHLE V = ZTEBoundaww(r) ) (|, Hd w(r)7E [-W /2, W /2]
IS A H W = 0.7 . BEE TR L XHE | Im(E)| > 10710 BRI > &2 4R i 159

Fig. 11. Complex eigenenergies proportion P for four different systems under open boundary condition: (a), (¢) Hip on a length- [,
chain with t =1, s =0.15; (b), (f) HX" on L x L squares with t =1, s=0.3; (c), (g) HI*" on L x L squares with
m=0.5,¢t=0.2, A=0; (d), (h) Hsp on L X L x L cubes with ¢t =1, s =0.5. For (d), there is an on-site random potential
V= ZrEBou"daryw(r) |r) (r| on boundary sites where w(r) is uniformly distributed in [-W /2, W /2] with W = 0.7. Numeri-

cally, a complex energy holds a nonzero imaginary part if |Im(E)| > 10106,
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NS EHH ZAE e K & k&Y (Ze non-
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Generalized Brillouin zone and non-Hermitian band theory”

Hu Yu-Min  Song Fei  Wang Zhong'

(Institute for Advanced Study, Tsinghua University, Beijing 100084, China)

( Received 14 October 2021; revised manuscript received 29 October 2021 )

Abstract

The energy band theory is one of the cornerstones of condensed matter physics. It also has wide
applications in other branches of physics. Recently, a number of questions from non-Hermitian physics call for a
generalization of energy band theory to non-Hermitian systems. In the study of non-Hermitian topological
states, it has been found that such a generalization necessitates redefinitions of certain fundamental concepts of
band theory. In particular, the non-Hermitian skin effect (NHSE) causes the breakdown of Bloch-band picture
and conventional bulk-boundary correspondence. To calculate the energy spectra and define topological
invariants, the standard Brillouin zone gives way to the generalized Brillouin zone (GBZ). Many intriguing non-
Hermitian phenomena, including the non-Hermitian skin effect, can be precisely characterized in terms of the
generalized Brillouin zone. The non-Hermitian band theory based on the concept of generalized Brillouin zone,
now generally known as the non-Bloch band theory, has successfully described and predicted a number of novel
non-Hermitian phenomena. The present article provides a brief introduction to the main concepts of non-Bloch
band theory, and its applications in the non-Hermitian bulk-boundary correspondence, Green’s functions, wave

dynamics, chiral damping, and non-Bloch parity-time symmetry.

Keywords: generalized Brillouin zone, non-Hermitian skin effect, non-Bloch band theory, non-Hermitian band

theory
PACS: 03.65.Vf, 03.65.Yz, 05.40.Fb, 73.22.Gk DOI: 10.7498/aps.70.20211908

* Project supported by the National Natural Science Foundation of China (Grant No. 12125405).

1 Corresponding author. E-mail: wangzhongemail@tsinghua.edu.cn

230307-22


http://doi.org/10.7498/aps.70.20211908
http://doi.org/10.7498/aps.70.20211908
mailto:wangzhongemail@tsinghua.edu.cn
mailto:wangzhongemail@tsinghua.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Chinese Physical Society

%fg%"—*ﬁActa Physica Sinica

Institute of Physics, CAS

BRERE TR R 4 TOGE M ER BT ER
FTRE TR

A theoretical survey of two—dimensional coherent spectroscopy in strongly—correlated electronic systems
Li Zi-Long  Wan Yuan

515 &, Citation: Acta Physica Sinica, 70, 230308 (2021)  DOI: 10.7498/aps.70.20211556
TEZE [T View online: https:/doi.org/10.7498/aps.70.20211556
BHAPIZS View table of contents: http://wulixb.iphy.ac.cn

FETT ARG K A S

Articles you may be interested in


https://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.70.20211556
http://wulixb.iphy.ac.cn

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021)

230308

TH: FFEETEUHRSE

58 KX Bk A T B T 4EHE T iR RYIR B A 5T 1A

5T 40

7B D2)3)t

1) (PEFRFEBEYBB ST, BERSHEIE SR E RS0, JbaT 100190)
2) ("PEFBEERERFYHEEEE, LR 100049)
3) (PALIAPRL LS 2, AR5E  523808)

(2021 4 8 A 23 Hl®l; 2021 4£ 9 H 30 HUEEIMEHHR)

FEL AR TG — A AR R LG 2 i N A 3 2 T B M ELZR PRGNS, L O R A 24
I ]S e REAS 4R BEATRL B 25 B MR AR A TS AR 2 —, AR T e AR 2 TR AT T
LAY R . FEA L AR AR U, TR TG T 20 R B A LR M e 0 0B B ROBR 22 BRI Kk
J&, ZHEAR T O AR i SCIA AR L B B ), OGRS S AR IR A T R AR SO SRS 10Ok
HRAR 2 iR TOEIE 0 R R BUIR, /v 48 T MBS A S S BE T H, 08 7 4 Toleilpg £ 28
R, T B RURES T RATWFFE AL TR SC T 9 R R R 4R AR 1L 1% A9 BIE BIF 58 TAE.

KEERE: MO, SROCHIA R
PACS: 05.45.-a, 03.65.Yz, 03.75.Kk, 05.30.Pr

1 #EIR

BER YL L 5 1k 2 T B & e B A
K., R A BRE DR LA A o
TRETE AR AR TE 1 AT AR BT, 7E58
SRHRHL T2 Uk, AR TG — R %1
FFBZ PO BB, AR TR 2
SRR T L R RAR TN AR ) L e 7, PRI i A3
Sl b7 A ARG R AE AR AR L
I [123],

ARG RO, — 4k T AL RER
BB EHOGAAOR RME B, W AR /R 22 8] R
R AELTHN K AR B, A TR T 2k
LI T AR S, Ok 2 Ak 2 R
AR AE A TG Bl ) ) 2 ad A U0 KR 2% B AR 1) K
JRAITX — 2= T BOA B T 5O T RS AR i
F1. OB 2% ik B 9 43 32 5 [ 2 0.1—10 x 10" Hz,

DOI: 10.7498/aps.70.20211556

X I ) g B R R 30 1 meV—0.1 eV . S
FAR 114 T R BRI S 2 70 1 8 X I 1 i R JL A
m VI, LRI -0 AR ) R R % IO 17 i o
JUAS mVI-8 BRI N8 G AR B RE Rt R L4
m VI 33 LEaR SCIR AR 2 A9 RRAE B & RUREAE KR 2%
(A B L, PRI ] DA R R 2% — A A TG k1 7
5T, HHT, X —ik 2% T By i e =B ) J
BRBGRER M F B 3 12 S OCHRR R .

SR WG B S 58 BCRAR L, F B BRI 5K
A 08, AMIIEANTE R Bk R ALk
M 7 2 75 55 1R R PR I AEFE B T Y C R
W, HETRZ S TARBIRE BRI GOk 4
AR N AT . X — B UG AR L e 5
T RGIERT R YEE F TR Rk,
EAHTICIER AL T — A B P B R, SR, i
FLRRGHAZ B LT % FHit, 255
FIARLRPEm B, bR T A )2 B A7 AR T ¥R 4h,
AT REAEAEZS (M 8B L AT ¥b sty IR, %ok

o
He
ol
He

* B ARRRERES (S 11974396) Flrh EARLABEIS IS SR LT (B 28) (3t B XDB33020300) ¥ BIAY IS,

t BIEYE#H. E-mail: yuan.wan@iphy.ac.cn
©2021 HEHEFS Chinese Physical Society

http://wulixb.iphy.ac.cn

230308-1


http://doi.org/10.7498/aps.70.20211556
mailto:yuan.wan@iphy.ac.cn
mailto:yuan.wan@iphy.ac.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230308

KR R WAL LIS R T E —E Y
K.

