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 which, as & mattes of fact, sup) Een;ent Keynolds original equatmns of
meani’mgtmn.z To; soive ti;em«eqnaxmns?oi i}untuctmns he (:gnatm{:tﬁ
the double and frzple cerreiatm‘ﬂ funitions and the d;iierentlai SGua-
tions. 8atisiﬁaci&hy ihem«ﬂ&&nw Wi lines teNowed by Taylorsand von
Kammn m their «smnspaal theogy el iso N;anc aturhulence, ‘He has
@Dhed the general theory to solve the pmbiem ot ‘presstire flow within
a channel and G €. Lin? hes doupd the salutm\:; of pragsure ﬁovg ing
citoular pipe. Loth of them have neglected the action of viseosity
and obtained results which are in good agreement with the experi-
mental daté. Tt is found that secording to'Chou's Hsory the dist
‘butions o miean svelocity ‘andof mean sqitares of furbulent velocity
fluctiatipns ard osrreldted and -hence thesmeasutements of them should
be performed in a smgie experimeg;t at the saine Reynolds number in

ordér to'be cempmad accm:a?eiy Wzth fhe theoretmal predmtmns. ‘

13, Y. Chow, Chinesg & p}zyﬁ. ¢ {wm}, 1.8 ,f},
2, {} . l&m, “E’mﬂmm E’!@w af g &mbu!ﬁnﬁ yimd througha 0£wnlar ?ipa”
(mpubhshe(i) v
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The zsr%f@m paper deals with the solution of the velpcity and
ternperature | disiributions in the wakes behind ‘an intinite eylander and
2 body of reyolations 4ocordipg Lo Ahe games ERE0TY. drwill ba shown
below that, o this: %@%iﬁ‘%ﬁswiﬂf the 'qumz}a o mean umtmn and the
equations of double correlealion are tsed while the third srder velogity
eorrelations can bs 89 spupiedy ither begrponstanis BCIOSS the wake
{31 ngas:g are, even & iuaezmna) or ti)@bﬁ ismgmrt;rm:ﬁ 0 ’meﬁ d;stama pet-
pendicalar to the plans or 10 the akis bf syinmetry (il they “are oud
sunctions ol this distance), sy thst thedilferent.al e juations satigiied
by these correlations eR ohe dotlouho HR Wa shall see suon; theihenier
wéak mﬁ&wﬁm}a (}i Ghe nddn! squares br veladioy “Ihistuationy aghoss
e eyimdw a {l i“he mﬁzai&y 81 gmmmxwi sﬁf;iz?

ﬁ}%mﬂirﬁf‘y&i’y” well with 1 : wmemm&s of, }. t
Fage and Falkner and ok Ball: and ﬁsa&og reapect velyi .. vy gt
For the sake of denerality, we shall write our ﬂ{;\uag_wm in_eurvi-
zmear mm dmamz using the mng&age uf tenfor *{mai: '1& Tor dga;?g
o Qfmun ﬁ%ﬁ’ ormmi @e“ Them tha eﬁmw{m c«i

ami z&g @ gma»;@m oi ﬂaady dﬁub}& 2o1 mlauam Mg g;%ﬁ by

whets {Z@*aml 5 fimsz;m ﬁm IReam, wﬁemw ami rha *«e%mmy i‘zww Y-
ﬁim, g? ani% m %h@*‘mﬁazs z;»mﬁsum ands piresauw ﬂx&cii}amm *;a‘zmmv@y

omﬁ@ e %da ol the mxrea@mdx*xa é@ﬁfmiii}ets gyer
‘vm% a mmsm %mqieﬁ mg mﬁmmamt fh‘ii%?i‘fehfl%

wted, by ’m; ' u K,
éaw fions for
shell npply the
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VELOCTEY A8 FUMPERATURE DISTRIBUTIONS %

thﬁory First tor tkﬁftwawéfmenamﬂal wake b”'hm{i an mﬁzm{e wimdm

Veloeity dz&%méméwﬁ L et -
Befara W atm‘t w;m the‘s{aiutwn ﬁiﬁ” the pmbleiﬁ Iet qis eéxaasrim%

,t;l}e __s;m p (m;% + m,géw%} in {i 23,
Z’his xs what haa bsfm {i{m& by Chixu aad Lin m, ttw «eams of turbu erz?

mpte we sh@i a}sa i

¢ ize Seanis aimxg ‘the d ,
‘tion of the {mtiisuffba{? fimv sueside Ml wai{e and the Zalis diohisthe
axigol the cy,u:;gier. Lhen the equations in(lb) and { 1.2 which
are not 1(§emmaiiy FZeto with, ii} ;abovemodifications ¢an be wiitien
regpectively ast ; :

vel
.ggz-}f o

}@«w, ,,,,,
25
and f M,%.{’j’“ &iw%m H s 9 WE'%{ ({w@xw
- o «g;;km}w H
I{}A; Xfw N

5. T, von e, Jotir, 6f dere. Scé g ga%g’”{, 1:;&
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lfi‘: f;ty i ﬁ;Ev‘ {3; \
& bshind £ ‘n%)g / }ia is l&rdg,‘(z}%he ‘mar} qritj z:sf tha &m%{e be-
bea wémd 18 Sust,

digtant
mné a m’fimka

i, ;z its er%v’ me mzwzdmﬁ w;m ihe zm&: oi the <*yim;j&r czmi
i & ‘t‘bm’ % 3 PiE

’3 } tm: &mdrﬁggx Eem;x:{szwmm hy ¢he mteg,,mi {J Lo % :@?a:—«{?}d:;

X A £

(whers Do is thie undisturbed-velocity “ou itside the "w@;!\:ff% mivst be in
degeident B he Jaitinhiol theopinke of intégration then U must he
of the fallowing formi ' e

2’3} 2 e o .

