"s,w'a

St T Is WU e

?é@é@% )20

 Department o}' Physws, National éoufmuest Acscczated
soednsdt ol supesolg Imera sedes a3l w r‘;; g
? S Univ erszty, Kun

'E-A') STUHIOW eli! J]’U’?\“;("lﬁ v~.‘- 298 p“ ’h“

i (Recetved May 20, 1941) . BT

ABSTPACf

.The phenomenon of Buperlattice formatxon on an adsorbed layer is investi-
gated by using both Kirkwood’s theory and Bethe’s thecry of erder-disorder
transformation. It is shown that when the interactien energy between the
adsorhbed aioms is positive end when the temperature is below a certain
critical témperature ‘the slope.of. the adsorption isethermals and the heat of
&dsorption have* a dlﬁcontmumy at a certain transition g, where @ is the
iraction of the. surface covered by adsorbed -atoms. Thigtransition g is
situated. symmet"mally about the valne 0_112, sueh that if Ge 1v the
transition g, then 1——0,5 is also one. When*g & f;anl §°>1—@g; no
superlattice is formed )

1. Introduciion.

The phenOmenoh of superlattice formation on an adsorbed layer
was hrst mvestlgated by Chang!, using both the crude theory of
Bragg and Williams. and the more elaborate one of Bethe?, In this
Noie the apphcatnon of erkwood 9 theory?® is mvesngated and com-

1. ‘S.Lhang,, Proe Camb PhLil. Soc. 55, 70(1939&

2. W.L.DBraggand B:J. Williais, Proz. Ro v. Soc. 11115, 699.(1034); Al57],
540 (1936);- 15, J. lehams ibil. Als2, 231 (1935); H. A. Dethe, idid.
Ai50, 852 (1935). See a general review by ¥: Q. Nix and W. Shockley,

Rev. Mod. Phys. 10,1 (1938)
3. J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938); H. A. Bethe and J. G.

“ Kirkwood, ibid. 7, 578 (1939).
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parediwithsihe resultsi-of Bothe'ssthebry. ineidentally;a more detail-
ed analtysm oi Bethe 8 theory than t,h° current ongs lS undertaken
* "in'the theoretical treatment an adsorbed Iayer is resarded as a
two-dimensional lattice in which each 'site ‘is -chpdble:of aéc6mot
dating one and only one adsorbed atom, To study: the phenomenon
of superlatnce formatlon we dmde the Iattme into two classes of
Gites called or-8ites” “and -sites respectlvely For mmphcxiy the
number of ¢{-sites is taken to be equal to the number of p- ‘sités.
the customary termmology a perfectly ordered digtribution of
adeorbed atoms is asslgned to’ the dlstnbut;on in which the number
of-adsorbed iatoms “is -exactly half.of the numberofsites,and all of
them: are situatedientirely in one ob:the:two.classes;of siteg;only,
while the sites of the other class are all empty. Suchaatate of
perfect order can never be reallzed on account of the thermal
agitation of the adsorbed atoms. * At ady temperature the dlstnbut~
jon-of the adsorbed’atoiris'i§ only partially-ordered: /i v igi
When an ordered distributions {partially) of adsorbedyatdims
exists®we ‘9ay-that a gwperlattice’is formied; ~It'may habpan thiat no
distinction can be made. betwasn® the two classes of siteginithat ths
average number of adgorbed atoins in'bne class'is équal to thattitighd
other so” thati‘the -distributior ‘iady be: tefmed disofdéred antEas
stiperlattice is’formedy 1t is- known ‘tfiat thé 'supefl‘ia‘tt’léé"whﬁaijdﬁ
fg possibiteronlizwhen:the ifiteraction ‘enbrgys’ bétWéemlt}Réfﬁaéfs@Béd
atomistie positive: 1 This js easily Undersioods phytﬁeﬁﬂﬁ, dos sy nea
the adsorbed atoms repel one another, they must be distributed sd
stich a way that it is more “probabls fo-tind aivacant place in the
neighbourhood of an adsorbed atom than: «tosfindl anothenpdgorhed

atorm, i:} Y
W ' F ) o= q

2?_ The partition functien,

lﬂe centrql gproblem in the. stﬂtlst;cal treatment of the pheno-
menon of adsorptlon is theé constractioh of the partition funcnon
of the:adsorbed:layer, v.. :ssn? nonidiag jzgeidsdiv 5o 3. ¢ siBsWw
Let N be the totaL number obsites:on the adsorhed. layer AandiNg

the total number of adsorbed atoms. Let N  be the —nnmber of -~
CRERT R T e e GGy q@\‘\ OB8Y E Yoaed
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gites and Na-a“ the number of adsorbed atoms on (f-sites, Let NB

and N 39 3 be the conespondi‘ng nwmbers for g.sites, These numbers
gatisfy the following relations ‘ ’
N +N =N, Nag“.!,-NB{)B-Ng ( (1)