S TAEEA TR FHEUE AT F B3R T —
U o SR OGRS AR A ARG R Ny, I I R AR L
PTGt A W AT B, XTIk SEAR R (R E 2Pk
M o7 ' AN A R . S 0L R, S AL B fb L
JARE S S Z AR YR 43 T HAE S AT 5 )R
ARG B & B SR Es A, g s oG 2R
AR TG R Y A

Wan 5 Armitagel™) M\HLE FAF5Y T —Fp it
ISR OCIR A e R G ——— 4R (Ising) Fi.
F ATV E T 2 L P 3 Bk ——“ A i
T MO R Zh & AT IS, 1k
FR AR AH T I 1) 545 B BRBCFE T Y. 7RG I AFERK
MIRTEE T, IR AT R TC 5 K, BRI et vh iy
JETE SREROCE. A TR e R 5|
A S VL AT RV R, I T« B e B94R
WEZ5H. eI AFERGE RS, B A TRTRIA R, —
AT AW ZERE I IR T8 . X U] ik
[ ESE(S a5 Cur R )y b s o N TE IR E ¥
Fe s IR E 2 mfE B, B e
RUE—HERAY (B B0k 2 A TREm AR % il
FEAERICR , PRI TN —4EA TG nT LAHE
SHTIE R AR L B LTS AR ) F e A

B J5, Choi 55 M E4T T Kitaev F EW 1A
YR G R FIEIESY . AL Kitaev LY
MERTARE, AT TR R A =B ARGtk ma iy, &
W~ HBEEAF ] MR R EES TP RE —1 5
AR T T H WA= 5E (vison), [HIX P Ff
BORAE A B RRIE AN, BRI AT DA X 43
de. Hir ), T EIE R X LT I RELIEACER T
RN TR B, X LI AR E 2 g
TKRFATRFE L.

YE N TAER)ZELE, Nandkishore 45 9 X ELUA fE
BRI E BERAR AT T —20 5. A2 18 T LA
HLAY AT REBR Y I BERR AR Y, anfp ey | — 4
toric code #27  Haah’s code ## PL & X-cube 1%
AL TR A TERAA, 28 BR FEL O tig T e
R 3 B RRAE. (AT o B TR R B
TR A AR OGS AR I AR, X TR
B A BEWAR, 55 1253 TEAH (X-cube) Y& 7E
AT DL S AR AR O3 iR B B d el
FRIE. 5ZAHLE, 55 11284538 4H (Haah's code) 7

S i B B AR Lt R AR A BRI URRTE, X
QRS s H I N UE? 158

Parameswaran fll Gopalakrishnan!'6 M\ ¥ {5
SR T )T TR AR . DL —ZE T
R ER ], AT A 55 ] 1R A
AR, ULHATEARAE s B A T LU — R SR, —
RER ARG IR, B, AT NG AT F 5k
R RER ARG EAER, DR R AU A
TEA . TERXFIEOL T, MA175 08 T X T S -
PRI (PP)” AR By ARZe e i pR AR 383 53 B AT ]
KPR, MR GIE, AR OIS AN L BE A KE 5t
Bt B SIRA T R IX A3, tREas AR 2R R 1
5 BN E AL S R A M S

Phuc 1 Trung!"™ K — 4 41 ik iz A 3] —
A ) HL AR R —— DU IS AR v 3 o A5
I, A TR BAEA S OLRERIE LT, 48t
TR A FEXT A LR L. AT PR X R RRIE T R
ToAHEAE MR . BEE S ALRERS N, JEX f g
TG B, A Z AR EAE B R/ INE T THEXT f g
MIBER B TEAR RIE A SSRGS, —4EAH TG R
R A D o R P SO TS B
MYERAE. LAk, Ml —22 R B, —4eM Ttk
AT LR 43 B DI A 22 r 1) B it £ )

ATLAR I, VAL JUA TAERR R BR T4 ReB i i4
R XA RTEL T —E A5, #RWT DL B R
ST T o TR R AR AR Tk 09 %k, B
o6 A TGRSR DI AR R AT R E
J T UL YA TG R G IRA R M E
KTy, Li % 08 e T —FP sl ) TCREBR R 5E
PIEEA% (Luttinger) WA, A& BLHLAERE WK Y
YRR TGRS AR ML (F S S HAOR
F [l A AL R], A TR — R T —
FREFER OB 238 (B T30 R 26 1 A AR = A
A EOR, 5 2 RS 3 AN FESEAT o3 ol el AR A
OB R T, R B TR S O el K
P, FEIRAS IR, PSS B0 A I T A
— B R T A, B —it 8 X 44 h
BB RUN . YR RAETE ORI AR, X i
B8 BN AN I, PTG [0 {5 55 Bt s 1) 0.
X — TAER AR L M 1% i B[] 1 26 BR Y e hy isf
T MG, T LR R R 1 FE RS
A A KAk

TEFE TR AR, RSO AT NEs: 5
2 LA R ARG A, REAN G A T

230308-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230308

B SCH T 4 3 TTRIES A W IR R R
fi TAE ), A5 SCTBR L 7~ R —ZEAR T RY
B . b B 3 EEA A AR ORI

BRI R —— B e R A 3 09, 265 4 95 &
F A AT O REBR IR R POERS
VAL 19,

> ZRAT W EAMA— U=

b6 4B % 45 fp) 1.212)
2.1 MuRZEEif

%t T RES R TR
A

H():—EO'Z7 (1)

Hoih, ot RRE I, AR RS RS .
AR 25 ) 0 AT — A AT 1L 0) 1 1) JE T
B8 5705 H 5 P PR SR8 — RS R AT, 1
AT LA 30 AR 1 -

H=Hy+ W)= Hy— pE(t),  (2)
Hoib, B() ARSI A, X T4 Tk
RUIH TR, 1= moo® . BRI
THA, HAr ML TR

i0, [6(1)) = H|6(1)) (3)

B8 A I A P W () TR, b Bk 8 BB
HOk: E(1) = ed(t). ¥ 0(t) = co(t) 0) + ea(t) AR
A (3) K O(e), 153

co(t) =e'2°,

c1(t) = ie' 2 fepuioO(t).

b b

(4)
TE-5 RSN EARR , # BEARRErIE 2

EENSESN (0 N0 N A SV WS Gy 311
p(07)=p% +p —(0 0>+1e< 0 )

RIS B dE AL, i

p(t) = pV + pt

(10 : 0 i
= < 0 0 ) +l€< /j,loeiiAt 0 . (6)

T A5 240 A 25 e, 8 5

u(t) = Tr(p(t)p) = 2o sin(A).  (7)
2 S T R, LA B A P i
ARG LR, DT (7) SR — AT 06 E
S 15 o4 B T B 7 o 5 1 T

WO, Hamm % 09 7406 T R0 6 22t
SRR 87 DA TR MR 8 9 S T B
SEIAREE . LAt T e bW ) SR
IEL U I, BRI G AR, AT
S ST SO .
MR BRI Jr R 2,
o) = —i[H (1), p(0)]. (5)
TERAL A 122 oo, BRI
pi(t) = Te Mo W0 )T i Wit - (9)

AP AR CRHEA R Z 5. 8 (9) AURIF 2R
Yt —pr, 1521:

o0 = [ Bt el (10

T35 P, b PO 3 £

)V = Tr((t)p! " (t)). (11)
KGRI AEIE R E(t) = ed()f0A (11) R FR A
) (7) 2K, KW T B RR I BRI . T
W BT 7 B ERFT LB (B (9) R S s 3

t ty tn—1
P (t) :i"/ dtl/ dt2~'~/ dt,E(ty) -
to to to

E(tn) [pu(tn), [tu(tn-1), [ (t1), p(to)]]] -
(12)

RITHT, P R T
()™ = Tr(pi(t)p™ (¢)). (13)
2.2 X4 RER

2.1 14 T AR AR L e R ) BT
EATS SRk = T BT A D BRI i, # (13) sUIT
AR BT b My S S5 5, LAZRE A
1], 5 (pal6)) D) G A P

()™

=i[duEmﬂﬂmwuw0mmn
<4[dnﬂmHM%Mﬁﬂm@]

i / B Ru(tt) - R4, (14)

TR B AR RWTIR AL T HE3S, B p(to) = 10) (0].
Ry (t, 1) 1025 P S0 4 9 st 1R) 384k, 1T A AR X
IR AR A

230308-3


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230308

1 0 0 0 t—tq

0 0 o e—iA(t—tl) 0
( e—iAlt—t1) ) — < 0 0 : (15)

P B4R BR AR AR TR i R RBSA R
TE t1 5 2] 5 B R 37 AR ELAE %85 B 6 I 1 (0) (038
RFN 1) (0], 15 A€ Ho ™ e v Ak T B S AR 7 X
¥, LN AR (1) (O FEFT [T 3 |0) (O], X%
W IBG BIAS 3 Ry (¢, ¢ ) AR BFIE) 0% B el e 5T
R T XA IR AR A AR, S 2P e B bR SO i A )
Hr IR FEAR ISR AN (8 1). Mukamel 55 0¥ 2 8 1
o — TP RIAERE T AT . X R IR A
T AL R A P BRG] LA S b o TR R
AN R MR R A 0 P oy S W — 2
WORAS RS BRI, HRRAERTE] S Ty 55— Fb
JelR R IRAH T R, HAFIE I [E) 4 T FEANAX
PR AR, Ra(t,t) nl LA FAR S 1

Rl(t,t1)|<é 8)%(? 8)

t—t1 ) 0 O
— e—iA(t—t1)—(t—t1)/T2

At —t1)—(t—t1)/T.
ip_) < e 1 /T2 )

0 0 (16)

TE e i AR T, B 7 i L A AR R A

()Y = 2ep10 sin(At)e /2. (17)
R G UK BE A% 5 1) ZRESAAR R AU £
gi, th (17) A, & R ARG ENEE L T
sin(At), R R/ IET45. RS H
VIR FARIRTH , X Rl FE AR <SR AR i,
LA 2

e 1ALt/ Ty
[1){0]

10) {01 < _>10)(0]

|0){1]
Qi At/ Ty

P12 W O 0 R B AR . Ry L0 B A P e g
ARAE

Fig. 1. Liouville paths of linear responce. R; is illustrated
by the solid red line.

