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ABSTRACT

The Schirodinger-1nfald factorization methodi for sulving eigenvalue pro-
blams in quantnn mechanics is very imple for the datermination of the eigan-
valucs and eigenfunctions, without using power series or polyuonial deyelop-
ments, Howaver, no general theory nnderlying this method has been daveloped.
Tt is the pnrpose of the present paper to formulate explicit eonditions (A, 12, 0)
under which the method applies, and to lay down formulas which will enable
one to write vnt at once the golution of Any eigenvalue problem sat.sfying these
conditiime, As illnstrations the spherical harmonics, the Kepler problem in
ordinary space and in spherical ‘space, and the harmonic oscillator, are re-
treated here on the basis of the theory now developed.

1. ISTRODUOTION
Qur question concerns Siurm-Liouville’s eigenvalue problem on a
differential equation of the type
a_
du,
where ), is a parameter and the ratio G| P is positive and exists every-

where in the z-interval under consideration, By the changes of de-
pendent and independent variables

dv i p —
(Pa,;)-: (AG+DNv=0

y = (GPYMo, & _'[(%) 2 4,
Sturm-Liouville's equation is reduced to the canonical form

d'y f oy
gz T A+ /y=0 (1)

1, [I. Infeld, Phys. Bev. 50, 737 (1941),
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~ We shdll assume, as is the case in most eigenvalue problems in
quantum mechanics. that f in (1) involves besides the variable ¥ a
.g,g%b{\; };;Q .

A G mo+1 am»oﬂ-th ‘h

where m, is a finite integef 9r: «bventually i, Thus f may be written
in the form f (&, MDers e 00 T8 Tamenedd

By an eigensolution- of (l)fwewmean any regular solutmn yol it,
not identically zero, satxsiymﬂ the boundazy condition y =0 at the
limits of the z-interval. 1 ‘the = mte%val is mhmte we lmpose the
additional condltion that the integral j-y’ d:v extena': d over th
;z-mterval 1s ixmte _ : Lo X :

For. each :integral. value’ ot ", elgensolutlons of (1) exl& i
general not for all but only for some partncular values of A whjéh we
: caﬁ the ezgenvalues of (1) L e e

Byt

D 2 THE FACTORIZATION HYPOTHESIS ¢ RN
Suppose that (1) can be factonzed in two’ ways as iollowﬂ. e

o e <x.m)][dﬂ+ac:r.m)] y+[,\ Emymo

[% +9 (x,m+1),_][ + 9 (as m—l-l)]y + [A-—k(m+1)] y=¢

where g/(,:m)s,a; function. of z involving: m atd- (m) al constaiit
dep ending.upon m. - :If for, brevxty we mtmduce the dliferentml c:per’a’£
tors T e
Fr='g (g,m) ~+'-i— G = g (zim) = &
s % v g Tm* v , dzx

ot e sy v

the above fagtorizationsiol: (1) ivag-beswritten: Bl e 8 il
Gm Fp ¥ = (=& (m)3y, ¢
Fonsr G ¥ =[A—k(m+1)] e . .
We now show that the condition for this-2-way factorization is
Condttion A. '

(i

(2)

£
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f'(x.m; A+ (z, m—~ 1)

]==— U @, m) ~f (2. m~1)]

R i -_ . '& !\n 3

where a d‘cﬁsh m’}dzcates dszerentzatzon wzth respcct to x, and that
if tlus coﬁ,dztiﬂn zs satzsfzed we fmd

P

el il (93 m)+f'ém-m—19 :
ACH ”') T G m—f (2 m—l) ‘ (3)

Jim) e --[f (@0 m) 3 f ”]» -[f(x.m)n—f(xm 1)] (4)

I: (2:, m)"‘/ (33. L—l)
In iact ‘denufymg the lwo assumed factOrlza}lons 01 (1) with
(1) ltselee h : o,

,.
g

“,, o, m)— 07 (5, ) =l () = £ . .
(x-~m+1)+g (I-m+1)+k(m+1)==-f(:c. m). L

whlch may be wmten

%’i:!;'E;“T""’Z" (r :m) g (xi m) k(m) "'f(x; m;)‘ ,_'\3' N R
B S ¥ m)+? Gz m)+h(m) == 1(z, D

or, adding. and subtrzcting, DD g.._;/- K

g s (s, m)é v[f(:c‘ “m) f(z. m—{l) ) }
. (-W gﬁ(¢'m)—hk(‘m)"—““ﬂf(x.'m)ﬂ—f(z.m_q,)]

