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ABSTRACT

" he'change of lattice constants due to order-digordering process in a super-
lattice is investigated by usimg the condition of minimum free energy in
Yethe’s theory. It isfonnd that the interaction energy depends on the degree
of order when the external presure is kept constant. The specific heat at
constant prassure given by the theory is comnpared with experimeut. Another
gource of the variition of interaction energy i9 the change of &tomic arrange-
ments. - This s also inveéstigated from the vi ewpomt of Wang’s formulation of
the free energy in Bethe’s approximation. ‘

1. IXTRGDUCTION

The binary alloy CuAu is face.centred cubic when disordered
and tetragonal when ordered. This change of lattice form has been
studied by Wilson? on the basis of Bethe's theory of superlattices, and
his result agrees well with Gorsky’s messurements?, He employed
the condition of minimum energy at constant entropy for obtaining
the equilibrium lattice constant under a given external pressure., But
instead of using the correct entropy expression in Bethe's theory
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(which was unknown at ‘that time), he replaced the condition of
constant entropy by that of constant lond.distance order,  which
amounts to using Bradg-y/illiams’ eutropy as ap approximation. It
will be shown in the present paper that Bethe's taeory can be congis-
tently applied throughout the calculation if the cond ¢ion of
thinimum free'energy at constant temperature is used, The expiicit
expression of the fiee enersy js, however, nnt required In the actual
calculation, . '

‘The change of Iattice constants evidenily affects th. inter-
action energy between the atoms, and must consequently produce a
change inthie configurational energy and the specific heat of the
crystal. We shall see that this effect is in the right direction to bring
the theory into closer-agreement with experiment, because it tends
to make thie energy increase more rapidly near the critical temper-
ature. An actual calculation of the specific ueat at variable lattice
constant but constant external pressure is riade in §3.

Now the interaction enerdy is also influenced by change in
the atomic arrangement. Mott? has shown {rom an investigation of
the electroaic distribution in supeclact: es that the interaction cnergy
decreases a8 the degree of order decrecases. The actual relation
between the two is, however, very complicated, A linear dependence
of the average interaction energy upon the degree ?i order has been
assumed by. Lin® in attempting to explain the occurrence ol the
maximuin eritical tuiperature ol a face-centred alloy at the stomie
ratio i:3. This assumnption will now be examined in the light of the
free enerdy in Bethe’s approximation®, ‘In this way it is found that
the interaction enerdy as a function of the dedree of order must
satisly certain equations obatined from a st of conditions of consis-
tency. 1his same set ol conditions ‘of consistency males also

3 N.F. Mott, Pro~, Phyps. Sor. 45, 258 (1437), -

4 C.C. Lin, Chinese J. Fhys. 3,182 (1¢39).
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possible the calculation of the eneigy of the crystal withoul appealing
to Bragg-Williame’ theory as Lin did.

2. TiE VARIATION OF LATTICE CONBTANTS

We shall form the partition function at constant lattice con-.
siants /, and {; and then obtain their ethbnum values from the
the equations determining the deneralized reactions, Let 22Nm be
the number of A-3 neighbours in the crystal. if g '.m) is the
number of arrangements of the atoms for given value of i, and
W ({,, ls» m) the configurational energy of the crystal, the
configurational partition function is '

Fom, Ty ly) = gCm) = V1T

The equilibrium value m of m is determined from the condition of
maximum f:

3 e A
7 Ing f(m.T, I, ;:)-0-

The generalized reactions are diven by"

¢

Ly kT 4 Jogf(m T 1, z,);md’” S _jog f+IT o7

dl dly gm
KT S: log / =~ g,—"if{(f;.z, DI O]

To study the change of lattice form in CuAu we divide the face-
centred lattice into four simple cubic sublattices 1,2,3,4, Let the
ghortest diStance between the sites of 1 and 2, or $ and ¢ be {,, that
between the sites of {1 and 3, s and 4, 2 end 3 or 2 and 4 be {., 80
that the former is the distance between neighbouring Au-Au or Cu-Cu
atoms and the latter that between nzighbouring An-Cu atoms when
the crystal is perfectly ordered. The irteraction energies V,, V ,p

and/ ‘u': are function of [, [,. i the number of sites of each sublattice
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is IN. the number of pairs of sites between [sublattices ] end 2 must
he 4(; )N ZZ\TIORUtBlbY M a thﬁ '_r_‘;.‘ctinn Ql"ﬁ_“B nnﬂ“mﬂﬂg lhﬁs.‘
Then the number of

