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Abstract

In this paper the writer employs complex Riemannian Geometry
and defines the absolute interval between two points as consisting
of a real part and an imaginary part. Two postulates (I) and (II)
arc used: the first may be called law of gravitation and electro-
magnetism; the second equation of motion. In the absence of elec-
tromagnetic phenomena the theory reduces practically to Einstein’s
theory.

In this paper, as a first approximation, the author has obtained
Newton’s law of gravitation, Maxwell’s laws of eclectromagnetism
and Lorentz laws of motion. The intrinsic connections between
electricity and matter can be seen at a glance but the physical
concepts and the full development of the theory are hoped to be
given in a later paper.

1. Einstein’s successful geometrization of the gravitational
field led at once to the hope that similar purely geometrical
ideas might also serve completely to describe the phenomena of
the electromagnetic field as embodied in the classical Maxwell-
Lorentz equations and Lorentz law of force on a charged par-
ticle. This idea led Weyl and Eddington, soon after the dis-
covery of the geometrical significance of the gravitational field,
and more recently Einstein himself, to suggest modifications of
Riemann’s Geometry so as to make room for the electromagnetic
field. None of these theories has proved quite satisfactory.!

The physical agent inseparably associated with gravitation
is mass just as the physical entity inseparably associated with

(1) In none of these theories is the connection between the geometrical
quantities interpreted as the electromagnetic potential and the charge and
current densities made quite clear. In other words, the relation between
these quantities and the classical retarded electromagnetic potential is not
in the least apparent. Further, no purely geometrical derivation of the
Lorentz law of force seems possible in any of these theories.
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electromagnetism is electric charge. If a unified theory of
gravitation and electromagnetism is desired it becomes necessary
to examine these two fundamental entities in an endeavour to
discover their analogies and differences so as to obtain the best
clues for a method of attack.? Now the most obvious resem-
blance is found in the inverse square law of interaction between
two masses or two charges. The difference in the manner of
their interaction lies in the fact that while two masses, neces-
sarily of the same sign, attract, {wo charges of the same sign
repel. Thus two charges of the same sign interact in the op-
posite way as two masses of the same sign. The difference in
the manner of the interaction and the double sign of the clectric
charge, can be formally brought out if we associate the factor
.\/—1 with the electric charge.

With this idea in mind the present author has been led to
study a possible modification of the theory ol relativity charac-
terized by a complex Riemannian line element in which, to the
first order of approximation, the real part is associated with
mass (gravitation) and the imaginary part with charge (elec-
tromagnetism). The theory thus obtained, to be presented in
this paper, is distinguished by a remarkable simplicity; as will
be shown the Maxwell equations and the Lorentz law of force
both come out in the first approximation as a result of complex
Riemannian geometry. Further the connection hetween charge
and current densities, and electromagnetic potentials becomes
at once clear.

One is led to believe that the present theory will find its
place in a more comprehensive theory of matter, gravitation and
electricity, as already {forecast by recent developments in
quantum theory, by the following argument. In the sense of
the correspondence principle one must expect a unified theory
of electromagnetism and gravitation for large scale phenomena
which will be obtained from the complete theory in the limit

(2) The simplicity and directness of the results obtained by the method
convince me that the theory here presented is probably more than just
another formal divice for obtaining Maxwell’s equations.
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h—-0. Now if in this theory Weyl's principle of gauge invari-
ance is right, the gauge exponent must be an imaginary quant-
ity. This necessitates the introduction of a complex line ele-
ment as done in this paper.?

2. We postulate for the physical world a complex four-

dimensional Riemannian geometry where for evident physical
reasons the coordinates are real quantities. A fundamentlal
identity is postulated to be!
(1) GY—ghG=T" —3gT, where T"'= (o+i0) %0 4 1= /1,
and p and ¢ are real quantities to be interpreted as the mass
and charge density respectively. The dimensional factors re-
quired by the choice of units are omitted.