2,2

ot
() D\ ~ 2epgsin(Agt)e ™ 2e™ 2 (18)

BT T SR Fe

B (4B AT B SR T B AR LR P . o
T (2) R EA R T2 AR b, DT B AR e
R 0. = Il 2 9 2 413k 9 3 2 44 W
t (11) 2, (R0 = BRI

(u(t)®

t 11 to
:4/d@/dm/<mmmE@w@)
0 0 0

X Tr(pu(t) [p (t), [pa(t2), [ (ts), poll])-  (19)
F & 2 s i Bk oy 1, E(t) = eld(t)+
€26(t — t1) + €e30(t — t1 — t2)). HIER (19) P& R
A Ak i R A ok v A A FH B3 53 DT £
R 3 ABIK AT AR RS JH ) 1%

1) = BereaesTe(pu (b + ta + t) [p(ty + L),

[ (t1), [11(0), poll]) 20
= ere2e3x P (t1, 12, 13), (20)
Hrp

X (1, ta, t3) = i20(t3)0(t2)0(t1 ) Tr(pr (ty + to + t3)
[ (t1 + t2), [ (ta), [11(0), poll]),

A G PR 5 T LARFF A 8 T, A — 0143 il A3k

— XN AR AR

Tr(ps[pz, (11, 1o, pol]]) =

Tr(pspi popoprz) — Tr(pzpopops ps)+ — Ri — Ry

Tr(pspzpopop) — Tr(papopopaps)+ — Ra — R

Tr(pspoportip2) — Tr(pzpr poprops)+ — Ry — R
( ) = Tr( )

— R5 — R;,
(21)

HH o, p, po, s 7052 (0), pr(th), (s + t2),
pi(ty +to + t3) ITTE . ANR—E, X BALA
Ri 095 Frid #2:

NN

t1 to t3

Tr(pspeprppopo) — Tr(popopes o pes

B2 —A BT ik oy 5
Fig. 2. A prototypical pulse sequence.

230308-4


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 70, No. 23 (2021)

230308

0) (0] 222 J0) (1] £ [0) (1] At =t /T2 222,
1) (1] eldt1—t1/Ts 15_2> 1) (1] eldti—t1 /T o —t2/Th
Py |1> <0‘ eiAtl—tl/Tze—tz/T1 t_3>

‘1> <0| eiA(tl7t3)*(t1+t3)/Tze*t2/T1 ﬂ)

10) (0] eiA(t1—ta)=(ta-+ta)/Tag—ta/ Ty (22)

LR R ATk, L EXRIAER A (151 3)
ARG iR

e t2/T1 e 1Ats—ts/ T

11)(0l 11| B
If ‘: ‘—7

1
X 310)(0]
1 ,’

I A /
11){0] [0){0] [0){1]
Qi At—t, /T,

3 AR 1 B X 4R 84S Ry i B 2L (SR R
Fig. 3. Liouville paths of non-linear responce. Rj is illus-

trated by the solid red line.

TRZRTE OB 2] S wi M BAE R, HR3EER(0) (O]
WO FN(0) (1], WIRTE HoVEHT A i AL R AR
A I e AR A, [RIEHRAH T AR A —
et/ T FE 6 2, KRR PR S HL G A AR
P B e BB A (1) (L. iR AR A 25 T 1
b, i TARR MBS — T R T e/ 1
ty 4+ o I 2R R 5B A AR, %5 B A B
1) (15542 A1) (0. ZJ5 A liEfl, FRE -1 5%
AL FEFT S A0 S B AR L e 7140 | I R SRR A (]
FHIE R, SR, SBAR T AR A o) — A
Freta/Te Mty = 5}, SRAHS R A AR A7 58 42 9K
T, R R AR S R A E 5 = IR R bR, X1
BN SRR “HEF I AR RTE 6+t + 3
A 21 = iR QEIESIE - SO » oL e R e i 1 b S
Hahn 5 542 1 3 B Carr #1 Purcell®V 2t i 19
“ETE R AR, B Abella 55 P21 B ORI £
Zra Ll Bl

Ry x <eiA(t1*t3)>A e~ (t1tt3)/T2 e*t2/T1, (23)

Horp (- ) A AREXTEAS REFCEY . HAth 25 1034 ]
LAE i X A7 A5 21):

Ry <eiA(t1—t3)>A e—(t1+t3)/Tz7

Ry o <e—iA(t1+t3)>A e—(t1+153)/Tze—t2/T17
Ry <e—iA(t1+t3)>A o~ (t1+ta)/T2 (24)

J =B ARG R A 3 AN RIS bR, AT LAERUE
BT T 4ECIESE. B (23) 20 (24) X
AIAL, AN [R) A S e R X6 Ry T AN [R] ) B [l FE . R
TS IEAE TR LT ¢+ ts, B A Bk
PG5 3 LG T to , AR RIS 5 R 0E L T
|ty — ta|. RS PEPUREE I R]EE, o DA B TR]
YR R RRAE T [R]. 522 M0 H, RS e ik
3 F B RE X A3 TF. BRILZ A0, T DR G
VLI CIEPINGS g | B2 dd e uy N = R NCI -3
SCHR [1, 2]

VB Ry 1B, AR &R 43 S B 24 T A 4 1 o B
W, JEIE A 43 X 2R R BE AT i 7 pR S 4 B ] AR
T SN A 3 R FGER . TR PR A
XA Hr e 15 AE BRI b g 1 .

3 —drEp PR A A T O 1

Wan 45 151 25 87 — > i A0 1 558 OC K 1K 5
———YERE S PR S, R i

L-1
Hy=—-J (Z 0,0, .1+ naiaf) - hZaﬁ,

n n (25)
Hrp, opv AR J > 0 SR BRBEAH T4
h> 0 [Je AIERE IR, n = 1UR)H
WL G2, = OACRIF G R A A B
BERL R SESAT P, AR 508 T RRBOTR AT
TR T 240 2542 A% 20 72 450 0 3 e B e R A e A4 1
(25) ZCH A e 0T A FH L0 BRI 11 e ) 5
CREHARLRIE A

Hy =Y \f, (26)
k>0

A = el + A7, Hi

€r = —2Jcosk — 2h, A = —2Jsink.
H T 5 (25) P o XA, 7EiX S 7= AR
WOAVFERE. o 5 1) ) A REFETE 2 PEARME A IR R T
KiEA

M?* = Zmi = Zcosekﬂf + sin@kTg, (27)
k>0 k>0

Forrsin Oy, = A /A . 5K R 15 2 77 18 i 4% (19 6 ik

230308-5


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 70, No. 23 (2021) 230308

MRS, B A2 e 5 AR
H(t) = Hy — B(t)M*"

= Z e — B(t)(cos 0T + sin 0, ).
k>0

F1 T AN [R) Bl 1) 22 P ARME F Y 545 22 1) AR RS
G, PR AN R 3l 1) — BEGUAR R AR ST %
BREAE “RERMR R R LS, XABIERS 2 5 IE
MEIE . BB, 72505 2 W i iR R R
XHFTE, AR, miEA AEX oA X AT
EXAAN ) LN T X R AR A R, 2 2
(BT 7 AT R3E .

