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Chow's  general ‘theory of tnrbulence 18 applied ‘1o the furtmlens il
through a cireular pipe.  The methind of solution empkiyeal by Elng in Ris
investigation of theawrhnleny fiow froughva ehannal ds wed herewnd lowds
1o results which sgree well with experimenr, 3

1. IsrvuebugTioN

Dased upon Chou's general theory of turbalence! CC. Lin? hes
solved the problem of pressure flow of a turbulent fluid through a
circular pipe, His results agree very well with tha exi.ting experi-
mental data, The general theory has been improved in the mean
time,®* The present solution of the problem is based upon the im-
proved version of the theory. he excellent agreement between the
experimental measurements of the mean velocity distribution and of
the magnitude of components of velocity fluctnation with theory can
be considered as a strong support ol the present new point of view,

F'or the sake of convenience we list below the various c¢quations
of motion which have been derived in Chou’s papers:

#* A nart of an M, He. disseration, National Teing Hun University, 044,

1. P.Y.Chon, C/ilnose 2. Fhys, 4,1 (1¥i0),

2. G Lin “I'ro:sre Flow of @ Turbulent Flaid throngh a Cirenlar pip:"
(nnpublisl edy.

3. P.Y.Chou, * Un Velocity Correlations and the Solution: of the Fquations
of Turhnlant Flustuetior™ (to be published ),

124



THE TURBULENT FLOW 125

+ vr +uv=U, L U7 =0(1.1)
17 :

QU
D
“b"-‘

19 Lig i R YA
3 .. ___(Ui,jfr‘k"{—Uk.j ™) =5 U s
SR
+ (w wiwk’)F’i, FUPIRR

n 5 B

n m
[=.— S e . "‘b
a ml‘k'Ul“h ik
—_— 21:,':; (27n+1) ngik\ "'r'(?’ﬂ::—-Z) S ’JLU!’LU]‘,-] , (12)

:

i j i
@T(W{wsz)—!— Um'w wiwi --Uiw wywg Uk w g0y

e oy /mr; o ey e

fLik, L’ . -

m »
i By (w Wsz) ik (whw; WEL), = - bmﬂ U 7 il 1

100 "w"*‘ 1‘»\,.. MR ST 163 e -
SRS aL ,J LER IR S 3 rE il

+71;( "‘kz+7‘ ; zz+7’ Tik) (13)

, PO
"' (qt~wpwbq4)pgyﬁ,) ,??ln Willlk, I dengtmg Etfe
wk o 2

?vl;"“‘ a3 P""{ %3

~
. rl< T

‘detérmindnt whose “(ik)" element is *w;wk

2. MEAN Momov
T o \ o ,
CIn the pres’en&‘\c’fﬂcu&atxon Cyhndrma]*\codr‘dinhte{a;e:used, in
which the z-8xis (z=z') is chosen as the central axis, r(r==x?)is the
@adial coordinate, and ¢ (@ =x?) jthe. Azimuthal aﬁgle ‘Since this
problem possesses afml symmetry, all thé“‘averagg ‘quantites do not
degend upon ). Moreover the flow is steady angd is mdqpende;nt of the
pOBItlon of the cross- secflon of the pipe; &11 the averabe quantities
except the mean pressure D are flm"thnS of r an €.
BIicHad ioniAn BT EE SERGENN F At e

T et us:study wthe ‘pressure p hrstr ‘o Since’ axp/a” 8 the ‘same
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for all the cross-gections, we have a'p/az’ :t() S;m,har]y onior is
independent of z, and we have,
a (ap -3 (é’p) 0.
dz/) oz \er
~ This means that'ap(az is the same for all pointe in a croes cection and

hence is a constant {or ell values of + and z,

We define the Irictional velocity U'r Ly the equztion, -
o = UT’ ) (2.1)

-
Qs
Dl'\a

where @ is the radius of the pipe. ‘ )
Among the components of the mean veloeity, Ug vanishes Irom

symmetry cdndideration U, and U; are tunctions of r, The'equation
of contmmty for the mean veloczty then becomes

.y .
5:3: 3 ‘5 1 e -

Cya i o
-— U ) -
r dr ( Tox 0
This gives i, — cbnstant and consequently U,_. is equal to zéro,
for the constant is zero at 7 == 0.