To find guv we assume that guv = duv + ftpv, where duv have
the Minkowski values and Luv are small complex quantities of
the first order. Then”

@ Gumigoe (G0 + o000 e = aae)

dxo oz dxndxy | Odxvore dzu dxo

which to the first approximation can be satistied by breaking it
up into two equations

@ Gu=igw g5,
; . , 0°¢oo _ d'gua . a"z‘(/\‘(_)
) 0= goe ( oxi 9z oxv oxv ozt ax”)
Both will be satisfied if*

o a o Y o

(3) 1 owe this remark to Professor Eddington.

(4) The notation is that used in Eddington’s “The Mathentical
Theory of Relativity”.

(5) See Eddington’s Lec. p. 128,

(6) Since here we are dealing with complex quantities it appears that
we can not bring the geometry at a point to Minkowskian by real trans-
formations of the coordinates and the validity of (5) was once doubted
by Einstein. Therefore we shall give a formal proof.
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From (1) we obtain

Guwv= Tuv+ guv T,
dxv \z (dt
which gives, neglectmg(d (dq_) 1)
2(o+in)  (+i0)— 35 (e+io) 9L (o+io) L2
(o+i0) ¥ —(o+iv) 0 0
(6) Guw= . dy
(e+1i0) 0 —~(0+10) 0
otio) ¥ 0 0 —~(o+i0)
« - . ;. . 1‘ iz
2 (v-t+10) —(p-t-20) qr —(oti0) :1;/ —(o+10}- ZIt
—(e+i0) ¥ —(u+io) 0 0
() Guv= d:
—(o+ 10) dlti 0 —(0 +1 0) 0
. = .
—(e+10) 0 0 —(0+10)

- Evidently if (5) is satisfied (3) is satisfied. Egquation (4) is equi-
valent to, (Eddington Le. p. 129),

s (10 = o) =0.

Therefore our conclusion will be reached if the solutions of (H) satisfy
this equation. From (5) we have

U("ﬁ“"‘“ﬁ")*Z(G“ by (,)—‘ St

where Gﬁ—-& gﬁ G is written as ‘Su for convenience. From which we
obtain

oma (i~ i) = zlnf o (s )'Civ ‘

But we have, ¢f. Eddington Lec. p. 115-116,

1 a 8 (1 43
Vo S =g oo / J) % gaﬁ uf
1 . o a‘JQ(S
= '\/—g dxw (g().t goe /—g LHTUQ)*% goetgoe axi < a@u B:I,T

_ a‘th )
dxv dzo
° 0%geo jigga

a i
=gT g ggu Butoe—3g94Tg o (8xu dxt — oxv a:é?f)'



73 H. P. SOH

The differential equations (5) can be readﬂy solved and
they give, AR

1—-2u—2ib - q,-i-.z'Ax‘ L ay+;i_A,, o ustide|
totid, —(1=p—1iD) G 0
Q) yw=4§ L L .re
_ a,+td, - 0 7 (L —u—1¥) 0
a:+44, 0 0 —(1—p—td
where

fff ()(’I.vit - _ﬂfff{ Og.’q-d\'zr
= —-, » = ) 7_*') ,
f‘_
dl/
U= , etc.
Ly
(¥

ndv ‘“‘(7\
(]) _9’ y A Jf ’
¢ A
da
_ S gt dv .
Ay:fff{ » f_f'_ . efc.
R4

. 1 .

and constant factors - . have been omitted by the proper
choice of the units. Thus to the desired order of approximation
the Riemannian line element is

‘ , . ogap . -
For B}LTOQ is at least of the first order and a%;;;‘ is also of first order,

hence VTS are taken outside the sign of differentiation. The last ex-
pression is seen Le. p. 116, to cancel each other. Furthermore

o U.B O gﬁ“
se+ {9 sy s
and the last two terms are evidently of at least second order. Thus

) o « -
¢ h’u —}% h )__

dwe
to the degree of approximation desired.