W& X EER AT, TR AR iR
LA ME R LK R = AR LM SO 25 25 R 17 PR 2R
PR N 255y

T L

(28)

(t) Z sin® Oe "t/ 72 sin(2\ 1),

k>0
BRI S R AR S ¢ A G, IR
BRIy AR S ], 2RV IR T AR sl i
“EBET YIRS, A ZR B AR E] A4 £ B AR

(29)

o1 T (28) AN BA KT 7O PR, R —
BraEgerima piAEE, AR

Xie

460(t)0
= % Z sin? 6 cos Gk{e*t/Tl cos(2A.7)
k>0

(t,t+7)

— e /T cos 22 (1 + 1)] 1, (30)

LA A 0 57— THUAS B 7 k. AR AR [B] 396
T w, = 0FF I we Ty W AT 1 550 (B 4(b)). kAl
Bl T U/ N T 38 5, PRI AT AR R AE 1R R 11 5t
], A EE IR ¢ + 3R, XU A R &
D3 AT, EH I O Y el 5 AR T A ) s 0
IRAHE—RICTE X 8, FERUS S (RN F 28— 4 B
YRELIIIE S (] 4(g)).

=B ARL M 1 PR BT ZAE L. X TR 5(a)
FORM b 1), ARL R sk Ny

Xéax)xz(t37t3 + t27t3 +to + tl) -

0(t3)0(t2)0(t1)
L

S A+ AP+ AP+ ALY,

k>0
FRTETELEREP (] 4(a) R 4(f)). (31)
X5(w) FTX), (t,t+7) FTX), o (8t + 7t +7) FTXE)o (515t +7) FTXG) o (t5t,t+7)
1.0 0.5
(a) 4 4(b) 1 44(c) 44(d) 1 (e) 1.0
0.5} 9] 9] 9] ]
e . . . . 0.8
< Y 0] 0Oy —==11 — 0] ]
T 05l Re —2 —21 = 1 0.6
N —41  Re Im| 47  Re Im| —47  Rel{/ Im
-0 S L T H 0.4
1.0 :
= (f) 4 {(8) . 4 (h) 4 (i) 1 I
g 057 = 24 & 2 2 oy 1
o + B m 4
g 0 S 0 O: e T T 0 ] ] HO
g —0.5 Re § -2 —2: —2 4 ‘?" :X |
@ ~1.0 - Im —4 Re Im| —4] Re Im| —41 Rel]. m '
1.0 —0.4
(k) 4@ 1 4 {(m) ] 4 {(n) ]
5 05F 9] ] 9] ] 9] ] —0.6
g ] ] 1 — ] ]
g 0] ] 07 ] 0] ] —0.8
R 05}~ Re —2 1 —2 ] —2] i !
1.0 A,Fh,n L —41 Re|] Im| —41 Re|] Im| —4 Re|] Im| 0 ,HH,Im, L —1.0
"0 1 2 3 45 0240 2 4 0240 2 4 0240 2 4 T _4-20 2 4
w/(J+h) wi/(J+h) wi/(J+h) wi/ (J+h) (witw)/(J+h)
Bl 4 BEEE g RREA [h/(h+ J) = 03] W —4ER 450 5E. N LB, (a)— (e) RFEBMZR (1/Th2=0); (—(G)

FEBCIZE S (1/T1 2 = 0.2(] + h)); (k)— (o) BN JF IR 045 5. MAE B A7, 4081053 B xS () ) A X2 (88 4 1), X
(tt+ 7t + 7)) XS (bt 4 ) BT 250 L e 30 25 BB G 5 S 7 1) B 5 S 40 B (A Lok 11 Sk [13))

Fig. 4. One dimensional (1D) and two dimensional (2D) spectra in the FM phase [h/(h + J) = 0.3] of the TFIC. From the top to
bottom, the rows show (a)—(e) the case with no dissipation (1/71,2 =0), (f)-(j) with dissipation (1/T1,2 = 0.2(J + h)), and
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xgch)m(t,t—i- T, t+T), xg;)w (t,t,t 4+ 7), and its profile along a cut indicated by the black arrow. (This figure is reprinted from
ref. [13]).
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pulse process. (This figure is reprinted from ref. [13]).
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Fig. 6. (a) The Faraday configuration. A magnetic field B is
applied in the z axis. Three short electromagnetic pulses
with circular polarizations pass through the S = 1/2 spin
chain. The propagation direction is parallel with the spin z
axis. The first pulse is right-handed, whereas the second
and the third are left-handed. The time delay between the
first and the second pulse is denoted by 7, the second and
the third by t , and the third pulse and the time of detec-
tion by ¢. (b) When ¢~ 7 , photon echo appears. (This
figure is reprinted from ref. [18]).
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Fig. 7. (a) Nonlinear magnetic susceptibility x}” | of a ferromagnetic chain as function of nTt and n7'7. The waiting time

nTtw = 1. The Luttinger parameter is K = 1. (b), (¢) The real and imaginary parts of two dimensional spectrum, obtained by

Fourier transforming the data of panel (a). (This figure is reprinted from Ref. [18]).

230308-9


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 3B % R Acta Phys. Sin. Vol.

70, No. 23 (2021) 230308

100

80

60

nTr

40

20

wr/ (=T)

-3-2-10 1 2 3
wi/ (nT)

Kl 8 (a), (b) LhaTt, nTr g A5, ERWEHE M) = B AR &

100
80
60
&
e
40
20 1.0
0 0.6
0 20 40 60 80 100 0.2
nTt ’
—0.2
—0.6
—1.0

wr/ (nT)

-3-2-10 1 2 3
wi/ (nT)

e x () SRR . B 2Tt = 1, MEM B K = 1,

WAL EEE 2mu/T = 1.15. (c), (d) 232 TR T i 92 H A 8 (A [k 13 STk [18])

Fig. 8. (a), (b)

(3)

The real and imaginary parts of Nonlinear magnetic susceptibility x"” _, of an antiferromagnetic chain as func-

tion of nTt and nT'T. The waiting time nTt, = 1. The Luttinger parameter is K = 1. The magnetization density 2mu/T = 1.15

. (¢), (d) The real and imaginary parts of the two-dimensional

TRV SALE S~ (0) A —X i A e~ W&l 7(a),
VBT 54 T Je AN, 3F L1 i
5 L T OB B ¢ TSR, DA
WG SRS SZZ RN, IRTTZ X G- IR AL il
2528

T AR x Y, 5B — A4
IREEAE NP, Ry~ (S*(0)S™(-1)8(-2)S7(-3)).
TE (0, 0) Fl (=23, —t3) Ab 7 U —XF “ e ¥, 1E
(=1, —t1) 1 (2o, —ta) A0 53 B P K — %) “ e H Jié
T GLAEmRANR], TR R A = T, Y
I TREGEAT (18 Bsf 25 AL o s 2 :

x1 =0vT; T = —0(T+ty); T3 = —vly,.  (47)
ISR B 17 10 F1 e 15 IR F1 e T 2 3
HEIH L (K 9(c)), BT LA —XI4E IR PR AR AN BE ¢ 305
Li G443 — i R fim 44 4 “iB BEAN | 31X — 0 IF
R P AE TR R, Li i — PR T ixX
PR, 30 85 BRSO e L ) R A X W 17 R 8 BTk
Bk (K 9(d)). Segkmg o nl BRI RE oA, 5Bk mEAS
A, S 7 —XF« A e ¥ Al —XF “J7 Ji Ak (Lau-
ghlin) R BY. i BN 18 R WL 1 12 4K
SRAFAE, PRI ZE A0 T 615 AR AR Il A5 5

MY OIHAFAE N, 2 B P« B e T e

spectrum. (This figure is reprinted from Ref. [18]).

B IS [R] 4" O B A BT, Y R B
O k. Bk UL, IR KA, H ST(-3)
PR ZEAT BT I AL TE —to B 2 2R T 3H.
X3 HOF R TCE S W S~ (=2) AN A T
HBEF BABHAGE. X175 B5 R0 AT,
MR ECOETF M55 k. BRE 2 Wiyt
W, PR T R A 5 A 5 o, A, A
A G WA 5 A T A OC. YA TG
T P AR Iy X A TRk

PATE 2070 7 3] [0 B0 5 X T 9 il S B
FIRRMEEAEH. # B Mukamell! 194 3 K%,
AR O R LR A SRR TR [ X 4 R i
BRI AE) TP E . BBl X — EIR it
— R, PG SER Bl TSR R
() (4 s 2 18] U0 VE . i R 3 B O HE S & DA
WAL R IE A2 iz 3, A A A 22 18] BAH T35
2400 T RO (R e 2 EE),
S B R0 IO DV s = S ESECARE BN
R T XXZ AR Inl e IR IF P T oo 0]
TR SR . o €2 S 3 e s U ) 3 M A A
e o BT TR NG 2 2 A, R 3 Ao 14
(TN 27/ b S

230308-10


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

I FE R Acta

Phys. Sin.