(2.4

we can immedistely wrim

w N
(253 Vews 20 B

(1)



VELOCITY AND TEMPER ATURE DISTRIDUTIONS 5

so that Fi( 7)) aﬂd F,(ﬂ) are:two. unkﬂowniunctaons o be sietérmin.
© ed presently: BRAE RN - Lt il L

It is seen that both U -—-U and V decrease as mcreases If we
consider w=51/1/% ag'd sinall quantity of thie first order, then -

BU N 62 C aU. D Lies

UO—U ~ & :’ | VN e’ ' BZI ’. . _" a .’ p

4
Y 'ﬁ—”". £ e

2.6) | |

as can be verilied by actial dlfférentxatron : Now ‘16t the velocity
iluctuatlon wl be of the o'rden gs, 'Fhent we have g

v L

(2‘7) 'ij, Tyy 5 etc ~ 3’5 wx 'y wqu ) etc ~ '8

I we negLect all .small, qgap;me& above the thwd orden in.the first .
equat;on ot (2 1) when . js.Jarge; then we. obtam

w y.’

;\'

: ’ o ,
S \V. }54 \7’)&
R L ‘ Ce i AR A i

| "ll)y’bUz ==pr-3-7 hs(n) “

., S -“c’;ui LpLr ot :
sﬂbgmmmg gz 3), (2.5). agd (2 8) intothe equatxons (2 1) 2 4)
and {2.2) and neglecting all :terms.( 0 hxgh orders except the lowest
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in; each eiquatioil»"then- wesobtain.ther fwoiequstions:of :mean. motion:
after being mt°grated once thh respe“t to n s1mphi1ed intp: the iorm,

the equatlon oi contmmty for mean mot;on as

R BRI, LN . ACIRVEN ".‘4 R D e VG -
(2 10) FQ = 7? F1 s
and the equations of double correl’éﬁﬁﬁs"':_ibe given by‘ -
\.‘-j’}:.“t';iui‘\" sffi Ju fz 1_,_11"’;—[‘— nf lﬁ'h 1_:E}§(H)l7‘1 LS 0 £ e
(2 11) fs - '1_%‘(3—1_8[”‘ ——]é -""Fk( i )»)l/u?l L s oL
R I e L L
A “m r»h'g—»“(ax}zﬁ"" e

wiiéte® thd" dugh! dentt

=2z U\ We gée- that g mﬁsf b é"hﬁ&cudﬁ of ‘r)'only s
Equations (2.9,—(2.11) are the seveq, equa\tlons determmmd the

fourteen unknown functions F',, Fg. 1. 15 F “’fg, f \&h , by, IL,

troducmg further ccndmons Prof Chuu h{a@ mcr;ﬂsed the number
of equations by constmctmg the equatlons ‘of triple corrclatlou But
the number of the unk\nown—iunctxon is duelyrmcreased in turn owing
to the introdudtion of tHE iourth order’ correlat:on i“fudtctions on which
other assumptions have to b&mad In the pregent case since viscg.
" sity is not ne@l‘ected rCh“o“u’s Hiethod caniot be’ followed for the resul-
ting equatxons would be 0. _compllcated to be solvable. . }
It has beén o’osei\ved expenmentally that the functions Foodg, ]v and
f, vary very slowly with. 7.near the centraL portlon of the wake . ‘We
may expéct\the tnﬁle corrélations to behave ‘lrka Giantier. Follow-
ing C. C. Lin’s tcrea‘itmen_ of the terbulent ]et X we replace these cor-
relations. by »thexr valués“hedr n =0; appar%@tly the deviation from
fact will not be large,  Thus i’ L R o aqd h'. are all constant and

By, h'y.and RB’, are all equal to zéro} @s Iy Bisvapd b are odd
functions of 7 while h,, h, and h, are even functions of 7. We may

‘ by

) GUE R ‘lvglomty and J"emnéxathr 55 tnx‘mm”ns 11 {mbnlunt’JetsJ“
Saiv Rep oF NEHBHA RS Badidpgraotjle b SHES Y how

N

Sip VU
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furthibs phsuie that 7 i8%lso alconstants  this's dqirvalelt” td/oSsatns
ing that the lenth ) is constant acrd¥s Tl wakes™ Thiht e uthbeP
of unknown functions reduces to seven, satisfying the seven differen-

tial equations (2.9),.(2.10)-and (241). - -~ . N

Ffom the third and fourth equations of (2.11) we get 1mmed1ate—
ly, on iatedration. = ‘ . B
(2-12)5... fe=ma—10M, . -7 Sy
where .a = -—=h 3/(k(49) l—~1) do=2 (K (9 \l—ll)“ o= h ,/(70(33)

1_1)3 k’——Z(k(g, 3y l-l»):and b, b’ are the two constants of integra-
tion. 'From the relatxofx -~y/\/ = we see thdt the value oi 77 8t a
given "point depends on the choice of the unit of length in’ terms of
which'y and.y ‘afe measured By the suitable choice of this unit we
may ad]ust the scale oi 7 sach that- a__) fhen (é 19) becomes

14y fs=n(1._n‘)

As an mterestmg experxmental ’iact We iiote thamf the unit of
length is faién as fhe Hid m'éBr o1 the ‘efoss. séefiont of d]lmder then
7)~1 at the boundary nearly inall the existing observations(cf. refer-
ardes 556,73, “Fidfn 1218 andb(211%) Wwé may deter-‘ﬂrmnecﬁhe eoxistant

¢

a directly {rom the relation aiclig 9w gl el

~

[N

a(__l—-_... i
T Dt/o '\?{?