. ?
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(10)
ds’= g(l —=2u) dt* +adedt+a,dydt i od:dl—(1—p)dz®+ d_u‘~'-+-dz'l)§

+4/—1 §~2d)dt2+Axdx dt+ A, dy dt+ A, dzdt+ O(dz*-+ dy?+- {1225°

Thus in the first approximation the gravitational and electro-
magnetic fields are kept separate in the Riemannian line cle-
ment, which is in agreement with experimental facts. The
former occurs in the real part of the metric which contains
the mass density through the potentials g, @, ay, a. and the
latter in the imaginary part which contains the charge density
through the potentials @, A, A, A.. Tt is seen that the ex-
pression for ds® does not reduce to the Minkowskian line ele-
ment unless both the charge and the mass density vanish.  ow-
ever at any point the real part of the metric can be reduced {6
the Minkowskian ds® without thereby destroying the clectro-
magnetic field.

3. For cquation of motion we need another postulate,
Taking Eulerian hydrodynamical equation as a guide we assume
therefore that the real part of the divergence of Tw

(11) R (Vv Twvy= ¢

as our chosen cquation of motion. That the above cquations
are tensor equations can be easily :een.

This equation, when integrated through a small four-di-
mensional volume following the exact procedure as given in
Eddington’s le. § 56 p. 126, gives the equation of motion of
a particle as
fufs| dao dacts |

(12) R {(mﬁuic)d;fsff i) .

To evaluate this equation we first calculate the Christoffels
symbols and obtain,

13) [11] _ _ ou_.ob
1] at oot

117 _ %a. 92 , . (04, oD
{2]“ Y +a'u“(at. + ’ax>,
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(117 _ O%u, , Ou 04, 8{[’_)

_3]~ 81‘+8U+ (at+a:/

11 8(1,, out ob

_4]“ az+az+’(at+z),
[129_ 1 (0a, _ 2"?) 1. (094y _ 34?)
L 3] 2\ oz oy +2'L(ax oy
(137 _ 1 (a% __ Oty )+ 1 i(aA* aA,,)
L2 ] ey o 2 oy ox
147 (aaxf_ aa. )+ 1, (aA,,, Qéi)
L2177 2\ 22 B 2 oz ox
r187_ 190 _ doy\, 1 .(aA: _aA?,)
I (az/ :)+21 oy z fe
127 1137 _[147_1o6u 1 .00
[2_"[3}“[ ] ‘>af“' i et

ot = (0] = fp == 0] wam2sn

Consider the x-component of the equation,v=2,

o fiwrsrSEsmoso (e 2 o212
T R
ea(Gr=t)] e B T e i (%)
+ 2 (B - 29]~0

-)
If we introduce a vector H defined by

(15) (H., Hy, H) = curl (A, Ay, A,),

-9
and a vector E defined by

o (Am Ay, &) — grad ©,

(16) (Ez‘; E:lh Ez) = —at

>->
and the cross product [ V H] then we have the equation of mo-
tion of a particle as
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(17) m‘;;?;?—m {dm-i-g; + 2‘; ~—[;l—;]x}~ ¢ gE + [m]m
—i g} =0,

or

(18) v§m :%;L =m g: 4 ek + ¢ [?1—1)];,,1, 4+ m (s — [?';L)]_r)
+ mz gltl — oz g?)

The first terms in brackets arc the classical laws of motion
of a charged particle under the influence of gravitational and
electromagnetic forcex; the other ferms arve in the nalure of
small corrections.

-> -

I is seen from (15) and (16) thal the vectors I and H
are derived from the retarded potentials in the same way as
the electric and magnetic vectors of Maxwell’s theory.

4. We conclude by examining the role of the Lorentz
transformation in the present theory. To begin with we note
that in the present theory Maxwell’s equations are not given «
priori but deduced from fundamental geometrical postulates in
the same way as Newton’s law of gravitation was deduced by
Einstein in 1916, to the same order of approximation. If now
there are two observers in motion with respect to each other
we might inquire how far the approximate methods used in this
paper for the derivation of Maxwell’s equations and Lorentz
law of force are valid. From (5) it is seen that the present
treatment is legitimate only if the two systems of reference arc
connected with each other which keeps /7 invariant, i.e. the
Lorentz transformation.

In concluding, the author wishes to thank DProfessors
Eddington, Einstein, Struik, Vallarta, Z. T. Chang and P. Y.
Chow for either encouragement or helpful critism.