Pifferentiatingithe -second of the last twos. equations:to elimiiate ‘tha
unkno n k (m) and usmg the ﬁrgt, Ehe result glvesvthe unkown g (=,

.dg_,«.g‘.\,yhgrye »;thé:.‘l‘,lgh,t;—laa,nd slde is a dehmte mtedral extem‘ded over thé
z-interval in question, Evidently (o, l/t)a(z/f, ®). ConCprnlﬂg: the
w?\pperatorgalf’m, G,m we h@ve batan s Bhet T

: wnwhes at the hmtis of thn a:-mterval then (¢3 F 2/1) -—“T(G' S0
, 'l’) - T G I S S T I T (R PR
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'- ‘froof Wehave - s

(@m ﬁvawwﬁw;

-=f['lfy (=i i) W—T‘?fﬁ
é(lp. m ‘Q),‘_, ‘,__u_.‘__,.., St L E N LET D
when(.e the theorem is proved ' '

t the ““mber-Pa“ {A.m} ie, by (2)

oy o

{G”mymmm4xm#mMme%%
Frnir G Y(%, A, m)=[A k(m+1)]y(“’v As m)

Theorem 2. I fy (w, )\_, m) zs a solutaon of (1 1 ) cwre@ondmg
to the number-pair { A, m } , then

y(z,Am—1) —E'my(xnk'm)v y(x,)\,m-]-l) G'm+ ,y(w.)\.m)
are solutions of (1) carregpondtng to the rgsped;twe nmn?r—pmra
{Xom=1} {X mtf o
Proof. = Writing (.)) inthe form .o o are st

Gm y(&? A.l“m J)*’[h*‘k( m )]‘y (xn A.l:”g M
qu Y (%0 de K1) A= -kt )] u (Fge

and Opemt;mg these tw,o equatmns by Fm. G,m i respucuve‘lygwe obtdfn
- T T ENPrs L TP iy )j .(x:“ .

nk%m+1’/‘a Azim),ﬂ-;fvrxiﬂ
wiim . ’

¢
‘Applymg Theore y 2 with y (x. )\, —1) or y (z. )L: m+1)
taking- the rale of % G, X '), wé dbtain™in ‘eac Trstahce” two solue
tions. of (Ji)g«ohwhlch :0Re’ Is ngam ¥ (a:, )L, m)?' ‘cept‘iora‘iadmr.
HQDCB e D) /‘L RSO Y S 5 LRk § .
Corollary Ifwe lmow o solutwn of ( l)wcérmsspoﬁ&mg‘fb tﬁ’j
mtmbeg-gaar A Aemuih, wesknow alsa @ lhddem of a‘olmm‘o}' (1)
qgrrespam{m | o the numbgrepagré.. -+ s 3wl nds e
AAm -2} {Am=1}.{Am}, { Amt1}, {A.m+2 } -~f
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3 THE BOUD\DAEY HyPeTHESIs

‘ Cms;der fu-st the case where the x-mterval 1s {mte W_e;hall
assume : : ; R
Conditién BEIn the ne'ghborhood ofa Zwmt a of the a:-mtgﬂ,az

f (m m) has a development of the form L
,; ’ . ) \‘ [ ‘ " e )
a(m)_ ””) phe @ >1)
(== CC) (a: ot) o

X Aj

wherc a (m) is such:that la (m)[ >la (m l)l

" Then, by ( 3)' g (zi m) has in the nelghborhqod of a a deVelop.
ment of the form o y

. a'(—(; +a iunctxon oi 2, m regu]ar at Z= - (8)
where y - ‘ R L
met e e s v a(m)—f-a(m 1) sl

. bm) = 5 TR 1) >0

» Tb,e;o'(’em 3. Ify (o‘. An. m) isan ezgenso’utwn oﬁ (1),
twns U (%, Axom=1) andy (. Ao, M H) of g) &s afefm
orem 2 are also czgeneolutwns s

...Propf. - Since y (2, ?L. m) a; exgunsolutlon of (\1)
. and van}shes — :

(w—QG)}V - Hence.