For s:mphcity we assume that the number of ((-sites is equal to the
number of a-snes. ) Then
1 , :
g= ’ ?_No O + 65 = 20. (2)
The -degree o! ‘order in the distribution of adsorbed atoms is
measured by the: ditference between g 2 and § ,, g We define the degree

N—N

oi orde_r 8 by’ o

. s=0g =~ Op. (3)
Thla dehnmon reduces to that of Bragg and Williams and of Bethe
when-¢ is 1/2.

; To construct the:partition function we assume that the adsorbed
atoms.. interact. with an energy ¥ when they are situated on neigh-
bouring sites and that.they bave no interaction when they: are farther
apart, “Let.X be the number of pairs of adsorbed atoms which are
nelgbbourmg to one another, and let-x be the energy ol the lowest
state of adsorption; referred to the energy of the lowest state in the
gas phase as zero..  Then the configurational energy ol tho adsorbed
layer is: . . e
S : U= "'N09G+XV . (4)
emd thie partmon tunction is

P‘:( x[kT)Ng Q,

5.

(8)
—XV (kT

#

v;‘- o . . -;3' - ", ’T e ,
N Q _Q(&m,&ﬁ ) 27(904 8 g X)e
where v is the vibrational partition function ol an adsorbed atom*
and @ is the conflguratxonal partition function.

-\xw

4 SeeJ B Wang, Proc. Rov Soc AlI61, 127 (198/)
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“The "adsorption isotherm:may be obtainéd . from ' the-:partition
function by the condition of equal partial- potefitial. for:the adsorbed
Jayer and for the gas phase in equilibrium’ with the adsorbed layer.
Thus : ‘

=1In ;,

plnP . -1 (2'Tm) (kT)’b
~“SNg P,

where p i8 the gas pressure and b in the partmon iuncnon for the

internal motion of the gas molecule. Denoting )wse%/ kT by g
we have
_ glrl\l,Q — lnp + o h’";ﬂ)si-l .
o (2mm)*(KT) 7
i the partltlon iunctlon hds been détermined, the ndaorptlon
xsotherm wnll be gwen by (6) and the equlhbnum value ofthe
degree ot order gwen by

%47

~n _s,..\.-, (6)

AL
oo

a3 DG 21 7
g anr—‘*o ) (:r B Bﬂu n¢ 893 ng. ()

Kirkwood's théory conmat’a in:: expandmg the-pamnon Iunctxon
in powers of 1)kT. Let us denote ¥V /kT by & and normalize the
weight factor v to 7, such that 5y ,=1. Now since

[

N v

s 0= (5 W) @
wd have . 2
(Ve oy Ve S M (e -
by ha) R @
where - | r) n
M, = 2 Yo X% (10)

The quantity M,,, is called the n-th moment in-the theory of proba-
bility. .
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nepidmeorder to, apply,(6):aud (7). it.is;more convenient. to, expand
_.t;he ,-l,oganthm :0f the. partition -functionin.powers-of .o, Applying
Stirling’s:asymptotic fermula to the. Iight-hg\-nd'side of (8); we. obtain

Q_ - N{&“]ng(x r(l'— oc)ln (1 goc)—}—ﬂ In 06’ PHiNe

g MO )

D=1

‘
/

aid et ciagt aaly 5
where the sutﬁmano‘n béfns From' H=1 'and the coe?flctents )\n are

calculnted fiowm. thesmoments by the equations = o Line
- . a NCE AN
5 Zelmoi )?‘m Mmoo e (B)
me1 - :