){y“=:0~: I 158 . ?(f S 'f,

where D 1s th""dlameteridi'fhe cyhrid’er~ Dogs [ gur R
A cdmpﬁl’ISOﬁ’ of (8: lﬁ‘) T He- ex'f)tfrﬁnen'f:iif?réﬁiﬂ‘f "(ﬁéYDo‘I'd‘s“i
AT .—_=~59?(§) St Fagesis CHEWPHPFIg R 17T i Bebh ¢ EhetVi eI BIS

case the theoretical curve {hat'fits!exp én[néﬁt‘%est §6°00 —=AISanY

@ ~m;7 | =0 / DU '4 %0. 09’ ~10.33 here the root-mean-
=0, S

R e =Lt ¢ U}. e
5 { t I :

[P, RO SR

PR PR
5. A. Fage, 1. R.C. Report Memoraniaf No. 1610 (1933).
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aguare values.of velocity. fluctuations. have begn: ta,.ken by Fage to be;
oRe; thlrd, of thqm maxxmpm values. ~ - ‘ :

b

- ;_.Substgpgm,g,(z&ﬁ) mm thg sectmd equatxon of (2 11} and m-i
tegratmg, we obtain.. S B
‘ —-Mdﬂ
2.18) - == +10g.C.

(218) . log F'y— Lazu R0

where m=}k(12y { — } and C.is.the intggration.constant; . Since ex:
pemknent; shows.that, the; dyng}g;c;ah sl‘mllarls)g alsq.exists in, tme dif-
ferent wakes at.diffegent: Re:g'm)leh;T gum,bem we mqst hgve_k_*_g, uni.
vergally... Then wecobtain; gn. infedration,, Livlswiosd) ad o

e et et = m/4ad -
EESSCERIES & d_.q)ﬂu_.ga ] PR ‘ 1[

(2.16) lﬁc[ M
A+ +8a |



VFLOCITY AND, TEMPERATURE DISTRIBUTIONS 9

Where,a_v_-\/l__l/gsaz the mequahty is mtroduoed hiere since B,
cannot be: neg‘atwe This shows that the veloc;‘ity distnbutnon is nar-'
rower than the breadth of the fluctuation distribatioh,
"""'df’N‘o‘w the"sxr%filarlty ‘afvelodity dist‘ributfé”n m‘ dlfferent* wakes
- Féiires eihar $Hat & miust bé'a umversal “constant for all Reynolds
‘numbers (after thetunit of-lenpths i chbseR Such that: 7j==1 bt the
*bourdary of the wake), or-that the effect of different vaiyes of o on
: the shape of the velocxty distribution curve is- small The first con-
; ‘dition is actually satisfied by Walker’ ] (f}(perlmenl:6 -which "gives

'_ .(\/wy ,)'y=o [J ._0 12 x/D-29 at, the Reynolds number 6.9X10°%

""and hence a_29><0 12’~O 4 whlch,has the same order of rizgnitude
as Fage’ 8 value a~0 3 at the, &eynolds number 580. As ior the se-
""" has found irom actual calculatxon that as

longas a varles irom 0.1 to IA) thefform of the velocuy distribution
curve does not cbange by/an amount greater than the expenmental

o

For the companson w;th experlment we. shall choose Fage and
Falkner's data", since in their-éxperiment the temperature distiie
bution has also ‘been carefully meaisurtd in (2. 192 the scale of 9
e and Falkner 8
; 7220 at g =1,
Since in our case‘FI" 0 at 7==\/"L_1/5a the Telation between S
and 1) must be £ == )/\/d—1/8%.' i But, as we shall see later from
(3¢10),: the temperature distribution predicted by the present theory
is a eextaln power, of the .- velocxty dxsmbuuon Iunmon and henue

lso van'shes at. 7]—'\,/4—-1 /A8 hlch corresponds expenmentally to
k3 —1. 25 of Fage and Falkner’s sca]e 80 we mtroduce a new varlable
¢ and put Z==1. 257]/\/m Then both the’ mean Velocxty and
temparature Qistributions vanish at gzzn Thus 1{ wé use a=030
and take from the experimental Curye the-value F(0. 41)/F(0)—=0 205
as a boundary condition to determme the constant w/4ad 1n (2 16)

to be 4.06, equatmn (2 16) becomes ima]ly A

LREW

1 6. A. }'ﬂge Frag. Rov."Soc. Iond (A) 155 (1936); 592, :
7. A. Fage and V, M, Falkner, Froc. Roy, Soc. Lond. (A). 135 {1932y, 702,
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. 0.67—22 34,061 _-f

AR S ETERE ] ”’{
1 _: = 0 67€2 ¥ ‘ )

The curve’ represented by (2 17) i8: plotted in Frg 2 and tabu~

lated in: Tablel for. different values of Z.. It is seen that the agrqe-

ment- between theory,and. expenguent 8. very gogdb A R

1549 -14.06
425 22§+§,]

Frg. 2.—-—Velocrty and temperature dxetrrbutxons‘ ehuid
) an mimxte cylmder. '0; velocity; ~ A temper‘ature

1

- »Experlments by I‘age and Falkner

- . Table 1 .
guaii/087 0.0 0.1 0.2 0y 04 05 08 07 08 09 1.0
F(1)/F(0)1.00 942 .791 582 374 205 .089 029 .009 007 0
qb(n)/qam) 100 973 897 777 630 1475 2322 .191 111 025 0

We shall now proceed to determme the functron fi. From Fage 8.
expenment we have appronmately ,
18) \ S VR (0= 02><\/35 1”"1 2,

and Ir0m the frrst equatron of (2 9) we have

0.67—n? ] 4,08
151472

Differentiating (2,17) and using (2.18), we obtain

(2.19) Fa== —0.87) Lz 25 1
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(220) | "(n)z_55 (197 7 (987" \

‘(2;22) fx—.:w b”'r)

YELOCITY ND TEMPERUTURE DISTRIBUTIONS. n

(1L.81Fm=)s + =
Multlplymg (2 20) by (2.19), we get S e
| " oy (0G7—HHT T s
(2 21) | fa F1 80X10 1 (BIF)7 . 1{<==-=-'“-:za SR

Calculatlon show that when 722 0, 3, the value of-f, F'y js;