;atlsﬂes@(I)
,-;,'% rapl ly a8,

y(x-)tm 1)==Fm Yl x/\m) g( &, m )y(x/\,m)-i——-y(r,)xmj

gy !-.y .,\, ]A‘.,\‘

y(#@ A mA1)= Gmny(fr»k'm) g(-’émhi-l)@(w’a\;m) - y(wzg.m}

also vanith atz =oc As these are already golutlo 8 oi ( 1) bv ’I’he-
orem 2, they are thereiore eid oﬁ\fhbrrs (T ), tam
Theorem 4.” ‘4 'ne*cés*sdry con‘dztwn “thidt there e¥ist a%-ewen-
“solytion of (1) corresponging: to the qwmbgr-pazr {hom} i8 Ak
(m+1)=09. ..
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Proof. Writing the second equatmn ot (5) in the form

) y(x.)\,m-l-l) (A— k(m—l-ljy(x. )L.m).

multiplying- this by y-(Z: A, m), and mtegratmg the result over the
x-interval, we have o :
(y(z.Am), mu‘!l(m A.-m‘l'U) E?\.—k(m‘*'”]
(y(zxim), w(z:him)).
Since the left-hand side of this Telation is equal o (Gm“y(a:,)\,,m),

p(x, A m41)) by Theorem 1, the: relatmn 'may be written . . -,
(y(zAm+1), y(zAmt1)) =(A=F(m+1))
((zAm) y(@Am)), ~ .

whence Theorem 4 follows
THg K-myporngsss =~ .-
We shall further assums .
Condition C. lc(m—l—l) 18 an mcrea.smg functwn of m for

m>m°o

We then prove

_ Theorem 5 An= k (n41) (==, , ms+1, Mo, K are and,
are the only ezgenvalues of (1) lying mn the A_—mtervai[ @, lc

(+=)J. .
** / Proof. a) We shall Tirst skow that each }m, which évu!antly

lies i in ‘the interval (—w, k (+ao) , is an eigenvalué of (1) Far'
this purpose it suffices-to shof that the second equation of (5) -for*

Fsst Gy 9(3 A m)=(An = B(m+1)) Y(wAmn)
has at least cn elgensolutlon Y (& Ay m) for some.m Chomihg m=
thxs equatxon reduces to ' '
F n41 G neL y (93: A-'m n)==0 .
If the lagt equation has an elgensolutlon it must satlsfy
1 Gnu ¥ (%, A 1)=0, L e (8)
otherwise we would have Gp,q ¥ (2, An. )40 and by Theoéms 2, 3,
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¥ (2 X 141)=Griz ¥ (%, Aa- 1) would be-an eigensoluion of (1) -
corresponding- to -the ‘humber-pair- { X -1 }, -which -contradicts |
Theorem 4-8inceé\g—Fk (n4-2)= ¥ (n+1) —k(n+2) <0 (by Condi-

- tion C). Now equatlon (8) hassurely one and only one: mdependent ,
elgensolutxon for (8) may be wmten LA

g(au "'+1) y(x’ 7\.11.‘ n,) -"'-——?I (:U A/m n) =0

P - .
\,. H ’ : . L

“?'b’e,“ée o IR )
(x. A,,. #)=C, efa(x- n+1)dx | (9;);'

where C.n is'an: arbltrary constant. Since in the. nelghborhood of a
“Jimit gf of the x-interval g (z, n+1) has by (6) a term of the form b:-

(n:i-l)[(a,— a) where b (n+1)>0 the right-hand :side of (9) has a

¥ 1
(1) and - ‘30 vanishes at xaa and is

factor of the form (a: a)
therefore an elgensolutlon.
" We have thus proved that, each’ )\7,, is an elgenvalue oi (1), there
existing exactly one md.pendent "élg"ensolutlon of ( 1) correspondmg\’
to the nnmber-pair { Am M=}, namely that given by {9).