With the nbove snmplihcat:ons the three equations-of mean motion
can be put into the followxmz forms‘
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Ejuation (2. 4) 'g‘iv‘eé' riE, é ~const. ~ Since 'rrg cannot becoms
_inlinite at r =0, the censtant miust be:zero and we have
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" From (2 2) we bave
dU - Lol e ey
'l'zr + F" —; g{: E oy (2‘6)

The adduive constant of integmtnon is- chosen to be Zero in ordar that
Ter shail be Tinite at # 0, Since the tarbulént-stress:is very much
~ larger then the laminar stress f de jar, the above expression Ior Ter
can be put into-the simpler torm, : ‘

a2 2 O ¢ X

By symimetry we have
o . .

T;é -"1'0 =0. . (28)

N \‘,

3 E‘)Uumhs OF Dounm: AND TBIPL]I CORRELA'MONS
7+In eq;uatlons (1.2).and. '(1’3); L 'b‘aé b mikl and ¢, ik Bre
all slowly varying functlom and can be approxlmated w1th sujﬁclent
..accuracy by the hrst ger in: their: expressxons in:powers o y

.. explanation oi thls pomt ,he reader 1s reierred to Chou’s*p p‘éru 3,4

/"'\

' \We appmxpmate each one of them by a constant or a_conatant‘ multiple
> ‘o g (whete®

‘ r[a), “aécording ‘tb" whiethér it is éven or r odd in 7.
These approxlmate expresnons are l!uted below;.

— 2
,"f’gn. 1=8 ;,,U,

g ” \SIBULG Bay=biUL(6 ey =308

4;, P. Y. Chou, ‘‘Pressire klow of & Tarbulent Fluid- -between Two Parnllel
* Infinite Planes” (to be pnbhshed) o A
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By the aid of the above expressaens the set oi equauons embodied
in (1 2) becom: :
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The equations of (1.3) which do ot vanish identically are
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- Eliminating the triple correlation W, wy? from- (3.2)_and, (8 €)
we g’et : Lo . =
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App_\ymg the condmon of Je;ekmma qness’ thag the,(ﬂuo nf tlia .
mean velocsty over tbe iuctmnal velocity, U éU,,m d@ﬁsmtﬁdﬁpeﬂd‘l

upon the turbulent fluctuations and the Reynolds number of thi flow
we find the teims that involve only the rauo U/L - are co;rmected by

) -
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. Equation (3. 10) determm\es the mean velocxty dxstnbutmn acyosg
the pipe. Let us intr8duce a d:mensmnlem unctlon ¢ defined by

o= ‘, &é( — ' 1
= ‘;O‘\'Ur, i Ax. (4.;)
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Then (3.i0) becomes

B o ANy ) ' oo
5’ Tr< Q)A (G,dq);} dX 5+ & {4.2)

I ultlplymg (4 2) by 1/ d and wutmg By for 07, we ge* |
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Sincé the constants A and B are arbitrary, we choose them such that

Lat Ap/a, = - A, Lhen (4:3) may be writien as
‘1‘1"[“' ° "“Vd% - 1 S Do S :
'y* \J+2dy) %"‘}\.' 7 o . (:.3)

I“rbm ‘the observed mean ve\omty dxstrl")ut,en it is s€en that

is approxxmwtely parabohc in the cential reglon of the pipe, 8o X
anid & x fdy indst Both be - hmte at.g= . Yquatlcm *(4.5) shows that
=1aty =0, With this boundary condmon on ¥, the solution of
%xs completely. determined except for the Variable parameter A
which. governs tha generai shape of the curvs. ‘In 45) let y—a')‘
Wef,.h“dl et S N e
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lhls relatlon will beauaeful in actual calculatlons.

g - P

The expcmhenlal results mdlcate that drld/d U ig nearly a con-
stant in the CLntrg} part} Qf,rith‘e“.p;pe._ in-the present theory we find
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The second derivative of ¢ d ¢ /dU at the point ; = is

U [:O" (o )] %‘4‘(%')o“rﬂ.