© maximum and has the value 0.29; it decreases veYy rapxdly, when 7

is slightly greater or less than 0,3. Thus when 7=0.2, f; 'y’ (0,025,
Wheﬂ 71=0 Sf f‘«gF r a0, 0029 dnd reﬁnams negligibly small when 7] is
beyond these values, . Then we canmeglect the term fy F',” in the
first equation of (2 11) without causn’ng a serious error, smce its
value is neghglbly stqafll aver a large portion, of the cxoss-sectlon and
still smaler - thzm f; ‘in the nexghb(l}rhoetf of n=0. 3 Therefore we
have : : ¥

fr{-”’nfl — R sty

This equation can he mtegfated m;%tlz)gé‘me way as the third and
fourth equ?(tlons of, Qg.le), ,gwmg o - _r '

I’. i

where * a,"cnc—h1 /(A,(u)é ‘1) A" g (75\11) = 1) and '’ is the
cOnstant of integation, g

Comparing (2.13) and (2. 22) with Fage’s experiment in Fig. 1
we have “
(2.23) fi=0.45(1—0.927*),
(2.24) o f1=050(1-0.837%),
From the form of the solutxons (2.14), (2. 23) and (a. 24) we see, that

turbulence in the wake behind an infinite cyllnber is three dimensiotial

in general 4hough the mean velocity distribution is two dimensional.
Thls is an experimental fact that has been observed by Fage already.
In the solutions ¢2.12), (2.13) and (2.22) for the mean equares
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"oi velocity iluctuauons, we rna-y also attempt to choose k=Fk’ =/’
to be 6 instead of 4, to explam l‘ade 8 experimentat .data (Fig. 1.
Tt would be mferektmd to investigate the effect of this changde thus
prOdUCﬁd upon the velocity and témperature, distributions: - ‘FHie sthor
has used k=6 and s :iggegrated (2. 15) ior a=0, 3 and =05 and
found respectively .« -,,r-" S

1

;.’:

AD DR % ( s 1 @3 H . .
@by oAbl f 1004
S NG % { {1 568—{—0 734(&? +§ )]"’ oi

5.
‘expt_gﬁf;js; — 1420 tagt o._se‘4(__(zg%+1>}} 243

,__,  (e=03,  t=n] VOB3T)
: ’ .s:‘ : F (77) .': - 1 g?
(2.26) , 1 092 :
" Fi(9) { [1.181--0. 691(§’+§ )]/°

exp[0.453—1.236 tan=" 0419 (2624 1)]} 278

L N Ga=0.8,: = N} '\/0.{501 DI U 2
.[ FTI ; TR L Ja
¥ TFheiabove two {formulae are tab‘\']‘ate‘d in Tébl"e 17, T{Iie'lr qqree«
yment thh the former case, k= 4 and a¢=0.3 is excellent, 1his
shov.s that a shdht variation.of both the shape and magnitude of thie
ﬂuctuat on distribution, curve has practlcally no effect on the .mwean
velocity and also on the temperature dxstmbutlons as we shall see io
the iollowmg SBCUOD
Table 1I

z 0.0 01 02 03 04 05 08 07 0.8 0.9 1.0

P, (77) /auOuIOO 917 828 630 4717 200 180 039 .032 COo 0

I’ QU) a 05100 940 7U2 GU] 363 205 034 024,009 001 0

S S ey .. ;,4_._\_.‘ ._‘S T v - .-
. ;3 ‘ Tha. i.w.ojdwnenﬁzonaé, walce bel%wd ayg mfz_.mte. cylmd,m‘
[ SoTah i Ji- 2 A T PR '-f ) o

s« o Temperatire distribution. |
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In order tg o )

- Xamine (hnn 8 theory more lnsely wo shall now
consider the (iiatnhnlmn of tempe

re mnn aAcrnsa the
heated iafinjte Cylinder,

wake he ing a

Since
conduction of heat ingige a flui
Stokes’ cqu'\‘tmns of motj

corresponds to the pre

the fundamentn) equatinn {or the

dis exactly similar to the Navier
on (‘xrrpt that (1) there is ny term t
ssure te

kinematic coelffojent " ol vis

diffusivity &, we may. consider the temperatyre ag the f

hat

' in the temperature case and (2) the
Cosity. p g’ replaced by the thermal

ourth compo

nent of velocity, Thus replu(mg Uy and w, re

mean tempefamre nnd g

3pectively by 4, the
the l‘empe‘rature fluctuation, then eqia-
tion (1.1) and (l 2) become reapecuvcly

@1y U; é;'f;l"—’ Wi R g,
(3.2) Ui 5 G705 + 8,5 0 0403 (0, ), 4 (oo 7,

Applying equation (3.1) to the two-dimensional wake and nedlectin s
the term, ¥ 78 we have~

Futeirs o

3

(3.3)

Whlch (:ﬂrles (}nds 0 If we put 1n analog A8( sechon
in analo y to the lac
P

L 2p ko

A B
(34) Vﬂ'v”w',’--kf-’in'(}m' R

i i f(iy are constants
tain linear functionof v and A, k()
is a cer
where p, is

i b s teriis W @7 in
3 e mean“ g’ag" before. Negﬁ‘lmv(mg}“thcgtu l:‘ v b
al‘d'-hasfthe B’Ilim n 0an 1Al i
? . ¢ L VI i

(3.2). we bave
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E I SIS SRS A St "IL“ﬁ:U'B”i‘ wxgl ¥ o

wiaiy v cip 0307 zibsisee \_uu AT

. o = —_—
(35) als =i sress (1) ol LY 2“9, -;o,w}’/\?(

R

i ¥ mli" S Rig ey oL 2NE
. = QY e C,‘: 4 7 a

Grie 1L i;

BFpLaI "0
‘—f’—U\‘“wg—i-V ;109%—\
! NS i ; FoL g Gf;t‘{ °'.‘“_{ X ,‘ ST )
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SN ) : ..;A.cwy?zﬁ’x_\: ———-n———-p \g, ) ~e:

the third equation (i=3) ol ’é 2) bemé 1denucally zéro.
Following the same reasonmg as before and since the mtedral.