“ No'eigensolution of (1) can-exist corresponding to a number-pair:
of the form { A, m >n }, otherwise we would have An~ & (m-1).=:
k (n4-1) =k(m-4-1)< 0 (by Condition. C) contrary to Theorem 4,
Hence (9) is the top oi a ladder of exgensolutlons

v (xv P n ) == C e fg (x' TL+1) dx
Y (% Anr 00 1)=Fpy (2, )\-'m n). R &
’ll(a’. Adis n""Z)——— n- ,'y(x, /\n,’n-—l) ‘ (10)

.u“':.- . P --.--

k'll (% Ans mo )’=F'm°+| Y (x \/Vn\‘%o-i-i)

P

b) We shall ve’&t show that the )\,, are the only elgemalues of
(1) lying in the interval (— >,k (+oo)] Let’ us suppose that this
is oot the "cdsé so fhat there exists an. e}genvalue X'of (1) lying in
.the same mterval but dlfferent from “all the An  We certainly have
A’ >k (m,+1) since A'< K (ms+-1) would imply A" —k (m+1)< k
s (me41)—k(m+1)=0 (by Condition C) contrary to Thgorem 4.
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I{eh):e@x’ whiichi was suppdiedtw He in the: $okeyval>( — oas. k(-}m e
1 i ifact o thé subibtbrval. (K, +1)sd €00 ). Bu}l thevalues.
in- this subibterval aré thoséoi\k\(m(-[;-.})“fm all m>Ma whence:
there exists:an #! >, for WMGN iy (15 L) end whichgis not an .
integer, Denote by ¢, g--1 the twoi conséaontivés fntegers. sugh,. that..
< n'< q+1 and comuder the ladder of GXQensolut‘ons correbpondmg

T I \ e

RNt GawAomre e Y

to the number-paifs” * 7’ " w5 T -

{%tmo }, { N ome 1}y {Asm+2 ) = { T ), {N.q+1} .
’]}he member-of this ladda” correqpr‘nu ng to f A ,q+1 }is Lnrtamly .
~not 1dent1cally z£10, &g can be seen from ™ by Elh(kﬂg A=A, m=q
andby natmg that X = k(gdel) =k(n41) — Ic.(q—l-l) >0 (Comh;xqp,
(&) “Bus: ch;-fexlstmce o? t.,ls &l?cilsgl.‘xt!(){l cornespondmg ) thq‘m§m1
ber-paif - { A’y g1} is:.eangradiclony Lo, . Theorazr A, since, )» =k,
’(q+ 2)==k(n +1 )—lo(q+2\< D ’byCund tmn L) Theorom 5 lS tﬁuq
compl—-te]y proved,

k (+n )] are dzscrete, bemg of the fo'rm. )
)W& k ("‘l"L) (n m, ,m.—l—-l m¢,+ O :
and: w@aah such Xy there. cm‘rPSponds a; Eadder of ezggnsa(u,twns
g"mnb?/ (10)- R YR o B - A RN

5, Nopmmt*mrxow s R

" The first y in (10) will be normahzed
W (F N )y @A)y =1 o

il we take
ey w( fg(xn—H)dm fg\xn+1)4flzr)t-~.

Since a contant miltiple of -an eigensolution is again an eigen-
solution correspandmg to the ‘same’ exgenwalue, we mu]tlply the re-
maining y'sin (10) by suitable constant Iactorgiand .vme the laddet
' 61 ﬁﬁtﬁsﬁ‘luﬂohs €10)in the hrm =

y\'m'}(?-n ‘..-'g(xr-{-?)da: fi——(e’g(x n-H)dx :
@aRdeyE Do

1" y(mihmmj=‘Ek(7°+1)‘“k(m‘+i )J-l\ M- 1@(‘!' 2mm+1 )- oo
(m::n—l n——z, Mg )

T
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Here n may take each of the values n==mis mo-+1; ot on’
We now show that not only.the first ¥ but also the remammg y's
in (11) are ndrmalized, * In fact we have

(WX ) Ve Anm) Y= (k{n+1) k(m--1) 2" ‘(F'muf'f Ao

mA1) Fopa ¥ (@ Anm+1))

= (k(n-1)— k(m+41)17*(Op. F. |
AnmA1), ¥ (A0 m-l-l)) &br
Theorem 1)

=y (A pm41), U (“'v-?\mm'l’l) (b?
the first equatign of (5))

whence pulting m=n - n—2 -, 3& sucoesswely, we find

(y(a,)\m.m) y{ ,)Lp m))-——l ; (m—-n 10— 2f "m"l*;'z.;

6. EXAMULES, o .

......