Ky ETAN

LAt - Row {iemama to Lalculﬂte My, For this purpose we shall
i ,-‘;,1 = 35 155
slmphiy puar ca}culatxr(‘)g l_)y assummg that all the sxtea nexghbdurmg

to an 06~alte are b-—sxtee and vice vena Then if we rabéijthe
¢, —sites in any manper from 1 to NOC and” apemiy the statefoi

occupation:”ofi the ztthe'—— sue by the nuinber L ,bemg or 0 ac-
cording as the %th site is eccupled by an adsorbed atom of hot, and
iliwe label:the. gi-sites.in asimilar manper, we. obtam Ty

i 83 b :;,N{sjz 2-{\,\‘4 5';:’;(1,;".- I S S A T

Suftia . 6 13 -.'_-"" Tl vl .zn'g;isra
(13a)
O N : ‘ -
Or Ay -
R L SFR
. Vi, = (13b)
where fr; I8 1 or 0 aCCOIdlng as the two' sxtes 7 and"} are neighbours
or not, and ER R
:s",i/ ' N e ‘::
) ) l’j I "
SBUE G Tty e nii#:E Pij V.jB Foooevmness ol dshiagp 9

=t ) e
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8 hEshuiiber BT HdsbYbel atoms ih B sites Which aru nmgﬁwonrs
to the ith gr-site. The maxzmum value.of 1 i8
Ny
po
Lo ST
. ;Zw& 5’& (\M'f
38 ]

We can adopt eithét (1%a) or (13b) a8 basis for the calculation of
the morments; the resulia must be the sgme in both cases. To fix the

zéeas we shaiﬁ use {%h} ane;i ghall wmte §25 msieaﬁ of p; % for the
sake of simplicity,. H we denate the average valuebya bmg then

M= {Siny g . , (35}

G {5 wiii be observed that when }f"' is a ;;roduc{ af ¥ and F,, whers
3’ , does not invelve p;and F; does niot mmlva s iheu

tZF;\; lx‘g(.

3 [
PEow G

This follows from the faet that ?z ; anid 1; dre mitually independent.
Agdin the average value of P¥ph" yit”, where the k's are mteders
does not depend ont, 7, cmd 80 we may wiite

pR y{,is’” P mj y" '
sn account of the fact == ¥y Thisholds for any numhﬁ’r of facs
tore,  A'gimifer ;resgx}t’ aisamiggiés for the aversge yalue of ﬂff: , which

\ B . . e SEBE
may be written as » . Eat the average value of 0 vj eren{}g {m

1,4, because ny may contain contributions from. 72; When the sites §
and 7 Lie aufficiently neat each other: W
- 'The above azmszdefatmg ‘fead tothe' §oilowmg mauiis

felej

(16)

> ‘??aﬁﬁgz Mﬁ’@“ ﬁi‘.ug
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- letus imt cglculate the .average yalues of quantities mvolvmq
Vi We have ° - .

-——-'—s}

””’“v—wz;}z)m S, an

To calculate vv we use the relation”:

(Z V*) — 2”2 ' ‘VM

we Vobtam
S

[T
STV

bJ(! i ou
Similarly {from the relatxon

EFEICA IO SR B

é;il';(-i'.._,f;:: RS F A - s
2 v = N“{N - 1) T

1*7’ _ < 3

UIL &

B E
;? “1 CA N ":l_' A i

:l,:*::l\‘:El it e e

o slngned £ .
w% obtt(nn : » -
BRI _iwnd 0'*1 (w 9 i 1) (NL A}g}'ﬂi 2) Sthoai
vy’ p” = o i : @xf';:-ﬂ:-n;_,,f—.f.. Ly
dlyesy wuiwnlicd : : ".'S“g)
in genera] 1t can be proved by mductmn that ‘
B T R I
iiu vuﬂ) - 92& 6 1 xfu ).
R (Ng—l)"“(Nm“‘“m) ; (ZO)

'3 Next:we progeed.£0 balculate the ayerage values Of quantities
mvolvmg n;.  Let: P_(nz} be the probabﬂ;ty of fmdmg nq adsorbed
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atoms in the z g~ sites surrounding the sth a-sité‘ie; “the uumber -
distributions for glven nydivided by the total number of dlstnbutmns.
The number of dxsmbutmns ior given nlhis e\udenﬂy o e

]

£ )( B ‘:“; s
n‘l.’ . e— e F

35/3

|
‘qj;;x-’

e

The total number of distributions is the sum of the above expression
ior all valugs otmﬁ, jrom 0 t@ z,\and <an rbe shown to be

(¥ 9 )l(N N "B

LI T BT FERR VR ENVIN r&é L /8 B Vit Ml
by means of the iox‘mula‘ : oL

TS %) R (21)

r o S (.11 ) (b.——n )»F ( b ” ot . 4

L A B . 11=0 NG SEITIE
Hence ‘ P
IRt 1Y -5 TR (] : .S Tz N 1 L4 "':3 veiteisy gl
: b= ( )( N0 —mi //L.;( Nybo ) et ok 1 (R2Y