Vol. 70, No. 23 (2021) 230308

9

Pk 1 STk [18])

(b)

5+(0)
= ——

AN
N,

-(-1)

nTzg

() PHE RHR R EOP  « FUE 77 7 A I . S SR B 7 B9 8l Dy p il B R AR “ R B 7 9 8l g A il A
(b) PO5 R R E P Y < BT 77 ARG A (c) PO IR BR B0 P A9 OB B M Y. (d)

X 0 (©) B 977 Ok

Fig. 9. (a) The spinon creation/annihilation process in two-point correlation function. Solid and dashed lines represent dynamical

processes of spinon and antispinon respectively. (b) The spinon creation/annihilation process in four-point correlation function.

(c) The “Lensing” configuration in four-point correlation function. (d) The behavior of the shaded area in panel (c). (This figure is

reprinted from ref. [18]).
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Abstract

Two-dimensional coherent spectroscopy (2DCS) diagnoses a material’s nonlinear optical response with

multiple time variables, thus offering information that is inaccessible with conventional linear optical

spectroscopy. The 2DCS in the infrared, visible, and ultraviolet frequency range has yielded fruitful results in

chemistry and biology. In the terahertz (THz) frequency window, 2DCS has shown its promise in the study of

strongly-correlated electronic systems. As a guide to this rapidly developing field, we survey the current status

of the theory of THz-2DCS in strongly-correlated electronic systems. We then introduce the basic concepts and

theoretical methods of 2DCS, and analyze the main characteristics of the two-dimensional spectra. Finally, we

summarize our latest theoretical research in this field.
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Fig. 1. Schematic diagram of (a) a period doubling dynamics in the presence of periodical driving and two degenerate TC phases

and (b) the phase ramping protocol in our model and an instanton-like excitation induced by it.
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Fig. 2. (a) A typical world-line configurations of iTC in a

(241)D Euclidean space; (b) the (inverse) temperature de-
pendence of the CDW order parameter in the iTC phase.
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Fig. 3. Schematic of the symmetry-protected topological systems (AKLT state) coupled to different quantum baths via various SB

couplings.
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Fig. 4. Schematic of a open quantum many-body system and its universal dynamics induced by the interplay between disorder,

noise, interaction and symmetry.
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Fig. 5. The stripe phase (a), (b) and the exotic bose liquid (c), (d) emerging from the steady state of a dissipative-driven Bose Hub-

bard model.
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Fig. 6. A review of current analytical and numerical methods to deal with non-equilibrium quantum many-body systems.
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Symmetries and effect of time dimension in
non-equilibrium quantum matter”

Cai Zif
(School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China)

( Received 18 September 2021; revised manuscript received 10 October 2021 )

Abstract

Non-equilibrium quantum many-body systems have attracted considerable attention in the past decades.
The scope of the research of this kind of novel system involves interdisciplinary research of condensed matter,
atomic and molecular physics, quantum optics, quantum information and quantum computation, as well as the
non-equilibrium statistical physics. The non-equilibrium phenomena emerging from the aforementioned quantum
systems can exhibit rich and universal behaviors, which have far from being well understood due to the
novelties and complexities of these systems, and hence the quantum many-body physics becomes the research
highlight. At the same time, with the rapid development of quantum techniques, the understanding of these
complex systems is of important practical significance due to their potential applications in quantum
computation and quantum manipulation. In this paper, we show our recent progress of non-equilibrium
quantum many-body systems. We focus on the novel phenomena closely related to the temporary symmetry
breaking, including the exotic quantum matter, quasi-particles as well as the dynamical universality classes in

non-equilibrium quantum many-body systems.

Keywords: non-equilibrium quantum matter, effect of time dimension, spontaneous symmetry breakings
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Fig. 1. A scheme of periodically driven nonequilibrium
quantum transport and its geometry. (a) A diagrammatic
nonequilibrium quantum system. The middle quantum sys-
tem is illustrated by a multi-level system, which is coupled
with several thermal reservoirs. The temperature of reser-
voirs (7 and T¢) and the mechanical parameter of the
system () are simultaneously and periodically modulated.
The heat exchange (Qp and Q.) and work output (W)
are thus generated. (b) The geometry of this nonequilibri-
um quantum system in the space of parameters (A=
(T, A\)). The curvilinear coordinate is adopted to show the
inhomogeneous thermodynamic distance and the local vec-
tors are for the geometric connection, as derived in the
main text. Geometrically, the geometric connection is the
holonomy angle during an infinitesimal parallel transport
and the thermodynamic distance between neighboring

points defines a Riemannian space with endowed metric.
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Fig. 2. The geometric heat pump effect. (a) The originally studied quantum molecular junction system. The working medium is de-
scribed by a quantum two-level system, with p and k denoting different populations and transition rates!’”. (b) The geometric
curvature in the two-temperature parameter space. The color denotes the magnitude of the geometric curvature. The pumped heat
is the integral of geometric curvature over the encircled areal'”l. (c), (d) The geometrically pumped heat versus the coupling strength

between the middle system and reservoirs in a quantum spin-boson system['8. (c) is for the setup with no Zeeman splitting while the

splitting is present in (d) 8. (a), (b) are adapted from [15], while (c), (d) are adapted from [18].
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Fig. 3. The constraint on and optimization of slowly driven quantum heat engine using the thermodynamics distance method:
(a) The efficiency-power tradeoff in driven quantum heat engine. The gray area is ruled out by the thermodynamic geometry, with
the black and orange line corresponding to the constant-speed driving and optimized driving protocols (driving speed is time de-
pendent) respectively. The driving speed in these two protocols is illustrated in Figure (b)?. (c), (d) A multiple target optimiza-
tion of a driven heat engine composed of a harmonic oscillator: (c¢) the driving speed of the optimization result with different
targets?; (d) the relative work fluctuation versus the oscillator’s frequency (system’s parameter) with a multiple target optimiza-
tion. The red line is for the constant speed driving while the blue one is for the optimized protocol. The gray area is prohibited by
the thermodynamic geometry. (a), (b) are adapted from Ref. [25], while (c), (d) are adapted from Ref. [26].
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Nonequilibrium thermal transport and thermodynamic
geometry in periodically driven systems”

Wang Zi  Ren Jief
(Shanghai Key Laboratory of Special Artificial Microstructure Materials and Technology, Center for Phononics and Thermal Energy

Science, China-EU Joint Lab on Nanophononics, School of Physics Science and Engineering, Tongji University, Shanghai 200092, China)

( Received 15 September 2021; revised manuscript received 25 October 2021 )

Abstract

With the in-depth understanding of nano-/micro-scaled systems and the developing of the corresponding
experimental techniques, the heat transport and energy conversion processes in these small systems have
attracted much interest recently. In contrast to the static manipulation methods, which hinge on the steady
nonequilibrium sources such as temperature bias, chemical potential difference, etc., the temporal driving
methods can control small systems in nonequilibrium non-steady states with much more versatility and
universality. The research on periodically driven small systems holds both fundamental and pragmatic promises.
This review is based on the fundamental concept of geometry. By analyzing the geometric phase and
thermodynamic length in the transport process and the energy conversion process, we provide a unified
perspective for the recent researches on the thermodynamic properties of driven nonequilibrium quantum
systems. Thermodynamic geometry not only is the intrinsic origin of the nontrivial transport and dissipation,
but also provides us with an all-applicable theoretical framework. The discussion over the geometry would yield
multiple thermodynamic constraints on the transport and energy conversion, and can naturally construct a
general optimization method as well. This will conduce to a better understanding of functionality for
nonequilibrium quantum many-body systems acting as thermal machines. Also, this will inspire people to design
quantum thermal machines with simultaneously more ideal performance, i.e. higher efficiency, higher power and

higher constancy.