E;x 1. ,spkemcnl havmomcs The asaocmted sphencal harmo-
nics (Legendre’s associated functions) are défined ‘as elg nsolutaons
of the Sturm-Liouville equation

1 d db’ m?
sm gda(ﬂlne dg}'{* (A= Sm, ,} )v %0 (m'< ldleger)

wherpe 6. lles in xhe hmte mterval [0 'r‘J Whe? we m.ake the Qha g6
qgidg-peqd,cfﬂ Varlabie uz Hq 'mqﬂr we arnvq at ;ha cano:m-al iorm

jo="tuuiedig iry omin® = !} '.'0:,-7 1l g seng2 nasaiiond

ai @b + ()L +4—- ] Bm* ﬁu 311 10 1einisa0 o alqe T L

Negqnve mtegral values of m may be omlttel ginee they do not lead

to new- e;gepp‘lm\mas ‘Hence. m_rﬂ 1,2, .fahd mpmﬁ

We have then ) - _

27 " Yt J rt " T 1 il G

f (9,??3) = 1‘ - .}.?:na 6 J(f;] m) (m_':a) "'Ufér ﬂ(”-"‘i"I)

=m (m+1)

and theConditions A, B Clare alf satigfied, | Hencethe eidenvaluiey
are, by Theorem ,

An - (1) (n=0, 1, 2, ...),
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and the normahzed mgensolutnons ave, byl(lm),

! 2 2”‘“ (?7!} *-.' r In sqt oV
{ y(g A,,,,n) [21@-,_1 ;1 ] 71 8in 'n i': am ey

?(alwm)=!(}@ m) (w+m+1)] { (mtbyon g

i

-+ —-?,} y(ﬁ.h,g.m-i-l) (m=n—-1,n-2,-,0).

IEx. 2. The Kenler problem in a sp’ac: ical space.t) Consider,
instead of!the ordinary 3..dlmensmnal Euelidean space, a hypersphere

:..; .x,+ 1'+ +T.=a’ - Bridintee noilw
of radius ¢ in 4-dimensional Euchdean space Represeﬁttgg this
sphérical space by the parametric equations, &

o

[a'.,_—.a gin 2 sin @ sin'®

) Fam QNP BN 6 0ONP 'to*;pivr 0= g, o-frp<zm
¢ -;::]r.?ﬁl?-‘.‘ sin £ cos ... . (rt ino:za a'orbnshe
L €, CO8 P [ f': g [iv.orf, |-II1.H} 115} ‘
AN
it has the. jqqdamental Iarm B ;g P Y wia f

ds? = da}-de]+do 14ded= a’r_dP’-f-sm'P(dﬂ’-{-sm’g&fp )
When P is small thls form apprdxm ates to a? [rIP’+P (d9'+sm’
@d@?y) which is the Tundamental form of thie ordinary ‘S-dimensional
Euclidean space in polar coordinates, the radial variable being »=ap.
The Laplace operator of the sphérical space in quéstion is
b ¥ oy Nees i ,a 3 (in ) af*]-
A= GTsinip i gp vn. P T smﬂ BP(SI 966’ +Wa@’ .
Schi odmger 8 equation for a partlcle of mass I! o
N2 2"‘ (B—T) Ym0
"0y -

where V- .denotes the potential:-energy-of the, particle. ; As in the:

1. K. Sehrodinger. Proc. Roy. . Soe, A -!6,9{!9{0),
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classical Kepler problem we assume that | depends on £, alone,and.
is a harmonic function in the spherical space, i. e a,ausheq the Bo-.
tential equation A V=0, Thls equatlon now reads

Glwety-o T

| >

and yields ¥V as a consiant mulnple ol cotp Asaummg !uxther that'
when p is small ¥V approximates to /the classical Coulomb encrgy _
-Ze? [r, we find B I A R ST '

K - ZC” i :_';. ¢ E o _‘.'.

!

Writing ¥ in Sehrodinger’s equation as the product of a function
Vofp alone by an-ordinary ‘spherical harmonic, say of degree m
(=Z0)v sat;shes the Sturm—Llouwlle equatlon

{ :
s " z
% sin P 3;’ }+ ?Lﬂm’P*i“ ‘w”c & sm 2P m(m—l—{) v=0
where ey
- 24? wiralsigeen it to sivoo” 300
A kTE

is the eigenvalue parameter -When . we make the change of depen-
dent varlable Y= s P, we obtam the cauomcai form

a1 o RS LR TR PR - SUEA F PRAD B (o1 xe..r::

. d y +(m+1'1 gH&‘cotP" m(m—;—l))EJF

sin? /2

Here m=0.1,2, ... and mo=U.