The average value of nl ; can now be""

g

: Iculated by the iormula

5. ‘The formnula (21) mﬁ"‘y be proved thus:

{

m
g m (1-——m\ .
’2—4 ( )(b-—-n X./ "d

n==a0

r(a"‘b m+1)1"(a+1) Py
T(a b+1)}?(a,——-m,-i_])

)T

¢se Whittaker and Watson, Modern Analpsts, p. 282‘ gkl o
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.
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be calenlated Irom the relae

b

R S,
¢,,ae’”i Figp RIS

fom ]

his relation alss cnables us to caleulate the averags valuvs of
, ate.  From . '

FA SRS 1 g
«,@_.121/; =

wea ohliain




of THE APPLIGRATONYOR: RTRICHOBES 1

Syl 3824 4 1 Neg, ~1+<zaﬁl@‘%-’vz€,g, RIS

i

I N} _.1

R A JRNC ~;'(ZrJ‘)§'Z§29§N§'&Ba=;1);_.,—;‘3973~2)) (265
. (Vp=1)(Ng—2) bos
and . H d 1:‘.- P .“7.‘ Ly
5 S . {(,Nza —n( Nefg=2)
ﬁw*t N LR SR ST

s Uc chﬂg_z)(;,B‘?B_..ul

BN ‘.‘.{, TR

3 1Sabmtmmlgntbe:avem:ge uvaluesd ca&culu&edlmbove td{;(};t_iixj nnd, x
USIﬂg (i2) we Obtﬂlﬂ oL YA AW BER, PR 013G iE i’;;:p 158 ol o .
A)L —JQNQ 0,3' h.? a§57$g>a\ f’i auc)(l [ B)B\),

A i i ‘.!' S03 2] (o a':}u@ )J
Ay 3NZ9“€B\1 9;)(1..‘? - b 5?1 ﬁ)' 3

negféctmg terms of order less tfmn N ‘ Then (11) beeomes b
woneat diiw . hne o savitsvineh sty 23 Boz (s N,y sodw

o opaiies ooy of g 3w, rif Hmn RO LTI T
+(1_ 9,) ID (1——€ )}‘ sz 69“63 . ';:'f

e =g aaaﬁu—w BN 9“9’5‘(1 »
LUy ninL o0 v0
, XU-090=20)(1=20 )+ 3 B!
i F(F SRR a“xi“‘;""". __37-&‘5; ';-:_-_j

B }sas%dxéwgrg‘tz‘? %tl}ﬁ‘r%q w57} moreiaia 20 aoitibnon s

_ e w616 P (28)"6‘iethe?part4tlon ﬁmct;dn' ddsr 2 (@Y an’d‘ (7)—
become « Vs el - elizeng viikoiavilg




T iy FoSpIWASE ATD FENREFORA MHL 0 -

kg LN B (1)

E3

CoE &C-"A U BN AT G T R I N
0 TE “”-"6*“'?"“?.’1‘(““’*-'— Jrd e b (29)
Loy i . _'r(""-i"\,

: }
It is seen that g=0 is‘always’a solutron When the temnperature is
natsto oy iy these existszanbthicr: solution ek (i d i eanrbezshown A*hat
when the second solution exists we fiave SheiSe sw (8. weien

(o2 a0y SAEISH (0 /6040 ) (31)

afid%When s-—G is the only solutxon we have ..

I "-*,'\} S~ A3 ; PoE G
(cr> g £y (0):>f,"0) (32)
P \"'3/\.'\”:\519 5 X Pani T 0 l ‘f; r | fe‘.‘gJ7
where f,"s) and fa' (s) are the denvatrves of 1 and 2 wrth respect
to g "iﬂ{er trarsmon from 15191 10 ,(32) occufs. at a- tratsition
temperature T; grven by Tz-T / vd[, where Cois me golution of ths
equation ,'». AT VR -
. B A
LT rosto (38)
or, o; using (30", .. '
—1-~-/ é’v(., -\{cr -‘4 +-—-—~1 8> +12") 34
=R T O s +e ¥, (38)

By the condition of minimum free eiergy of skt partmoa
{unctrqqﬁ the solution, s=0 at ., >a;mshould be. discarded: ag not
phyalcal[y posqble, We hava Seman
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xi{\s)*ﬁf‘:@’;}q}g.;« Lo