Keywords: nonequilibrium quantum system, geometric phase, thermodynamic distance, heat pump, quantum

heat engine

PACS: 05.70.Ln, 03.65.Vf, 07.20.Pe DOI: 10.7498/aps.70.20211723
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Fig. 1. A phase diagram of TFIC, where ¢ labels trans-
verse field, and gc =1 is the QCP. The cyan solid line re-
presents for ferromagnetic phase at zero temperature on the
left of the critical point, while on the right the yellow solid
line stands for a paramagnetic phase at zero temperature.
The two tilted dotted lines illustrate the crossovers of di-
fferent disorder phases in low temperature region, while the
dotted line above shows a crossover from quantum critical

region to classical region.
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Fig. 2. Quantum critical surface calculated by iTEBD al-
gorithm for Eq. (7). (Reprinted with permission from Ref. [35].
Copyright 2019 IOP Publishing Ltd.).
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Fig. 3. (a) iTEBD results for staggered magnetization M (g). The blue line and red line represent iTEBD data with and without
the four periodic term, respectively. The two curves can be fitted with M, = 0.524(ge1 — ¢)°12% and M, = 0.530(ge2 — g)% 128,
where ge1 = 0.1454, ge2 = 0.1456, and critical exponent § = 1/8 is obtained within error bar for both cases. Inset shows scaling
behavior of M, in log—log plot. (b) Entanglement entropy Sgg(l) versus length ! in a semi-log plot, both fall into central

charge ¢=1/2 of TFIC universality. (c) Spin-spin correlation function versus distance i—j at g = 0.1448. Inset shows

InC(i — j) being proportional to 7 — j in long range region. (d) The inverse of correlation length in terms of g, both agree with

correlation length exponent p = 1. (Reprinted with permission from Ref. [35]. Copyright 2019 IOP Publishing Ltd.).
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Fig. 4. (a) Structure of CoOg octahedron; (b) a unit structure of CoOg four-period screw chain and the local coordinate &3¢;
(c) relation between the local coordinate &1¢ and the lab coordinate XYZ.
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Fig. 5. (a) Phase diagram of BCVO material with a transverse field along [110], obtained from adiabatic magnetocaloric-effect mea-
surements starting from different temperatures. Red area labels a finite-temperature three dimensional (3D) order until 20 T. The
one dimensional (1D) QCP appears around B{ = 40 T, while the yellow area above labels quantum critical region. (b), (c) Experi-
mental data of Griineisen ratio in terms of magnetic field and temperature. In panel (b) data of different temperature above the
QCP shows divergent behavior of I'p ~ (B — Bj_)*l. Correspondingly, with the field being around the critical field, Griineisen ra-
tio converges in low temperature. (Reprinted with permission from Ref. [33]. Copyright 2018 American Physical Society).
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Fig. 6. Phase diagram of SCVO with transverse field along
[100]. The AFM, QCR and QD in the figure corresponds to
anti-ferromagnetic phase, quantum critical region and
quantum disordered region, respectively. The two QCPs are
He1 ~7.03T and Heo =~ 7.7 T. The blue line can be fit-
ted with TiwH ~ |Heo — H|, implying the Ising universal-
ity of the 1D QCP. Inset is an enlarged figure of the fitting
curves near two QCPs. (Reprinted with permission from
Ref. [34]. Copyright 2019 American Physical Society).
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Fig. 7. A phase diagram of Eg model. The blue solid line in
the figure implies region of Fg model emerging, where g
and h, correspond to transverse parameter g and h, in
Eq. (17) respectively. Relations of other Fgs particles'
masses to mj; and mgo are listed in the top right-hand

corner, where mj is mass of the lightest particle.
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Fig. 8. (a) Spectrum contribution from single particle channel, the eight delta peaks one-by-one correspond to the masses of the

eight particles in the quantum Eg model with m; = 1; (b)—(d) contributions from two, three and four particle channels. The de-

tailed contributions of different peaks and curves are highlighted in the sub-figures. (Reprinted with permission from Ref. [30].

Copyright 2021 American Physical Society).
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Fig. 9. (a) Crystal structure of BCVO. (b) Phase diagram of BCVO with a transverse field along [010] direction. QCP is at HP,
hidden in the 3D order. Its quantum criticality can be measured outside the 3D ordering phase. Brown circles represent for Néel
temperature Ty measured by NMR experiments. HSP = (10.4 £0.1) T, HIP = (4.7 4 0.3) T. Es model emerges in the blue rib-

bon area. (c) Masses of eight Eg particles along energy axis in unit of m;. (Reprinted with permission from Ref. [37]. Copyright

2021 American Physical Society).
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Fig. 10. NMR experiment result outside the 3D anti-ferromagnetic ordering phase. (a) Spin-lattice relaxation rate 1/77 with differ-

ent transverse fields as a function of temperature. The down arrows label 1/T} peaks that determining Ty . (b) Energy gap by fit-
ting 1/77, with temperature being from 6 K to 12 K. The details can be found in Ref. [37]. QCP is at (4.7 +£0.3) T. Inset: a
log — log plot of enlarged data in low-temperature region. The quantum critical behavior around the gray line area can be fitted by
1/T1 ~ T~973. (Reprinted with permission from Ref. [37]. Copyright 2021 American Physical Society).
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Fig. 11. (a) INS data obtained from @ = (002) at QCP with H = 4.7 T, temperature 0.4 K. The blue diamonds with error bars
are experimental data, the black curve is fitted with Gaussian functions. The red vertical lines correspond to eight particles of Eg
model. Other peaks are contributed from multi-particle channels and zone-folding effect (labelled at Fy and F). (b) Analytical
result of D**(w) with a 0.08m7 Lorentzian boradening. mi = 1.2 meV. Red curve and black curve are single particle spectrum
and total spectrum including multi-particle excitations respectively. (c¢) Effective model spectrum of iTEBD calculation at ¢ =0,
where blue curve and black curve are results of without and with zone-folding effect. (d)—(g) single particle-four particle excited
channels' contributions, where ijkl represents for m;mj mgm; channel. (Reprinted with permission from Ref. [37]. Copyright

2021 American Physical Society).
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

From the transverse field Ising chain to the quantum Fjg
integrable model’

Wang Xiao  Yang Jia-Hao!)  Wu Jian-Da )t

1) (T'sung-Dao Lee Institute, Shanghai Jiao Tong University, Shanghai 201210, China)
2) (School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China)

( Received 3 October 2021; revised manuscript received 23 November 2021 )

Abstract

This review reports a series of theoretical and experimental progress on researches of the transverse field
Ising chain (TFIC) and the quantum Fg integrable model. For the TFIC, on one hand, a unique exotic quantum
critical behavior of Griineisen ratio (a ratio from magnetic or thermal expansion coefficient to specific heat) is
theoretically established; on the other hand microscopic models can accommodate the TFIC universality class
are substantially expanded. These progresses successfully promote a series of experiments collaborations to first-
time realize the TFIC universality class in quasi one-dimensional anti-ferromagnetic material BaCo,V,05 and
SrCoyV,04. For the quantum Fg integrable model, the low temperature local dynamics and the dynamical
structure factor with zero transfer momentum of this system are analytically determined, where a cascade of
edge singularities with power-law divergences are obtained in the continuum region of the dynamical structure
factor. After combining with detailed quantum critical scaling behaviors analysis and large scale iTEBD
calculation, it successfully facilitates a series of experiments, including THz spectrum measurements, inelastic
neutron scattering and NMR experiments, to realize the quantum Fg integrable model in BaCo,V,0q4 for the
first time. The experimental realization of the quantum Ej integrable model substantially extends the frontiers
of studying quantum integrable models in real materials. The series of progress and developments on the TFIC
and the quantum FEjg integrable model lay down a concrete ground to go beyond quantum integrability, and can
inspire studies in condensed matter systems, cold atom systems, statistical field theory and conformal field

theory.

Keywords: integrable systems, quantum magnetism, universality class, spin dynamics

PACS: 05.30.Rt, 31.15.aq, 67.30.hj, 74.40.KDb DOI: 10.7498/aps.70.20211836

* Project supported by the Natural Science Foundation of Shanghai, China (Grant No. 20ZR1428400), the Pujiang Program of
Shanghai, China (Grant No. 20PJ1408100), and the Shanghai Talent Program, China.

1 Corresponding author. E-mail: wujd@sjtu.edu.cn

230504-13


http://doi.org/10.7498/aps.70.20211836
http://doi.org/10.7498/aps.70.20211836
mailto:wujd@sjtu.edu.cn
mailto:wujd@sjtu.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Chinese Physical Society

%fg%"—*ﬁActa Physica Sinica

Institute of Physics, CAS

e[ S5k RO NI PAL S S
ILE HA

Dynamics of non-Hermitian local topological marker

Sun Kong-Hao  Yi Wei

515 &, Citation: Acta Physica Sinica, 70, 230309 (2021)  DOI: 10.7498/aps.70.20211576
TEZE [T View online: https:/doi.org/10.7498/aps.70.20211576
BHAPIZS View table of contents: http://wulixb.iphy.ac.cn

FETT ARG K A S

Articles you may be interested in


https://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.70.20211576
http://wulixb.iphy.ac.cn

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021)

230309

TH: FFEETEUHRSE

JEIEK B HMEIRRI B S

3L i

5

(PREBERATR S, PRERERE TR E AL, §IL  230026)

(2021 4E 8 A 26 HULF]; 2021 4£ 9 A 15 AU EMEH)

FRJE RN ZR GE R0 FN A AL B AT DLy 5 SCAEXUIE S AT (Y Jy 3l 4 b 2 . AN ) T JE KRR 2R AR TE K
JRy SR AR A MR AR TE By g 27 0o e v B4 A 45 R AL R AR DL SCHR IS . AR SCRTSE AR JE K 3 4 M A 2 Jm B3 F M 18 A
(8 g 2R, HE O G R R JR SR MR AR b i S RN B A SRR, Y P KRS B R R
PEBUA RN, 28 58 v A 7 Jm SR MR AR B 3l , FL U 255 R 28 T 88 AR OG, (HLELATE 35 AL TE R AR R AR ).