We have now

o ?Paz, m{m—+1;
F(Pom)==1+ -£ot P = isintp

,uaZe
nh

Lo glpam) =— LY+ cot- P,

:' I]f.‘-(-.r'n-!-'l ) —-:f";*ll(?rrﬁ‘2-) “[‘(%“K%hqﬂ
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St the Conditivas H B, C aréaﬂ uﬂtréhéd' Hence the e:genvaluﬂs
ai-‘e,by‘[ﬁecrems. Pnean L

i (L T 7 ,I'f' =

,,..n(n+z) [(:;_ijhj} (n_o12 Y

'y

a_nd the normahzed ergenfunctlons are by (11 ),

| I:-J 2""""(2%‘-{-‘2’)!%%1} -:1..:;?_11*_29!(%-1-1)%
(T ) (2D (pT+(n+1)?)  Tig o (73

—pP{ (n+1) ain (P ) *P?Z{. )

y('zﬂ.)Ln-n)' [

e

v(f’gmm) E(n m) (n+m+2)(1+ (?&%;I;;:(};% ):)1_1_:}

t

o ,{_“ﬁ-‘x +(m+1)00tf’+ }ycpwm-i-x)
(m - n—-l -2y ,0). b -y
The energy levels of the particle are then - .
a? o n(n+4-2)n? p22 et
-9qst Eﬂ:"ﬁaa.ﬁ%h 15 3Pa.! £ 2—"{"1;’:5’ Cﬂ 0,1 21. 5 .1 PR
[ TA T Al ] i 3 18y | o0h

Theae constltute a discrete speetm‘n thke the theury in the
Euclidean apace & continuous spectrum does not arige now, For large
a, By approximates to Bohr's expression

Pé Jel

2(n+1)3,°"
A Y R T “ y
o, sINFINITE X<INFRHRV AL

Consider next the case where the icfintérval is infinite, either the
upper limit being 4~e0 or the lower limit —w or both. All the above
results will still hold if only Condltion B is suitably modified, We
gseparate this case into two subcases! ‘



EIGENVALUE PROBLEMS 101

[. When in the neighborhood of infinity the development of 7
(#, ) in power series of o contains only negative powers, we assume
Condition B,, The development is of the jorm

Go 4 0(m) 0
T = >0

where a,g=0 is independent o' m and ay (m) depends on m such
that a, (m)-— a(m—1) has the same sign. as Fa, when the limit
18 w0 .

Then, by (3), ¢ («, m) hag in the neighborhood of iafinity a
develop.uent of the form

s T lig::(_ﬁ—'-'i') + negative powers of (8,)
Cnly the following two modifications of our theory are now
necessary;
1. Proof of Theorem 3. Since y (x, x, m) a8 eigensolution of
(1) vanishes at iufinity and is such that (y(x, A, m), y (2, A, m))
is finite; its deyelopment in the neighborhood of infinity is of the form
c e’

= M G s (t>3)

whenee y (&, A, m =1) and y(&, A, 1) have develdbments of the
same form and are therefore also eigensolutions of {17

2. Proof that (9) is an eigensolution of (1), In the neighbor-
hood of infinity the right-hand side of (9) has, by (G, ), a factor of
the form

bagr
t;rz‘(m) ~a;(m-1)

which tends to zero exponentially by Condition B,. Hence (9), which
vanishés at infinity such that (y(@, Aw. 7). ¥(2, An, 1)) i8 finite, is
an eigensolution of (1), ' "

Ex. 8. The Kepler problem in ordinary space. It is well
known that in this problem the radial function v satislies the Sturm-
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Liouville equation
jr(r’dﬂ)+(mf’+ ;—!“{'—Zi » —m(m+1) .v-O (m = integer)

where r lies in the interval (0, 4-c0 7 and where

2¢
N
is the eigenvalue parameter, When we make the changde of dependent
variable y=rv, we obtain the canomcal form
d?y 2PZ¢ m{'m-}-l)
dar? T (."k+ Rir ? ]y 0
Negative values of m may be neglected since they do not lead to new
eigensolutions. Thus m=90, 1,2, , and m,=0.
We have here '

f(rm) 2”28 ”IEC?}:;HJ “glr 711)—-:'i2 +_
3 . dat p’.Z’eﬂ
h(”z'*'l) -(_?mjﬁ.’,T.