1 s - it
Maziwwﬁ§fwfﬁﬁwn g

and 8o the eanditon for Qto by a maxitum s "
SR >t N

it s ‘gaen tmt t‘xe ‘eotutidn =0 {3’} and 1;%1 ﬁ’;}rﬂ{rgm ‘$é tn
gg}) satisfy’ t‘ms Lan&mam im tha aa;utmn L ﬁ in (31) givss a

mmmam ol Q oo e
Badisotiud thﬁ sﬁim‘m 2$9 m’zy ha ccmxstent with theex.”

akact e dation, but must espand s in pawéyg ng o rmmmg_ o
sue number of terms a8 contained in -y «(3)» Unfortunately suchan:
exg}aasmn of gis rm;mssz\i}ief as shown by the {act that the coefiicient
of & Ty mwer QE 5 va‘ ‘,én&s ‘the reason for this failure of expg;u;g.
sivn fn powers ‘af & is that when ¢ becomes vapishingly small we
shiain Brags and Witliams ag}gmxxmatmn and wg must at'the sams
viae take 7 1o be infinitely greatin wch a way that 2o igltinite. Weo
myst iherelore expedt that the correct exbansion is one i powers of
i ;g with ¢oslficients od functiznaof ¢ avd s,

ihen expansions jn powers of 1|2 are carried out, (34), (30)
ayd (29).become

o K f (87)
(g oy } R e B AR R 1 3 ’““3"?”%3 Ji (38
with

& - fiiﬂ
and )‘
’ g0
xm &8
in§7")= RETTE (T,

Cgrtg 1) LR R e e e ), (B9
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= Fo R wARS e ik

.7

'“k 2, ‘g;‘
wi:fz f} B . In particular when e w, (37Yreduces to: o ¢ emgr

2 ”izﬁm

(:‘WN{} - jfj‘%‘“ - ' 3 " “;""”} ) ’ zx

ey
~
L
&

e

aforvimula which is first given by Bethe and. Kirkwbod®,
Eormuta (39} gives the adeorption isotherm with » determined
zmgmmily i;y {;}8}, the méepend nt *mrmblﬁs be ing raken to be 7 vgmgl
TZ’, Thé ¢alculations are mach simpler if ¢ and ¢ are taken gg inde-
pendent variables, but such a procedure. does not correspond to

giperzmﬁmal conditions and 80 i3 not adagmu The choice of £ ni#
mgtmd of g} or £ has the acivantaée that Ing 5 MWQ is an odd fuge.

ting s‘sﬁ'ﬁw 2 thus reducing'the calculations by one half,

¥or 7> T we have s=0 and all the quantities may be consistents
1 ezgmea«ad as p:w.mr seried in' &, Thuid {22) becom: 38, {01 gmall

g +2(6 -

w(gnr=ln 50 )

£
o
&y
5
v

e

# o (i - (4 7‘“")%—»&«» 1 ,&41}

gutat a dxven temperature the expansion in powers of o for gy is
not convenient for comparison with the expausion in powers of 17z
tor sk Degspecially at ;hsz transition point,  In order thar numerien!
siatent throughont the whole rau 88 0l 5 we

qhﬁ ;Z&%i et ;_::r} 15 : ,;1.'-‘ 44

must nlso employ an expansion in powers of 1/z {or t==y, we wiibe
formally, o coanexion with {38},

e b (] = 20 (- e e (42)

Here ¢f 18 8 quantily 10 e determined by this wuation {or giver
values of ¢ and §. The valus of f fies between 9 and (/2 .. M%
this form of o, (41} reduces to,

[ ot i e .
934 3 ‘g%”%"*%{%»w }{%&MH v w .
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In Fig 1 the quentity g?} * for a square lattice (Jed) is
plotted ngaiist ¢ for various temperatures a8 fndicated by the values
of g The value of ¢ runs fmm gto 172 only, forthe valugol

s :f;~°““ for positive value of 4 - 2 . being #he réviprooval of that for
pegative value of 52»- 5 migy be omitted in the plot, For gl
0.5 and 1, no supstlattice ie formed and the isotherms are regilar,

the same aguguals,  For o =% and 4, superlattice begins to fopp at
fe0.274and 0 168 m@asiwaiyx whwh may be denoted by ¢ : anci
cnlled the transition 4, The valuesof §; are détermined by eq. "%?}

whick may be regoarded as ap equation determining the :ranﬁximn_
temperature for q\émn values of g,