i 35 e Tz b
VO \,i Sk \_ ’\’ oo

. o)
o R f*uj‘f‘gb’- ) SO S, RO

whiceh is proportlonal to the heat lost by the cylinder per unit length
per unit time, -must ‘be’ mdependént‘ofé”v tben sitnilar to (2.3) we

may put
snprosigen | ite
(0.6) AT
where g, i .
g 9 75(77) wyf = fe("})
fo UL AR B AN SN I..:;., Y ebnogreTion 0
= Uol (")).
: qe:_f .
T ~J T
CRETEETIE PTSRTINTY I TTIRS I SRS L C I S DT

i we »retam the smqll tg(ms of the rlowest order Lhen g 1.3, after

)».:,

2 B G g
bemg mtegrated with’ respect to 7 once, and (3 5) lespectlvely
reduce to B
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(3~7) R ﬁmﬁ_..,zfs ,_ e
1fe+<i>]‘ +)‘ .L.l'r))f/“f .-'-l

.'E{'ust be ah old functlon
fmfg’(s’ 7?

m“ﬁé‘the seccm’d equatlon of
tal 2y \i’)[x

ol io _L (10 2 )
fa(lvm)*—‘n?ff B et

gk(e)l -3 and log:Biigaconstant of: mteﬁratmnn
by ehmmatmg Fl w1th (2 16) we fmd

N
T E
e

It it seen that q5 0 at the same pomt where F —-—O The experi-
ment of Fage and Falkner gives ¢(0. 41) = 04~5 Substltutmg the
constant a~0 30 into (3.10) as before, we héve‘ e

: 5 0.87/ UERI 912 g ]\_él 1.91
(3 11) E 295 51t J [2 5d;£3+§JJ

in whxch thie: galue- oi mr/4ad =1.91.is determmed from the boundary
" coniditon: of $ at ¥ ol Compansou off the: the'}rétlcal cucye plot-

ted by means of{3, ll)whlch is also tabulated jn Table I for dxﬁerent

vahles of 77 whlch Fage and- Faxkner 's, eXperiment date i is also shown

in Ffz. 2. 'We: gee that the adreement i very satisfaciory,

7 The temperature dlatrxbutxon béhind a. heated infinite cylmder

has also been calculatéd for the cases.‘k -62 =0.3'and @ = =0.5 sepa-
rately, For both cases we fm‘gl(' : ‘

(8.12). $ (1) “[F (MY

. 1 (0 Fi(0)) 5 .
where F (”())/P (O '9s given by (2 23) “and (2 26‘) fo&’a 03 and
a=:05" respecuvely‘ - For both:caseS agreement, wlthpbservatlon is
good. : K tho TR
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4, The atwally symmeirical woke pehind g, boa’y of 7evonman

Veloctiy and temperaiune distyibutiohe. ™ Ry

The methed of s..o’unon g 2 applies* r:mmedlately to tbe pre<ent
case of three-dimensional wake except that $he calculation begamies
now slightly more complicated due, to.the farm of egnations of mean
m _nlqu zqf?d «dopble correlatx,ons in. cylindrical com‘d}uabes Let us
take the z-axis as the, pxig. of symmetry; of the. body,oi sevo];u&m@n
which lies ip the directjon of the und;stucbed velocxty of flow outside
the wake and the point 2= 0" somewhere m51de the body Denote by
U and V the components of mean velocity in 'the' & "and s r d:rectlons
res[aeg:t(xyel apd,)wmte L=gh, 7i=x? amiﬂ =%, then (1.1).and (1.2)
undér the same modlhcauons as ment:oned'm the hrst paragragh of
g Beandie written ih- the«fo!l‘owmd fozm igs SRS o

U uooo1 5 1rr11
Ui_}_vé__: : o AT vy ol

1

'

T T WaW ;);ra
r K& r [)r\‘i .

_;,:+,: a‘ 2_{7;{5_ +raar it




VELOCITY-AND TEM PERATURE DISTRIBUTIONE ¥

where T,,-, 7‘09 . Ao+ etel
to W in tensor }anuage The dxfference between w, and w*
must be noted here, since’ in cylmdncaltcdbrdmates ws==7-7 w?. In
writing(4.1)and(4.2) the terms which  just vanish identically aceord-
ing to the symmetry property of the wake have altgady been dropped.

Now similar to the two-dimensional wake experiment has shown
that (1) there is dynamical similarity in different f’crOSlwseét;b §%
the wake at Iarge dmtance down flow, (2) the, boundary of the wake
is found t5 be'a sur!ace.e{ revnlutlon r .const. T]"ﬂ ".L\and (3) the
dragging force gnven by the mtedral '

’ },Z’T*Pl{aj """ (U' —’U) Fdr , ﬁ e o

in which U, denotes the value of U outsxde~the wake, must be inde.
pendent of the position of the plane of mtegratlon bemgd the—obstacle
Then we put

13) ¢ U=B, T2 R ] i T
(4.3) [ PRl N / s
From the equatgc‘)h of cOntmmtv c Ay o= |
(4,4) X (“U + — (‘TV) -0 ,_:__: : ‘\ - S

e i

F, and F, are two unknown f{unctions to’ be determmed’presem]y.

Exactly: as before wepute~=1/z /s asa Smalt qlantity of the
first order; then we get from d:iierentlatlon e i G

—\5

1
b
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- oU ;s oU
Up—Umiet, Woaes, U s
(4.6) | TR G or T 5
Or ¥ or .

Let the fluctuation component w , be'proportional to e3. Neg-
lecting all terms which are small quantmes of order higher thau the
fifth in"the first. equatron of (4 1), wefind- ' '

o o Tons ;
/JU aau o 57 (r Tar) ~ & )
.Hence- R G el : : o

Therelore We can put

] 3
wxw, Wy == %?5»‘_ hs' My,
—_— Do . —— UOS
wx'wg’r—?— 114(77)7 'I,Ur'u)ﬁzm‘z"? hs(")

Subtituting these relations into (4.1), the first equation of whi¢h
is then integrated once with respect to 7, {4.2%, and (4.4)-and
neglecting all terms except those of the lowest order of magnitudes
in each equanon, we, obtam

(;4?9)1 i s e ; - el e 1}17}‘”—1’“ >
(4.10) Ny =—8Fy 7 S R
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el
’

where (=2 .% /s /MU as: beiore Comparmg (4. 11) with (2, 11),
we see that they are exactly s:mxlar except the “additional terms aii-
- gen out of the curvature of the- cylmdrlcal coordmates.