A 3 AN BARBERY ], 3 i BUE S B T X — 45

b 0 T BAT R KB R R A AR, nT LA B

Jey SR A bR U BRAS T SCA B OR DX R AR R AR G (HK — O AR AR H A Al JE KA B e U 5 2 AR
1E, FCHE 5 IR A Fr it — B 0P A SO EE RAa 7R T AR TE R IR Z b S Bl 8 s A BB A A2 2 vk, it —

A5 PR S OK R k3 M AR Bl 122 47 1 2

KEIA: ARKIGTS, ek, TR R
PACS: 03.75.Kk, 03.65.Vf

1 5 =

FRJEARSFMA R R IR BER S S & TR
GUR BTS2 — B0, JEJE RS MEE R i T
TFCRGE TS, HAE 55 £ P R G LR R 2 A A
[F. HErp e o LAY A ] 1 BAT AR e KRR RSSO Y
MR =21 FETF I FARAE T, R R AR
U PRBURIAE L B L, IR S () S REAS MO AY

BRI ; TR A RAMEREEAE 2P T LR 52
HIFZEARE . SO B, R HAT AR JE R R AR
HIRFMA SR, GBI N SE R R X
TR A LK X R PR AR BN P RE A
BT T R NAGE. iR —M 4, 4k
A e e Nz A O10W HUEZ S, JEEK
AN RIS T BB fit A TR
A IRAON ) AT LM IX DR, e A HLH
DX b SR AR AT I b DN AL DI AR T A %)
LR RAEARJ LR RGP TSR L. FAT, ARk

*ER HRBIARES (S 11974331) B BhAYIRAL
t BIE1EE . E-mail: wyiz@ustc.edu.cn
©2021 HEHEFS Chinese Physical Society

DOI: 10.7498/aps.70.20211576

JRBIOE S AR JE K REH e AE — R I 2 i sliiw 1 1A
TARFMAR PR AELINIESE 22201, [R] i, RS
KB, AR MR RE T 18 S AT LN X AR AR A %
oA K- S TRD X A P B AR AT 988 b P K Bl 0 224507 T
A E R O30

=7, AMIEBASIE kAR 2R AA
AR, HeAhi 4 MR B oy n] i iod 7 SCAE NUE A8
B el MR 2 132 T DL e 2
S A A AT LN A S b AT L B0 X SRy
AR ME PR AT I T KSR FMA R B350, A
RAERR BRI R BAT BT SR MRS Y
MGAFERRE, € XAEWE B RIS
HURAR TR, RESC AR R I 2 Rdh N, I AE
P MAHAZ R T 52 B E RAREEA T o i —25, 3
Bk [34] 3 X KA R KB 122 TS, KT
gl 32 R R A MR R R R 2R R A4 A 1 KL
g, SRR MM RIS T R, i
T (e e i AR S T I RIE AL, RTan A &R
PR AR I SRy S M B e — 2 I 18] R 2 32 2l

http://wulixb.iphy.ac.cn

230309-1


http://doi.org/10.7498/aps.70.20211576
mailto:wyiz@ustc.edu.cn
mailto:wyiz@ustc.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230309

b T I SRSt ME VR TR N, AR AR I ] ¢
S Y S A 5 AR A Xt B ] ¢ AT
o, W BRI MR AR T G R A
FEHEE SRR FFHUEADC. X 7R 1 Rldldnid M bn
TEJE KA MR R A 3 g 2 B P & AT,
BATE R I, AE & MA R A R
MRS BA RN, b R WA TEHRGE.

TEX—H 5 T, ARSI AR KA ML ) S5
AR MERE K R R BB AT . SRR
YW T 5 SCAERUE S HE T 1Y SRyl b b T LA
Rz X AR JEAR AR B A R s ML, T ESR b
L 5 B S B T A B AT . X TR
F, BN AR IAIG R HY BAMIERS, 7ER
AR HJT AR S T RO ) A — BT
HUH H ZHAF, HAETARHIMEX. UL
HARBIAR RS 1], 58T P K Bl T2
e A, AREK R ME bR L, I i
EHNRE T RS F N b L e 1A 3 A AL 1 1Y
BRJE . W T AR SO B HAT A R JER 0 A A6
B, AT DA B A F i B 45 5 A A B X v
AT R AR DG, T 558 SCT— At B K DX g e
ToH. IR, XFF— etk AR R R 22518 9f
AN AL — R, TEARJERIR & bR
FEPR AL AR B S REEUREANOG, (H 3 Z AR
eI W 5 2 — AP

T E ST A AT Al i B SRR M
11, BEBIAR K R 4 ME AR 3R AR ML Y
TR B FAT A R IG e R R A e Kk 3l
e, FRddnd MERREA AR i, 8
A A LA S K 314 MR A K Bl T 2 A
X Ry A M AR A R ) — B E LA T T

2 HF KA IMEAR

UL AR R SR T ME AR, 18 T2
TETT At L AR TR i

H = Z é;‘c (mo.)eCr
R

_rexp (=) . .
Jrz Z ck 5 L2 (—ioj — 10.) CRye,
R

Jj=z,y

I Z Z é;eXPQ(’Yj) (iO'j — tlo'z) éR_eJ’ (1)

R j=z,y

H o ep=(crt,cr))", cro (0=T,1) N &

R = ze, + ye, FEA N FHER) 2K T KELT,
oj (j=mzy2) AR, 6o 4BEREE R, m
TG EREER Y, v Moy NAEIE K R AL, e Hil
ey AXE I 1] IR SR R Ok

AR K R ey # OB, IR B AR
PN ERIO FHRRFMT , REPTA RS
BR WA 0 SRR . AR TE K A RN ) 4% 5 2R
&, IRRETFL A T e, R S5H%A
AHOCIFH ML, 08 S SRS AR e e e A
BN B X (1) AR, a5 T DL
— i, RHEAETF AT, T LU A AR L AR
53 JE K Qi-Wu-Zhang #RARI B738] BRI, 1%
FRVAR e AE 223 Bl BAE S (2, y) = exp (v + Yyy),
7 e B 2s A KA SN Tk — k+ ik’ K =
(= Yay =7y ) PO AT RIA Ry ik — A8 X 2 )
SUAR IR IX B e B k ik U R B R R A
T A A HES & k. AHR A AEAT IS G 2 i i S A

H(k)=H(k — k+ ik

= sin (kg )0, + sin (k) oy,
+ [m — t1 cos (k) — t1 cos (ky)], (2)

Hrp
H(k) = sin (ky +ivz)0, + sin (ky + ivy)oy,

+ [m—t cos (kg +ivz) —t1 cos (ky+ivy)] o
A RIS S B A e . AR A P
f H () W ASHE RS B4 T2 52 R PR R I RS A1
SEAth L, PR ZR BOARAG AR NEORT DL A Y
B Y ZE A AR R A 3
= o /T ke (Oura(k)|yura(R)) (3)
HPERANES (28) J0E SCH

ﬁ |uRa> - Ea |uRa> (<uLa| -EI = <uLa| Ea)a
Horh o BB FE bR 3T Re(Eq) < OYREAY, 1157
AT m > 2 A T AR AACC = 0, m < 26,11
C=-1.