@

g~

Figo 1 Adesrpeieh Teottiénn fo EirkWwhod's dpproximstion

The Fightdband side of (37) is'a miaimat for gﬁm with the
minimum value . given by (40). When o < ¢ ¢ 0o soiutmn G ot .
{37) exists, and no superlattice can be formed. We may mnvamentiy
vefer 0 Tp =V ko, 88 the eritical tamp?mtum in the sense that

no superlatiice ocours at temperatures higher than Te-
1t is seon from the figures that the modilication of the adsorp-

tion isotherm due ta superlattice formation ia that the covering by
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adsorbed atoms becomes wore difficult.  In the Limit when Ve,
the value of ¢ can uever exceed /8 and we have the sase of the
exclusion pattern in adgorption studied by Robeérts and Tonkes®,

4. The ket of adzorplioy;

'?im heat of nds “r?}?{%s’}*} pﬁr atom 18 f:ia*?mad as the deereaze of
ﬁg‘mrgy wh@{; oUe me mam m adsyrbed m coastant tezz’*pf:} atures,

AEEE

i1 ¢ denotés theheat of ¢ awmtmn and o its valug at 4 « «{), we haye

: 1 ;;/Z i LRIy 3 & io¥ 4
(f m"? wv}{,, ?%j j}{f 22 ’?smﬁ:”%x}wk?ﬁ 5 kg ’"Eg"g{‘ Enw“{? {‘{i“’i}

whare I7 is the configurational energy given by (4), The siatistion]
formule for the equilibricn value of the configurational engrgy i

-
Ve =Ngu-4-577.% 1nQ,

K Vit
- e
(3
3 "
Us = Ngx~+19 55100 {45)

fggﬁz,«gzg{mgggg into {i;} amﬁ making use of {8} we obtain the foll wing

alterpative form for the heat of adsorption

G 55 . bl .
o8 o 91 = % Ing, (48)
¥ ot o '

This s the so.enlled. Clausius-Clapeyron squation in adssrption and
can be deduced from purely thermodyaamic theorems in n Way

‘Eﬁi,‘:i%}* sumilar to what we §mva dong m;x’ except that the fres
eperdy of Helmheltz is uaed zn@{m( of the partition function (soe
fgfemmw seetion 5). C

 With the Torm (28) for the partition function {45) becomas

- sy s st g,

S, JU KL Liobebtes Prom Cumd, PA Soo, 35, 88 {1840y T Vanks o, € hen
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U ol ?é;%“%’:f%ﬁ‘ {?@g@ e 5‘2@&;;(1”{:5}%>{3” gﬁ}
FO 0 B~ 020, (1=2g Yot }, (AT)

e @x;;:zmied in 1351&%5253 oi }L‘M

&

U~ NORAINVE §) f?-'“ﬁ@{f SRR CB

13

}{E W%ég}{ b M}“ié’zg}@?"&i”‘“ } 4 {‘38}

Fer 7 7T this becomes
Ums = N@HHINV2{ 7 = 00— S e | (49

Now applying (44 or (46}, we obiain

ool jom (= PN g hC B0, W), (50

whera
Go=1F, @ o2 e (18 et P e gy,

urm B 157020~ 00 (1~ )01~ 3p,
£ L £ 4 {%

=g

This formula shows thet the quantity (g —g— %‘;ﬂ/‘“},w,f is an odd
aﬁ?}@%ﬁﬁ of g~ 3,«, am:% the micaiaﬁmm can be mnimefi to &.‘%‘

%?%}m 7 )?* ar L the fortle @‘53) is. stzii true, pmvzéec’i
@ i How iﬁetezmmee} imm (42)-and £ isput eguai o zam, Fhus
e (Gl v i“%?ﬁ“f}ée* £ed o GU

Now Wi}m; a@{} P rgs}% not apyt mm; zero. at follews fhm {g{)}‘
and 1513 do ot approash to the same izmxi &x g;n zw} tmfﬁ oueurs
a discontinuify - The differens limis are
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..:.~ , ,ﬁ:‘ 'i qo_gt\ 6'—1
(o L5 G- Dy i e
VRN RIS (S SRR ¢ oL Yr-2 : o
A A g P(l 3, )3~3+ ‘}" (‘?-‘3)

(3o e=0); 17, "“’-»(af—*){1+ +,4+ }

0

Fig.