and the Conditions A, B. B,, C are all satisfied, Hence, by Theorem
5, the negaiive eigenvalues are

g |
A==y (012,

and by (l 1) the normalized eigensolutions are

i AR J'“ 1[2 [ 2 \!% g

(y(fr;\ﬂ’”) (* "!"1)!![(?'1 'l“l)ﬂr ﬂ+l )!

| BZe?

) (ndTyat "

\ 2o (e lyOm-Da’ —_Pzel

VM) e (n my (b ay \ (mA DR

) : 4—”3%'—1+7i,} Y(roamm+1)



LIGENVALUE PROBLEMS 103

(m=n—1, n—=2, -, 0,
The nrgative energy levels of the particle in question are

op 2(n41)* 2

This is Bohr's known expression,

1L, When in the neighborhood of milmty the development of f
(x,m) in power series of # contains at least a positive power, we
assume S

Condition By, The dev lopment is of the orm

E, -

(n=0,1,2,»),

totVpoifap(mya? P (1 31)
where ¢ 4=Rk0, ap(m) is the jirst evef tcient dependent on m, p is @
pisitive integer <V 3, and.ap (m)—ap (m—1) has the same sign
as (1) a, when the limil 1s &= <.
Then, by (3), (&, m) has in the neighborhood of infinity a de-
velopment of the [orm

Van:'l‘p' l lo
SO i s wer powers of o
ap(m)=ap(m—1) + ¥ o

The two modificatione in the proofs are:

1. Proof of Theorem &, As before, the development of the
eigensolution y(x,A,m) of (1) in the neighborhood of intinity is of the
form ' '

c , ¢ :
o gt (@21
Since this y(2,\,m) catisfies (1), it vanishes at inlinity at least as
rapidly as 1[2p so that we also have ¢= p, Hence y(a ), m—1),
(> Ao m--1) have developments of the form
d d’
won T aean T

and are eigensolutions of (1), since t—p {-1Zv—p+1 Sv—(v+3)
1=,



2, Proof that (9) is‘an eigensolution-of(1). In the neighbor-
hood of,infinity the rightshand. gide, of (9) hag,.by.(8,), a Lagtor of
the f6rm ) o

EFLA

,.,__‘-)IL . SR
e

which tends to zero exponentially by Conilition By i/ flvhea¢8), whidh
vanishes iat infihity’ such; that!. (y(mmozz),y( m,m; n))cisfinite; is an

ﬂlﬂensﬁmt‘w Q!'«‘(’l’l) esl v nTsinee v o ok WA 6L e
‘ Ex. 4 The harmonw osczl[ator The equatlon ior the ha;;n(?g}c
oscillator has the. form. SUTINT T R RN S

dw"~+ (}» 01 Ym0

where z.lies in.the interval {—~o.+-x ). Following In fgL& we mtrm
duce an auxiliary integer . by putatmg AmA’ ~2m jo that We have

y+§<x — 2~ )y 0

where )\’ i8 regarded as eigenvalue parameter L H)ere mk iy b
o, and m, = —c0, AP

We have now? #7360 Tl (1= . -

f(#m) = —2? =~ 2m, ¢ J(CC )= =1, k(7n+1)u2m+1,
end ;he Conditions.A, B,. C* aLe alI aatlahed. ' i{encg t‘ﬁe elged\falueu
are by Theorem 5

/AL~
RES T J.

s P : a-t

__2n+1 ’ (nﬂ Cb ) ';”}l \_‘;%\‘j‘ . o J::j:“

and the normahzed elgensolutlons are, by (11),

.m.-v
[ S
[ AV

y(’)’)\‘ ﬁln_) 'Ir . 7! i:, 5 I ;
{: ;m—hrL}u(wamﬂl-l)

PR

1/( XA wm)-—gz(n m‘)B ;
SFY i

ool sad ie s
(m=n-1, -2, ey — oo)

These functions are easily brought mto mlatmp wwh the Hermite
polynomials.
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