Slmllar to the two- dxmensxonal ‘case we may. substltute the func-

irom the’ second equatm
(4.12)-

when 7—=0.
hold throughout the who

and b 18 a constant of i

(4.14)

Substltutmg this mto the st ond equatmn of (4 1’) and mtedratm
we have AV TN i nisy "»‘—‘{\\'; DS ng

(35), logF ~f “’”1”-‘1’~+1ogw




T,

20 T NCHUE

where mm—ik(wg)fl — g and-C iq&axj’iotbqr. c,bns;an't of‘integration.

No evPenmentaI measurement of imean squares of veloc,ty {luc-
tlmtmns in"thers v1ally sy'nmemoal ‘wike sesms to have’ been madg
Therefore the vah,e of k cannot be ceterm: ned f:om the nomparxson
with expenment ’However it s reasomble ta: uge’ Jc =4 obtained
from the two-dimensional wake - Then (4.15) ean be integrated as
before and we haver T LT s Sl g

i I

T ity 7 ;:'\"-',,~.‘.
JUCES B PR R SERTS AN

(413)u 18

3y

symmetncal wake,
of the last gection become

3 5 B =,
lhe equatlons correcpondmg (3 L,) ana §3 5)

Drou T hop g, AN pGIRGDT Y

@17y

} 8r)‘*SUi2T—>

o’mf-,g’r o

L20 7{:( 3 : BN

.——;Nugﬁe wﬁ

S TP

il T 3 ] EaEa

the equatlon /a=3) bemd xdentwa‘.ly zero.
Since the intedral

)I".
: T ais

ZY‘T{ v (6 90)7(1,,. . PR
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mn&* i:m mdepeﬁdmt Q§ ¥ zh& :

fay put
s Vo wrm
¥ @% :
[ :’ ; K ——— Q : \ .
‘Ef»’@g‘; - Egyﬁ; ! ﬁxn‘}’
@wigy L " 7.
Xz,u(’i} ¢ Wyl e = = B ()

w”ﬁé}

Q T
W?‘§$ e B (s %’g 5 T e i

Thus, ﬁqaazxoﬂg (4.17) and (4.18) become on neglecting small guan-

litien-of higher order in‘enth a@mtxan, 3

(420} - = “3fs,
sl T PR j
g
)[ F’Jg»%‘é 13’§”‘ m?:5vi 3 7}/’ 5‘“‘& 7 iz»,,wiaeu)é f%;
AA2 b Lo *»; W £ 5_ : S
; Diear g ‘égls’i“' J?ef %‘M?}; 3“;53 “%*I‘Zg,!&v;g ;’5(2} g‘:« ‘fy i ,;.f
saiin ool wiReES ey Syrven By 2 SF ot f}ﬁi FRand
respea&ve;yg RO SRR EOE g G s kgl ETSIRIETU TN IR
- Eolloning the same wa,g a8 baii}re, we may assume k rs Tig 800
iz,g; a8 cfma ats,  Since ¢ 0y sl sand 75(0) =0, drom the second
squation of (4.21) we find, by setting 2 =0, ‘
(4.22) Wbl ho=d “‘ﬁ PR PRI
%i}a%imtixw {4 23“‘ b %}mk mm tiae %wﬁd eqnatmn of {4 21 }, we have
) ¥'fat ;-i-.w;ﬁ Loy it

5 g ’; \‘ N -
We' sa& ﬂmt {c’é 98} ami (4 ‘%3) hava fmaaﬁy me mma forms as the
tirst equation of (4.9) and the %{‘Gué equatmn of { 4.11% Tiwrefum :

an intedrationwe have



98 bl NLHUL

L T s Ty Sy A ey
(4.24) PIRSEES qS(n)_B[ 181 "18(!] 4(1d
. a-+n? +E&
WhEHag £t *l*k(z')l — 5” andd =/ HTITTT €

Flg 3 shows the @xperlmental data of vekocxty and temperature
(s ) s = W S \ 2L \ [
b‘ 0 i _.:-”- . S A - i'_,_ 1

- . . oy
Bt e e o iee e e o YINGN Dy )
ERTH U IR0 4 (‘ ‘.4-’. S A R v Y H

¢ e
X

3

dmtnbutiona obtamed by Hall and Hlslop3 We may determme d by
giving a reasonable® varlue ‘og g :and then get'the value of /n and m,
from the expenmental value of F| and @ ‘at 7 = —0.41, Usmg the value
of a=10.6, we find that (4. 16) and (4 94) become respecnvely“ﬁ-’i-ﬁ?"

A

: (f‘; 77[\/09 )
. ¢<7] 090 7)2 286‘1 \‘ e
(4 iG) 20), 612)2 Mﬂ,] i

whxcb are 5 ’ abu]ated in Table I1 f01: d)fferent values oi g '
e Tab}e‘nl SR

§ .. 0.0 01 02 0.3 "0.4 05 06 07 0.8 09 10
1)/F, (O) 1.00 .938 .777 550 .351 ,190 .085.030,003 0010
5 qS(G)’ *’1 OO ‘951"8‘1’7 625_ 4\30 260 I35 077 017" "0

{
7;
8

‘A, A, Hau and Hm!op, Proc Oam]) Flu{ Soc 34 (190_.), 48.. ..,
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.Here we must note that the boundary. of the distribution of 7,2,
.nml,(ci (4 14)), hag been chosen . at 1’[R==3 where r_is the dis-
'tanc'e"' from" the axxé’ét symim ‘_ r'y.of the wake ‘the value of
r at which the velocrty dehcrency is Just half thé valge db the center’
of the wake, . Since no observanon 0n the{ drstnbutron, of:- w, has
‘yet been'medc, the ac\tual point where Ng=l1is not yet known Hence
the above chosen value of /R for the boundary of the wr’* distribu-