N ', cey x{ R _s;a.i VR IR FUTe L RS ST N

Lho s el oo W
In Big. beeztchbeg,t QL adsommondm.,phombedfagwnst 4 from
9 =0 to 1/2 ior vanéus values of o. The dlscontmulty which

ok, LE{TE

OceHrE” a’k t‘emperaﬁires Ber W 'fp 1s qmte lari n‘d aﬁould be
obsetvables: Wihbhnaccuna%e expetimentall data are: avaﬂ“abie ft will”
be poas:ble to test the correctness of the theory. .

Before leavmg erkWOdds theory it ig p"rhaps wnrth whlle to

nge the expressk n for Ure conhguratmnal heat capacxty m the
WY }

3 ARG 1 079 1l
i(()rmfof an Pei’zﬁagélo'n in powers of 1 / 2. I't 1s found that

FEIMER Jiai s Lz 5 3 I8 J‘ a0 e RN Tes dSHEC .

Cl‘/Nk 22“0“93(1 9@()%"&6@5)(:00}3 1.?'47‘/'3“’"}:1):')37« (53)

:L, . b
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approviniation Sean oBer ghtalhed Ly Y
ﬁzmﬁw%d by them, This mwethed consi
rangonahlie 'xgrzpmﬁzs;;:a% form for the welght v

Lo b hoen gl & By Low
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g gmsw é»zm;czzi methad
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TmiN(E~1) { Ogln O+ (1 —8g) 10 (1—6)+ 051 6
(=0 n (1) }

L3N (P OF (g =9) 10 (= O)+(85=9) 0 (F5=%)
+(1-20+9)In (1-2¢+¢)—plmn}.  (56)
whees _
@ = =X ;Nz, and 7N =€ g,
§ becomes a maximum ior the value of ¢ sahsfymg the equntion -
(i 26’+9>)-n(€“ N (87)

e TEA

of whieh the solation 3s ..

. L R . .
gm U (12(12fj;)29",) o um/ AT - (1= 7). (58)

| 'Iho equlhbnum value of sis determmed by the equatmn

(e=1)1n iga—zm(a Sy “?‘;ﬁ!—un (059
- (09)

or ' :

) Q.E-r—wzv{,«s) ﬁ(s)}uo

with ‘ SRR T (80)

0“( “"98) w1l =
Ju=ing (1—2«9 >’ f’“)"-’ u-H s’(T“n;

Wlth the preaent form for the functlon I2, €4. (83) determmmg
the transition: temperature gnyea oo
TR "7:‘/-1 ‘2 r;.;' vimee QF oyt Qg ? e (61)
B [ ~~_,5,.:~~‘ PECTEEE S 1 3. 33)

Replacmd In Q by the maxxmum value. of Q. and subatltutmg
into (6)7and (45):we find :
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PP TN B o fguFi-204ah)
(e ')“’ T=r(=0p " T-gp =T+ 24Fsm
' (82)
and o - : : - e.‘ .
Us "-Na;:s_ﬁé NVz“ 02‘(‘139;')‘)29”) | ,gsS;
: . . \ . ’

The correspondiil‘g.léxpzeﬁsions' for 3< x,% are:abtained fmrﬁ (62‘)
and (63) by puiting s=0. It is seen thasthe expreasxon (62) Jlike
(39), isan odd 1un(‘tmn ol ﬂ:—.

. The heat. of ad, pt.mn is sgam?c.lc\ﬂated bymeans of (44) or
(46 and the result js " ;

@4)

1 28 ;) { wlagl H2gs PR beeo e

-+ E(r—*S‘)u JZH} 287w LS (1-m))

- }s7(1- 4@)(1 mi 3,
which is calculated from (60) It is'seen that the right-tiand side of
(64), like (50), is an: oéd\functlon of g - * The heat of -adsorption

for -« > is-obtained from (34) by puttmg the second term on the
nght to-zero. The dxacontmuuy at =t 1s “

2 aa 82 3 57 _z 1 : -
(~ 1 aa)s—w R s zﬂ(a G

InFig. . 3 the adsorptlon motherm glven by (62) is plotted
for the same. va!u‘

a’ S, m"the case of Kukwood's approxxma-
“tion, Itis seen that iger

satiié in both theones The transmon g are no
0.257 for ‘ot respectivelyl i vz
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comes larger. and when 2 is not. large we should exp%t Bethe s ap-
prox1mat10n to be the better of the two : L

approximation given by (60) is expanded in poweis of & the ﬁfﬂt
three terms are identical with Kirkwood’s approxxmanon given v
(50), but the 4th term is different. Such a compatrison shows clearly
how clese is Bethe's {irst approximation to the true solution. -