N LN N - b
A-A pairs is & [4(-‘29; +2-63:) *2-?\'111:.; t =N(f,+0s-m,]1.
) W -5 : 7 '
B-B pairs is- '} E-E(AZ {('t=¢a,1+ ‘? {1 #,y) }-—[JNm;,]
=N[2-4,-6, =My,
where ¢, is the fraction of sites ol sublattice ¢ occupied by A atoms,
Thus the interaction epergy between the atoms on tublattcies 1 and
5 is .— ol \ il
N((@,+8:—=mya) Vaa ({,))42m,Vanr ()

‘+(2—4, _Hx“i’lrs}Vi“'- (&,).
Writing  ce (@, +0,-+0s+Ce)aud V - HVaa +Vep ) Vap
we get the energy of the whole crystal

W <N(deVaa (1) +4(1—¢)Vpn (1,)—2(m, ,-—:-m,'.)lr’_{h')}'
+N(8el aally )31 —c)b n (2,)
-2(m, |+PH:.'.":*!H-|.'l"#i-“)l". {,)3. (2)

With this value for W, (1) becomes
Ly ==N{4chan' () jr4(1—e)V i (4y)
=2, 3 +me V), (2)
and Ly=~N(8eVan'(1,)+8(1=c)Vpu'(l,)
2Ty ey b WYY ()

To solve for [, and 7, as functicns of 7' we wust first know the
m’'s, which are usually very complicated. Wilson! discussed the
values of /, and{, cnly in the cases when the alloy is disordered
and when the order is nearly parfect. We shall also confine our
atienti n to these capes,
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(i) Disordéred. ~In this- case there is no difference between
the four sublaftices so that all the m,;'s are equal to . (3) and (4)
reduce to " it e
L, —<NideVas () +4(1—e)Vui' (1,) '-—4;115'(3; ) 40
; — 5
Ly==N(8cVaa (1) +8(1=0)V iy (1) —8mV’ (Iy)]. ( . )

if L,~L,=0 this shows that {,~1[,, so that the crystal is cubic,
(ii) Order mearly perfect. Vihen crg and the order is nearly
periect

Gr=01=1, fym .20,  ButBs=1  @i—fsms.

There are only a few D atoms on sublattices 1 and 2, Hence approx-
imately

\?_ﬁtr’(i —0:) (1 —0,)=2(Fy=1—as,
By the same reason we can obtain the number of A-A pairs of neigh-
bours between the snblattices 1 and 3:
N(@it s — mys ) =A(3Ng).

Thus . ;’Tn=l91-'(7’u'=3-

We can now write down all the m's:

'”_7'-12 ";"-.317*1"8' ?_7;1:: :mn:’mn:‘?ﬁ:,'é‘-
The equatios are correct to the first order of (1—s).. Substituting
them into (8) and (4) we obtain
L, =—2NVas (L) +VER (1) —E(1—s) V" (L)),
and L= —4N (VAL (1) +VBBE (L3)—2sV7(L,)).
These arc exaetly e7uations (27) 'in Wilson's paper, from which

en expres ion of the degree of tetragonality in aQreeant with Gorsky’s
measurenrents’ can be obtained, '35
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3. TuE Erreor OF THE CHANGE OF LATTIOE CONSTANTS
ON THE INTERAOYION ENERGY

In the alloy CuAu the gold atoms and the copper atoms are in
contact when the order is perfect, Since the copper atom is somewhat
smaller than the gold atom, the size of the orystal must increase when
gold atoms exchange their positions with copper atoms. Thus with
increasing disorder the distance between the atoms increases and
hence the interaction energies diminish, The disordering process is
therefore effected with more ease nean the critical temperature than’
it is at lower temperatures; and we expect the specific heat at constant
pressure to poseess a steeper and higher maximum at the critical tems-
perature than the specific heat at constant volume,