_ tion is :qurte_arbxtr%ry. r“It i8 sieen fron; Fxg 3 that the agreement be-

MG

~thére ;i—g'marked devﬁatron hear the edger0 L‘hrs may'be dUe to he
fact that the chosea value. ol r[R for the boundary is not accurate
The author has tried the dlfierent values of ¢ between 0.4 and. 0.8
and then calculated the: yélocity and temperature distributions, It
is {ound that, fhe resultmg changes in the shape of the curves lie
within experrment&l error.& o i N

In both cases oi the two drmensronel and the three drmenslonal
wakes we have found from the present theory that the breadth of the
velocrty ﬁ’ndatenip’erature*diétmbutmns* is natfower than‘that!8f the
fifeHn’ salinres ot Vet "'1ty (flwetuatitn (757" “or w, f drsu'{ibutldn""by
an amount- which isa ‘function of & ‘only. [his ¥ an’ uhportant ‘point
which inay be'examinéd by later expenmentu It will also be noted
that in order to calculate the veloctty and temperature dxstnbutlons
more accurately, observauons of the velocrcy, temperattu?re and fluce
tﬁ’étlon dretrrbrftf 0 Sriet

hrch have th value 31
°iu.‘u 3)“1"! B

lwhen the turbulence is.isotropic..

equal}ly'J good" 'fren 'th‘é't'u'rbu g
o Wil g ng ; ;

our pro em mustr

T
'Srnce Chou s equatrons mustoho,ld

At AaceE)

_m 1sotropxc th value of, k.’q‘,) in

Same ¢ as those dete;mmed in ;gutfrogrc ur-




he f olléwing equntions for

m wgneix fop s’b £ Ea‘f, &nd e hav«, qlsa i;z i gi ¢termined in.§ ~ig That
{*} 2) aud {:’:‘}%u} are cousistent with (J.ELM} follows: immediately irom

};;m xper;mmﬁai zeauif ’ TS TR
(“2?‘4?} ESLMRE 48 ;“;

b

) _\zési‘g?e:'t;, d ammmmm within the *wm
(}ﬁ by ), ;mfi {4 1% .} we

,g,,

om i"ize mmt’m 61 m
c’un&nmf}m% and thi&%ﬂ}ilﬁﬁ");@ onal wakes @,i ,

o that il the constant ¢ 18 va wied, the value g
i &iw ohanﬁef,‘i “Phién in orddt 0 make (218} 10 M mm the e¥peri-
ental data we have to ‘mry thd jf}i)W”i usw&zm t i mgamny,, bl
Léﬁém 's“ ua ciag}mda apen’ ¢ i . ‘
gﬁ%{ieﬁ afsfi’dsa function iﬁ‘
m% o tor thalditferent values of wuh the x:mr‘

&;girrsé it found - | Vanel thooretical carves
%g;‘n@;;m} date Yery well ino s HYG eolama
quantity, m/ded, thue determined o the different val
given, It is seen from the last column thal the empiviosl f@ws’i}

connecting wmoand o can he writlen as
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(5 5 g mag TRZ o T e

Then using the last equation of (5.2), we have. R

(06) o ‘ l»(1‘>)l—23+25ad EEE

U . Tedle 1V

g . 160 - 109 2 105 AP0

/n/4ad a 502 -4.06 : 8,46 - 812 .
m iRy - iigg Uip.94 0,5970°0.48 034 “0.00

ad( m_g, *2) 304 .'3'07 c04 B80T 309 —

Since experiment shows that k ——4 then irom (5 1) and the urst

equation of (5.2), we have [ = 0 60 Substxtutmd this value of { in-
to (5. o) we find : :
.(S 7) 5 ke T 39+42ad 39+49\/a’+1 87,
Itigseen inom the aboVe equation thatky12) decreases as ¢/ decreases.
The smallest possible value of k(12) will be 9.2. For ¢=0.3 and.0.5
the values-of lc(w) are 20 and 25 respectively. - Thus we see that ac-
. cording.to the prf—:sent— theory k(12) > k(n), k¢22) andk(33).

The above ‘reatilt shows that in wakes the turbulence has the ten-
dency tobecome sotropic. - Let us consider the case in-which the
mean:{luid velocity is nearly. constant everywhere'and also along the
digection of w whieh ig taken as:its. dlrectlon of mean.motion so that
turbulengce is also nearly uniform ip the 4 and, z diregtions, but . decays
in the dlrectlon of mean motion (such.ag.that exists ig a.wind. tunnel)

Then (1.2) can be written:

{ d'rxx . 20k(11y ___d’r:z;y 21)]0(12)
56)\3 = O e Do T g T
( .
. )

Clz'ryy 21)]{7(22) ’rh ) : o ,jd’rzz 21)711(, ;2’) Jr L‘\ :‘:5 »
.;.da, U)\, I - AR Ul{\, . .

.43 ,._,i HRE T A

[t is:seen from the above‘ equatxons thg;kxi\kgm) aglarger than (),
then T4y, which was originally different fromizerod," will be decaying
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more rap.dly than 7., 7yy and 72z - This means that turbulence
tends to become xsatropxc as the dnstance [ro*n “the turbulence pro.
ducmd deviee increases;; : e Rease . gl -

The inequality ]C(l") = lc(m leads to anot h*r approximate form
of solution of the equations Gf double correlations (2.2) and (4. 2).
Let us congider the second equatmn ot (2.11), Since k(.2) is muzh
greater than umty, the second ‘and third’terms bn the left-hand side
of that 8duation‘are negligible whin compared with the term %(12)’/,
on the righshand side. zCalculation also shows; that the terms j3 7,
is much greater than f,. ~Hence this equation can be wrilten as:

(5.9) - . Iy Fry =k i,
Usmg (2 8) and (2 3) we have
(5-10) P g } )\,J’ryy‘ad

TV 2ukGs) By s
Since Tyjy 18 essentially coristant withih the breadth of the.welat
city: def;c1ency dxsmbmon we may wnte (:) 10) i the: Iollowmd
iorm : , AN

(511) }ba }J«a( )~—

ot s ZV:U")

We thus? gée ¢ that the present’ consideration leads to a f(}rmula ofrap-
parent stress* '.f' ” ‘which like the viscousstress, 1§ a‘lineas fanction

1073 The_} au{hnr has-ﬂ%%éd‘ this formuls ‘and vhes Reynolddreqia-
ftioh“‘o‘f meéan IhoEbn to solve thé problem treated*m"“v'z—emd ¢ 4and
A6tnd ehit for both the twoiditnensional waked: . is of the' followmd

235 L0 ad g £9

iorm, CERE 2t {0

(5.12)

-

: L A
REORYY ~ K

where A - and *Ic a‘re constantq The. adreemeut“between 5. 12) and
the experlmenthl data is also found to be sahsfactory “The formula
(8.11) for the-apparent stredd dlgo- holds goodrapproximately. accord.
ing to.C <G, Lin* inchis sofution of the veloecity and temperatures dis-
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tributions in turbulent jets whxch alsa agree very well w:th the experi-
ment.
We note from the foredomd dxs-,nssmn that there exists actually
an apparent. stress coeihclent oi v;scosxgy' Fa in, the held‘of turbu-;
lence which can be shown to be several hﬁndred tlmes great the
ordinary coeffi¢iént -of vxscosny Th?s pomt&‘xs very ml’@restmg in’
meteorology; ;since the large viscosit (usua)ly several huadyed times
that of air in lammar motxon) of the 'atmosphenc air may thus be
explained by the ex1sﬁencetof turbuTence 2
From the caoilafed vatueiof 7 we can’

oot

‘algo<calculate }M usmg
the. relation which has been; put. forthin § 4 and §.4:,

2t
SERe

(5.13) RECZTN e """’“‘f}?i

p i e et i v Lo Lda iy,
where g==1or 2/3 aecordmg to tbe wake is, two or three-dimensignal,
From the equauon (5 4) and the ill‘st equatlons oi (o 2) and (5 3)
we obtain - C

(5.14): = LL =080 for- the two- d-ﬁﬁensionavr"wa’k’e*"
(. 15) el 0 §3 Tor thé threeldimenbiohal wake

In the experiment of Eave and Falkner, U, =53.6 it/sec 1,_~1 16 ft
and y=0.000152 ft/ gec,: ubstxtutmg these valués and [ from (5 1/)
into (5.16) with g=1, we find ) - 0.0011t,, whlch isabout 0,005 of
the breadth of the wakel- = - - = T oo el
. Now .irom (2 8) and (4.8) wecan wnte S e e b

sy

Giey P w57 = f3<0) = &

Take the square root<of-both sides of (5. 16)" and /eliminate " Uo by

'means oi (ul ) Ihen T O S VRS
(5.17)=% o 12200872 %(M\/wyiﬁ";ﬁ_‘- SHE o oo

Let Ys be the dxstance {rom thé: cemer 01 the waké Mréx}e“n‘” ) So
Pt i we i N Q/ . Z 'J.‘.' e )\Sd aR f’
: b 18) }” SRS B Y AR NS 1 L f"h SR

rand-{ B 17) can be written muthejollow.mg form, oo ody oy o



équal to each other we may

..:"/w&*m " Dby % “wg}gh d. notes the root -mean: square value

[$:2-0x8

rep'lace.k
ot the v”elocaty fliﬁctuatlon con}ponent ‘af theé'geriter: of the" wake Then
v iR ‘!,,a,é‘}'f s i TERE e gl e wEe

(519) »;‘-'A: (éla_} a/ Vo logpgudpatts

iy ihor slg ybu;, i o Yol

This is a relation’ vshici was ‘obtained byTaylor® based upon entirely
different conceptlons _

" v We shali ‘now proczed to evaluate the constmts L; from the
Tollowing: reianons ‘obtained in § 2: : G

C St h - h P o SRS
(5.20) “=- Am) l—l == /»(M)l 1’ @ k(%g)sl—l“
From the second;eqyation; using -the values: /(s 2y==5 and [==0.6, we
have b, = 2L . Substituting this, valye, Ainto the seventh equation of
(2 8) we Imd )

[]0 9

Q. /7 o~

21) ;‘»_.174" e
- ’l, =

oi\l EN NN L _ £ Lo
»in which we have chasen D, the dxameter of the: cyhnder La'slthe unit
of measurement of length in conformity with’ (2:14). By méans of

the relation, a-wawy,?/DU,%, we obtain for m—— 360 in Fage and
Falkner’'s experiment : Lo ~

B2Donis wifawh ~ | wy | ~ BU AT =2, [6=6.30,,

which is consistant with the observed resuit’ [ Wy {/Z/ =0.3. The
other constants f2,” and hs can \pe evaluatud., 19 a‘gimilar way,, .

o At w;llc,f,upbt)er be.noted:that if the, assumpuon o, zw;h 4— W kw =0,
whzch we havé put fonh in the first baragraph of § 2, does not hold
(this would mean that the pressure fluctudtion may also contiibdte
directly to the production ‘of tufbtulence),.;wexcanvstm get the same
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final results by assuming that w,z wk + ® V& wz-const.. sincé what
we have ts de thenid only 6. absorh tiebe i constnts lnth‘jtfha.rfnnc-
tions 7oty Y Wi 2 WD HE BRHAY T ST"‘”’UT v
: in coriclusxen. I Lwash (o-z-ex rees ‘rﬂyfthankg to n}y te cher' me)
P. Y"Chou for suggestmd to-me this problem and for hlS constant
guidance during the courge: qi .inpestigatipn. 1 also like to express
my gratxtude to Mr. C.C. Lm for_our dlscussxona of the methods ot
“‘golving the: jet problem 4nd the' preﬂ‘éﬁt%n"é i LR St el