6. Alternative forms of Bethe's first approximation.

Bethe’s approximation may be . expreséed in two other alterna-
tive forms; the usval form in terms of parameters and the ionn in
terms of § and s as mdependent variaplesiin: analoby w1th eqs 38)

(39) and (30) of Kirk wood’s approximation.
To obtain the usual form we make the substltutlon

14 =€ | 49 --§P =§ . (:63')
..J)ﬁ }—g, ' ) 9/3__7(]), =3
With the help of (57, we flnd
L= ?')6 . o= nz-;,.,. — ___?ZE_C e 67
‘ ¥ L+ne v I +90g Oy = 14e-+E-+ned 0
and toe
- g G e : .
0= H%g + i—‘-““ 0 e P T 1+e(l_ 90@(;38)

The éqﬁatimxs (68) were first derived by Easthopes 'using ‘Bethe's
method, '
Solving for 90( and {9,, flom (67) and usmd thelr combmat:ons

¢ and s, we qbtam . v
: 1~—ﬂ€s g §— T (e9)
127 = L = I
j- et et 8T ITe+g+neg
ol Whl(.h the, first gequation may Le regarded as ap. equation.. . gdeter-
mining g m terms of €, A and 7. i

8. (. E. Easthope, Froc. Gamb, Fhil. Soc, 33,
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€7 lf ‘we Tegatd 7, € Fad ¢ as mdependent var;aules thén the
eqmllbrlum values of € and are detﬂmmed by (s ,9) and (62) thch

(79)
(i)
IRt O T ET IS0 S S S N 2 St S DU R U S S et ' W

Ea:in (71) gives the:adsorption isetherna, ..., -~ . o o

The heat of adsorptiom-in: terms of ¢ and.Zis . . o oo

e LI L—-l)(lv'r})E‘l ‘

{ { - L/
{”( “) <1 Ty (e ]

5 S 1) 1-—7)5

n(i AN

i+ ”1 U+s)(1+7/s) 'j?
3

_._<s1+?3z,6,+ €?) (’3‘;."(»——1>(,1;th
) (1'?'6)(1 l—”lt)_]

o S (=D =T
R {1 (£ (14 ) } ”2>

‘The quantlty deimed by (56\ caL be I‘Ut m the unm -
‘--er‘ag ] a“tna(,+ (1~ f)a)lﬂ(l 9(,)1“9 mo

AU IETRN T PR SRR : . Sy e

o 3 oy (130€) 17g
—f —p s ~/ ) - In =2 AL 5)
LU0l =0 by W ‘@'))A O HE

" u-‘.‘a'L TR [DEREPS Tt AN VRS SR

+1n (1+e+E4ne8)? W L& £y
S CE RO EE £><1+;><1+)5> » (1%)(1% €5
o . (T3)

l__b_qggdf)\wﬁgel Hintive Torin bi Bethe's Tikse appmnmatxon may
be obtained from fpawcusual form by solving for & § ‘dnd 7 in terms”

of g and 5. The resul _‘B,P_f '
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(75)
The expression for { is obtained irom that for € by interchanging g .

and 0,), and replacing s by —s. The sxpression for the heat of adsorp-
i

tion is very complicated and is therefore nst written down; it may be
obtained from (72} with the help of (74) if desired.

7. Discusion.

The theory so far developed is confined to the type of superlattice
in which the numbers of the two classes of sites are equal. It might
happen that other types of superlattice aiso occur, and the form of
the adsorption isotherm and oif the heat of adsorption may be
substantially influenced. This problem may be an interesting subject
for further investigation. The method to be used is of course statis-
tical mechanics, and the type of superlattice that actually occurs for
a given § shouid be determined by the condition of mammum
summand in the partition funciion.

The comparison between Dethe’s theory ¢
shows that they give quahtatlvdy the same g
has the.advantage that it holds for all val &

rkwood’s thiesrs
Bethe's theory
;, while irkwood's

Y
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theory is only valid when 2 ig large, On the other hand Kirkwood’s
~ theory gives the exact result as an expansion in powers of 1/z and
so the error of the theory can be estimated by the value of 2, whereas
in Bethe's theory there is no way of estimating the error, From the
result of expressing Bethe's theory in the form of expansions in
powers of z it follows that Bethe’s first approximation is at least
as good as Kirkwood’s theory including the first three moments and
may probably be better than it. Since Bethe’s first approximation
involves much less labour in mathematical manipulation and
numerical work than Kirkwood's approximation, it appears that
Bethe’s theory is better for practxcal purposes, ,