'~ Now we shall calculate in length the specilic heaf at constant
pressure of the wlloy £-brass, whichi forms the simplest type of superlat-
tice that ean be studied statistically. Bethe’s method will be used,

The coniigurational energy of the crystal is, in Easthope’s® nota-
tionsg;:

W= ~=NapV+iNz{c(Vaa -VBB )+VBB }. (6)
Substitution of this expression into (1) gives

0 =—mV'(I)+c(Van' (§) - VBs' (1)1 +Va5'(})
when the pressure’is put cqual to zero, Now the variation of V is not
very large, so that to a suflicient approximation we may assume the
linear relations

(Vaa'()=Vsp'(1))/V' (D)= —-E.+K,V (7)
and’ VBR'(D|V' ()= =Jo+J,V . (8)

These three last equations give, aiter elimipnating V44’ () anid
Var' ().

8. FEasthope, Proc, Camb, I htl. Sac. 37, 602 (1037); 84, 58 (1088).
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i K :

V7 = m+(l+¢}-‘}-1 ) (a)

We have already seen that ) increases as m increases, hence cK, 47,

must be positive: - The other constant ¢cK -7, must also be positive

in order that V may be positive witﬁ 6ni y a velatively small variation.
We can now start trom (9) and the equatiors given by Easthope®

ior the determmntlon of m aa a function of the temperature and }” to

ohta_m the spe_cme heat nl constant pressure;

aw _ aW) dmdz | (3W\ dl _3W \ dm dz
C - - + _— ‘ 10
» = ar (am s ar H%1)= il (am);d.ch ¢10)
But = (V/RT) (14 7 av dmy (11)
a’md'U _
Hence by (6)
{Nak (log )7 (= —-J
G l:"‘" o *-*—r ' (12)
1 x1og = ~ m
e (-F
i (eh -1 ,)

The value of this expression is calculated for the case ¢ =}, the con-
stant ¢K 4-J, being assumed to be } 79 to make (Cp) 7, ~=5.1R. The
result is plotted in the accompanying figure together with Moser’s mnd
Sykes snd Wilkinson's experimen:a! dets,”

7. H. Moser, Phus. Zeit. 37, 187 (1936); C, 8ykez and H, Wilkinson, J. ] nat.
Metala 61, 258 (1837).
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THE INTERACTION ENER@Y .. - ..

As has already been mentioned, the:interaction’enerdy:depends in
some very complicated manner upon the degree of order on account of
the change pfm;or,mc udistrlbutlon. To s;yay the)effeot of such a d¢.
pendence Lin* has assumeq alinear relatlog\shi\) R

e YV (1~mc+§zn@.A) (13)

(T
BéLWeen the 1nteracbtm eﬁ@rgy V" and the, fﬁachom of A-A pairs of
neighbours: ma44, In this section we shall study the general nature
of thetvaridtion of P27 'the ‘light™ of thé tHeory of the Iree energy in
Bethe's approximation 21ven by Wang®. ik od 00w
The fundemsental equations in Wang's paper are (45), (46) and

(39) with gm and § igiven by, 447) (48) (49) and (50). Thece

equations ere still assumed to be valld now 7 be(‘omes a funcuon of
ﬂoc 0 end 7. They'inay be put ifité’ thfe form; * ¢ e o
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log Q~-Nr log € @ 104 Qowm GB VT), (14)

dg a&

d 3
@, log Qe —Nr logsﬁ a—a“ log Qow“ 0,3 ViTy,  5)

J 53*«

e e [

(18)

F
H 13

where Q, is the ga}&uén\rlunéuon ior thequgg when V' is & constant,

A
v : {
if we danote by Q and _0 differentations when

g aﬁﬁ»al‘ 14

9}3’ 9“ T and V ate regarded al'h‘mdepéndem ol each other, and by
9 the operator ,i + ar (14) nnd (15) mean that we
dﬂ‘x 69 o1 dg‘x BV

have assumed w1th Lin that’ the ethbnum valies of 006 and gB are

given by" ‘the-same equatrson as'in Bethe's approxxmatlon (16) gives
the energy ol the crystal:.: A

Consastency .of: {I4) and: (1.)) requxres T AT

;‘11’7\2‘ v [SSSCAL 0 B SO

S dam (’66,[3 2Q.) = deﬁ(‘aﬁ) ftogQ)

av a? .