To mnke the theory adree  better with the experiment

1 d? /

!rl,o-:'R dO-JJO-_‘
(dx/ i) =0 =, and the enly solation of (4.3) which is develop.

should Le nearly 0, if it is exactly zero, tlien

able in a power series iny is % = |, Vie chall choose the value of
A such that (im.u,;) Js:.early equal to zero Lhe writer has
coinputed X lp: d:ftarenl: _mlhea of /v DEAL. toll, ond hag found thet
tue final m; dlt is msenutwe t_pl the \_'Elue ef A vhnsen. As a good
approxmatl? is set h be 0.9 ;' 1

With th value of o detbrminbd and ttj bJuudary conditions
stated above requation (4.5 can be mtegrate nummerically by Runge
and utta’s melhod The result in tabulaud in Table 1 below,

. __.Jable E .. . .

i Doy oy 5| : a4 !
oo L0020 0.790 4.0 (.278
05 5% 2.8 0,718 o ) 0.113
10 0,919 B0 0610 ' 41 0012
1.5 .;.3{3‘1}_1 55 0471 448 0.000

Mow we pmceeri Lo duw-mme Lhe mnslanta A and B. The mean
velocily dntr:butmn 13 dweu by
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5 U.aionge awi L Fg iz Semezris-hos Recofisozn (10324), o 2098,



ity - S, L. CHANG

choose the’ “value of ‘B ‘such’ that &t 3 4 46 ‘721 that is B =

1/4.46, From Table i the values of x? 1;8 mterpolated then x, and
1/x are calculated and the mtegral oth thie right-hand side of (4 7)1s
computed, by using Simpson's; 1yle. /lhe, valye,of-A is determined by
lett,mg the theoretwal curve to pass th*ough the expenmental point
at O‘ 0.7, whéfe (U _U)/Ut i8 eqﬁal t6 3 85. Phie result is plotted
{nFig’ - fahd'e ddmpated with' expenment '
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Fig. 1. Velocity distributions in & cirenlar pips
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The experimental values for :are due to Stanton and Nikuradse
and taken frem a paper by Goldste‘in.6 Resuits have also been
obtained by Fage?, but they agdree with Stanton’s measurements and
are not shown to avoid coniusxon

5. MEAN SQUAIES OF VELOGITY FLUCTUATION

The integration of the cquations (3,1), (3.3), (3.4), (88), (3.7),
(3.8) can bé'cdrried out with the help of an approximate representa-
tion of tlie-quadruple cofrelation d‘%/en by Chou ¥ * together with the
condition of determinateness* :that the ratio: ol the: mean -squares

of velocity {luctuations over U2 be independent both of the higher

. order correlation functions and of the Reynoldn number of the mean
ilow. The result is
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@; 8, Goldstein, Proc. Roy. Soc, A 152, 4‘73(1931) R
7. A, Fage, ‘PR, hag (7)?1 20 1936) 1 s Fa
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Then (5.3) can alao”be evaluated, giving
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As pomted out hy Chou* the values of the constants (invariable
- gonstants ) @F‘, f"' cp«; [JPJ pa-l 23, 4) (see §:3) should remain the

same or at Inost can change very httle for the dillerent Reynolus
number of the mean flow, but the constantg oi~1ntegrat10n €, and €5
cfm take arbltrary valuﬁgs dependmg upon t'he partlculalr flow undu:

with tbe expenmental measuremems
The existing experimental data gives values of w,i,’_.._wr"’,,wa_” }

R 4
ia terms U2, where w0 W
z? I

ete. the maximum’ amplitudéy of e
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fluctuations and U, is'the mean velocity!. averaged over a crpsg-séc-

tion, :* According to i*age I N L
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... Inthe abave tabte we ‘have determlﬁed the invariable constants
for the case K =13440 tirst:for the mean square of velocity fluctuation
wﬁ’ and w, and then use these constants for the other two flows
with' Reynolds numbers 8u90 and 18310, Hﬂwever this prooedure:
daes sroL; work for wT ; in this. casc.all the. mvanab!c, constuma {or
the three. Reynalda numbers have to be determ.ined aeparaxely m ordsr
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Magnitudes of velekity- fluctuation distributions in a circulor pipe.
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Tiie theoretical valucs for the mean squares of the three fluctua-
tion components are rlotted in fig. 9 and comparea with the experi-
mental values,

The writer wishes to express his gratitude to Prof, P, Y. Chou
for suggosting the problem and for his valuable advice in the course
of investigation, '