AR FR B ARAT I AR DEL, TR RT A A
JEK SR FNMERR S . X FA SO iR R, )
AR TEAK SR M bR g

¢(R) = —j—tlm ;fR,ﬂPchQP\R, (W
Horp Ao Sz (] AL AR ARG TR, P Je T B Y
AT, Q=1-P. Juhb, WARERIER M T AE

Cla

230309-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 70, No. 23 (2021) 230309

W Re(Ea) <OBIERA, W P= > |uR) (v,

Re(E4)<0
o [pLRY R IF 3 BT BB 2 A A AE 2%, B
H [y}) = Eo |9}), (V5| H = (v5| Ea. F]H 535
FHAMEFRTT LM SE 23 ] H R WSR2 A 3R MR IR
JEHAR RS R BA ER R FRIER R 5. iEIE TR
R, 5 XAEXUEAEEE T BRI FME AR T L
B R WA R AR KRR MR, Rt R T HA
FETE A 332 PN BT P Q P AR
LR GHR, O TIHRBRIHTN K
B SIEKAREN RS R MR, FEE K
JRY RN AR T LASRAE R Ge 03 M S S I Y
AT R, N 1R, M T RAR L x LI Z
(Hev L g & 0% y 77 1) BRGS0 ), G P s 4k 1
Al T oK e 4 £ 45 A 1 A A A O
(m —me)Lv (% 35 b A, Hod me = 26 9 ARAS
B, v =112(6) ~ 1. SRR IE I AT 5 A
JEKAR M R A AE I FAT g —F B Ritigdk
JEK SR MEFR S 12747 .

O —-05F L =25

~10 -5 0 5 10

(m _mc)L%

B 1 HEJEK R H MR AR B AR AT A /%éftEPAllL‘E’JﬂEJE
KB WA 8 bR BEE m 1 AL E (m — me) Ly WIARE
178, 6 15 BB 15,17,19,21, 23, 25, 27 ZE{H I (6 v F
F AR Rl B R 2, B A it 4 2278 40 s 776 [] — e OB
X, A8 v 11259 A SO EUE 5, B
t1 =1, Yo =7, =03

Fig. 1. Scaling behavior of the non-Hermitian local topolo-
gical marker near the topological phase transition. The nu-
merically calculated local topological markers for different
system sizes (L = 15,17,19,21,23,25,27) collapse to the
same curve, with the functional form (m — mc)Lv and
v~ 1.12(6). For all calculations, we take t1 =1, vz =

vy =0.3.
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Fig. 2. Dynamics of the non-Hermitian local topological
marker. (a) Spatial distribution (along the x-direction) of
the non-Hermitian local topological marker at different
times of the quench dynamics. The parameters are: L = 23,
Hi(t1 =1, m=1), Hy(t) =1, m' =6), vz =7y =0.3.
(b) Propagation speed of the local topological marker as a

function of t}. Other parameters are the same as those in

panel (a).
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Fig. 3. Propagation speed of the non-Hermitian local topolo-
gical marker for Hamiltonian (5). Wefix v, = vy = v = 0.35,
and the pre- and post-quench parameters are t; =t, =1,

m =1 and t, =t =1}, m’ =6, respectively.
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Fig. 4. Propagation speed of the non-Hermitian local topolo-
gical marker for Hamiltonian (8). We fix v = 0.3, and the
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and t,, =t =t}, m’ = 6, respectively.
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems

Dynamics of non-Hermitian local topological marker”
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Abstract

Topological invariants of non-Hermitian topological systems can be captured by local topological markers

defined on the biorthogonal basis. However, unlike the scenario of Hermitian systems, the dynamics of non-

Hermitian local topological marker has not yet received much attention so far.

Here in this work, we study the dynamic features of local topological markers in non-Hermitian topological

systems. In particular, we focus on the propagation of non-Hermitian topological markers in quench dynamics.

We find that for the dynamics with topologically distinct pre- and post-quench Hamiltonians, a flow of local

topological markers emerges in the bulk, with its propagation speed related to the maximum group velocity.

Taking three different non-Hermitian topological models for example, we numerically calculate the propagation

speed, and demonstrate that a simple universal relation between the propagation speed and group velocity does

not exist, which is unlike the scenarios in previously studied Hermitian systems. Our results reveal the

complexity of the local-topological-marker dynamics in non-Hermitian settings, and would stimulate further

study on the matter.

Keywords: non-Hermitian topology, quench dynamics, open systems
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Table 1.  Ion position on the ion chain.
[ R 1 2 3 4 5
{7 # / um -10.52

-4.96 0 4.96 10.52

212 H®HIEXH5EF

B FBE AR AR O AN L I R A — e R
FEMHRBN. AR F 12 R, BB iR
FHIRE R ANELE, 2RI — & MRESRHE. B

080301-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 71, No. 8 (2022)

080301

HES T RE SR MR, A AR E Y T RE
9. RINEE X HA WA BT, N4
Y. R 2R 2R — e T B TR 2B (lm)

T2 3G 0L, AT AR EIA0 T iy R
d?(21 + 22)

de?
d?(z1 — 29) 2kpe?

T - (21 — 22)?
Horprzy, 22 500 PR B T BUALE AR PR, ko i
JIH R, kA R, e HERALHLAT, m o YD Y
Fif. 21 4 20 SEPR L RAE AN B O AL B Ak
FR, T 21 — 2o FRAEE FAIEE. AR 20 + 20 01
21 — 2 BVEWASET A &, B AL, By e T
XA FAS B 1 LA TR IR G B L i A
B KRB PIFREE L —Fp o RO, BB
BEES RSN IR S ; o5 — Rl mRm s, RVEs 5~ D5

OO TR BRI Yz 3l WIE 1 PR,

"9—@—
'o——@

E 1 PIE TP RRIBEA  (a) BUOEL (b) MR

Fig. 1. Vibration modes of two ions in trap: (a) Center of
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mass mode; (b) relative motion mode.
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Fig. 2. Eigenfrequencies of the transverse and axial modes
of the 5ions in trap: (a) Eigenfrequencies of transverse
modes and eigenmode vectors, bmy,(m =1 —5) represents
the size of the 5 ions away from the equilibrium position zg,
d is the detuning in stimulated Raman transition; (b) simu-

lated eigenfrequency spectra of transverse and axial modes.
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Fig. 3. The stimulated Raman transition of 71Yb* (wq
and wp are the frequencies of the two laser beams; A is
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level).
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Fig. 4. Schematic diagram of sideband transition and side-
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band cooling: (a) Carrier (black arrow), red sideband (red
arrow) and blue sideband (blue arrow) transitions; (b) red
sideband cooling of 171Yb™ .
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Fig. 5. The energy level transition in Mglmer-Sgrensen gate.
wp and wr are frequencies of blue sideband and red side-
band respectively, and blue arrow and red arrow are blue
sideband transition and red sideband transition respect-
ively; v is the phonon frequency, and ¢ is the small detun-
ing of each sideband.
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Fig. 6. Spin-dependent momentum transfer: (a) Different

spin states are transferred in different directions in phase
space, red circle represents |1) state and blue circle repres-
ents ||) state; (b) ultrafast pulse trains irradiate ions and

produce spin-dependent momentum transfer.
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Fig. 8. Simulation result of laser amplitude modulation
when gate time is 200 ps and detuning ¢ is 3.0318 MHz.
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Fig. 9. The motional state trajectories of the five vibration modes in phase space: (a) Mode 1, line frequency is 3.058 MHz;
(b) Mode 2, line frequency is 3.047 MHz; (c) Mode 3, line frequency is 3.0209 MHz; (d) Mode 4, line frequency is 2.9936 MHz;
(e) Mode 5, line frequency is 2.9611 MHz.
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Fig. 10. Two motional modes are decoupled from spin: (a) Ultrafast pulse train; (b) trajectories of two motion modes in phase
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SPECIAL TOPIC—Non-equilibrium quantum many-body systems
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Abstract

The high-fidelity multi-ion entangled states and quantum gates are the basis for trapped-ion quantum
computing. Among the developed quantum gate schemes, Mglmer-Sgrensen gate is a relatively mature
experimental technique to realize multi-ion entanglement and quantum logic gates. In recent years, there have
also been schemes to realize ultrafast quantum entanglement and quantum logic gates that operate outside the
Lamb-Dicke regime by designing ultrafast laser pulse sequences. In such a many-body quantum system, these
entanglement gates couple the spin states between ions by driving either the phonon energy level or the
motional state of the ion chain. To improve the fidelity of quantum gates, the modulated laser pulses or the
appropriately designed pulse sequences are applied to decouple the multi-mode motional states. In this review,
we summarize and analyze the essential aspects of realizing these entanglement gates from both theoretical and
experimental points of view. We also reveal that the basic physical process of realizing quantum gates is to
utilize nonlinear interactions in non-equilibrium processes through driving the motional states of an ion chain
with laser fields.

Keywords: trapped-ion quantum computing, quantum gate, quantum entanglement, spin-dependent interaction
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