LAY dV » a’
. 4 dﬂ“ BVBHB IOS\QO'.,; IOEQ.‘ . (;17)

dﬂB aVaﬁ

,Upon the hypothesm oi nearcat nelghbour mteracuon the energy in
ang 8 paper becomes : : » L

g gia O . A g B
\E'Q’ kT 5T log Q,=2NVniaa.

But'QQ' depeﬁd; on T aud 14 thbroi}éh VT, .svo”_, ;hgt‘
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da“ " 3t aaB , (18)
“!a‘m d roiteens fasl o T -2
oF, av. v
which become, i ) 0“ d_aot. is added to both sides,
o dE, dV dEu st :,'v"'f“" R RN P

aaﬁ Wy~ g dﬁﬁ

This shows. that Vand E' arexcdnnectqd by a relatmn‘ ' mdepeldent
»oi ,0“ Bnd HB ‘.“l;,e- _— T s
A conﬂeﬂueﬂce of:thls result is that the. coeihcxent gc m Lin’s relation
4 “ze?o. This - makes, “However, the - maximnm -critical
temperature-for the AB type of auperlattlces to; uhiit to a ¥alue of the
concentration “different from }, which conitradicts expenmental results,
One way out of the dlfhocuty is to make- gome other. assumption
regarding the dependence« otV on't the,\ degtleg “of order such wi'a
quadratic dependence

_ Let us now try Y {md E in the geneml case. From (f4) and
(16) we get

dE PR d(r) Y L
Wy, 39, " 4T aa“ng) it aT 30 (%) &,

RO e Yo

: Vi d(r) 3E, |
everd va Lo g VU dT Ol & wi (21)
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4 , : X,
_. ag,. T o opdly)
Simitarly Hg— ="vTaT
'8
\ a
dE 3B, _ dE 3
Hence L 8-03 dﬁﬁ 6905

Just as (13) leads to (19) tlus fast equatmn leads to

E=F (Enl T)»-_

Substituting this into {21) we obtain

5E_ 3Eo . 2E, :WJ 3Fq (1. Tdv>
3L, 30, 'OV dfy)” 36y V4l

But (19) dives

aF a{
oV ok,
v 39m N aT"‘aE T
aﬁa 1 -_a'_l_“ (_]E dT i- a§ aE
oo dv ok, oV

3 . B_E s (1~ BT an __TBV
Hiench SE, (1; ) (i— 1"51')

'—ai - ‘ ahﬁ al

QE y OV -

t

=4 0¥ _oE,_Tgav T ' 3V _3E,
] B

Now &,]V is a function of gu ¢, end VT, ao that

2 = am |
{ 3 V &1 |’
- Y
tence '_'"_’r"_ =1 — F" ’?I - :f‘ alx
1 Gay, } GEG j 6'1:

'

If V" dapers on N4 oily, and not on T, we have
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@E =1 F BV - N d(EolI/)
va - O80TV BE,TTTdE,

R ~

The boundary condition -i8 given by the 'case ‘when there are no A
atomsg, i, e, when Oy + 68 =0 Inthiscasem,,=0,E, =E=0,

Hence Dy B
o o s
g _.j (vfiLEglV))dE,:zN [ Vidmaa- (23)
o ae, o

if the as\sumption (20) is made; the ehergy of the crystal is

,pressu)n in nu,mencal yalue The specxhc heat is I

e IR TR TR d?nAA d?’N«AA kT:‘ A
: J. ——— A } ——,—"*“»
CERL L L ‘;“ ‘ z}f Yo -)M"; da-

it szx(}og x}" WAA

ORI g L’qa‘i‘ ’1__]__;55 d’V d AAr,

- KT dimaa. dib' . ‘
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