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Fig. 1. Decomposition and reconstruction process of dual-tree complex wavelet transform.
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Fig. 2. Flowchart of multifractal analysis.
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F1 AR % (MCSa). 3T Z T30 MFDFA J7i% (1-MFDFA, 2-MFDFA 1 3-MFDFA 4 5 3%7R 1
Bro2 By 3 B 2 350 MFDFA) F5EF XUR &/ i A2 46 1f) MFDFA J7 ¥ (DTCWT-MFDFA) X £5 34 9 B A5 5 15 31

H h(q) M 7(q) 1H
Table 1.

h(q) and 7(gq) values of the multiplicative cascading series (MCS) computed analytically

(MCSa), through polynomial MFDFA (1-MFDFA, 2-MFDFA, and 3-MFDFA3) and DTCWT based MFDFA

(DTCWT-MFDFA) approach.

q MCSa 1-MFDFA 2-MFDFA 3-MFDFA DTCWT-MFDFA
h(q) 7(q) h(q) 7(q) h(q) 7(q) h(q) 7(q) h(q) 7(q)
-10 1.64 —17.37 164 —17.38 161 —17.11 1.61 —17.12  1.64 —17.38
-9 163 —1563 163 —1564 1.60 —1540 1.60 —15.41  1.63 —15.64
-8 1.61 —13.90 1.61 —13.90 159 —13.69 159 —13.70 161 —~13.91
-7 159  —1216 .59  —1216 157 —11.98 157 —11.99  1.60 —12.18
-6 157 —1043  1.57  10.43 155  —10.27 155 —10.28  1.57 —10.45
-5 154 —871 154 —870 151  —857 151  —857  1.54 —8.72
-4 150 —-7.00 149  —6.98 147 —6.88 147 —6.88 150 —7.01
-3 144  —-532 143  —529 140 -521 140 -521  1.44 —5.32
-2 136 —-372 134 369 132  -364 132 —364  1.35 —3.71
-1 125 —225 123  —223 122  -222 122  -222 125 —2.25
0 1.13 -1 1.10 -1 1.10 -1 1.10 -1 1.13 -1
1 1 0 096  —0.04 096 —004 096  —004  1.02 0.02
2 0.89 0.79 0.84 0.68 0.84 0.68 0.84 0.69 0.90 0.81
3 0.81 1.43 0.75 1.26 0.76 1.27 0.76 1.27 0.81 1.44
4 0.75 2.01 0.70 1.79 0.70 1.80 0.70 1.80 0.74 1.99
5 0.71 2.55 0.66 2.29 0.66 2.30 0.66 2.31 0.70 2.51
6 0.68 3.08 0.63 2.78 0.63 2.79 0.64 2.81 0.67 3.03
7 0.66 3.60 0.61 3.27 0.61 3.28 0.62 3.31 0.65 3.54
8 0.64 4.11 0.59 3.75 0.60 3.76 0.60 3.80 0.63 4.05
9 0.63 4.63 0.58 4.23 0.58 4.24 0.59 4.29 0.62 4.57
10 061 5.15 0.57 4.71 0.57 4.72 0.58 4.77 0.61 5.08

090502-5


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

) I % R Acta Phys. Sin.

Vol. 65, No. 9 (2016) 090502

2.0 .
(a) —— 1-MFDFA
L8r 2-MFDFA
—— 3-MFDFA
—=—DTCWT-MFDFA |
—— Theoretical

1.6

141

1.2¢

h(q)

1.0p

0.8}

0.6

0.4 . . . . . . . . .
-10 -8 -6 —4 -2 0 2 4 6 8 10

10 :
(b)

5f —— 1-MFDFA ;
2-MFDFA !

——3-MFDFA

[}

7(q)

—10

—15}

—_920 . . . . . . . . .
-10 -8 -6 —4 -2 0 2 4 6 8 10

1.2

1.0p

0.8}

0.6

0.4}

— 1-MFDFA

2-MFDFA
—— 3-MFDFA
—=— DTCWT-MFDFA

or —— Theoretical
_0.2 . . . . . . .
04 06 0.8 1.0 1.2 1.4 1.6 1.8 2.0

«

3 (M TR ) X5 k1S 5 A DTCWT-
MFDFA 54 T £ 5 ) MEDFA 2 E 1 E  (a) h(q)
H; (b) 7(q) B; (c) fla) K

Fig. 3.
tive cascading series computed analytically, through
polynomial MFDFA and DTCWT-MFDFA approach:
(a) h(q) curves; (b) T(q) curves; (¢) f(«) curves.

(color online) Curves of the multiplica-

B 5 R J 13X LA AN TR 2/ A e 1
MFDFA J7 i i 43 2 f &5 2R, T LLE th, FIHI 2
T DWT W)L S s J7 ik pi i 45 2R 56 4 i 2 i
fiit; 5+ MODWT I DTCWT J7 i 1 2 #a 34 38 50
TIOR8 R AT R LL BRI, (HXF g < 0, FE

T MODWT J7 3215 2 53 TE AL 5 ff b i s 22 ¢
K, i3EF DTCWT (77 A5 45 B8 RS . Xt
T A4, /£ CPU N2.6 GHz, WAE N4 G, 32174
ERG M ENEE T, 2 WA HEE T DTCWT,
MODWT J7 14T 2 B 40 T8 73 i, 18 5 BT 7 I 18]
438 3.679 s F19.088 s, # T DWCWT f1£ &%
TERE LT MODWT S L B 15 Lh .

10

--=211 points —— 215 points
212 points - 2!4 points
—=- 213 points —— 2'¢ points

—20 . . . . . . .
—-10 -8 -6 —4 -2 0 2 4 6 8 10
q

1.0 T g =
(b)
0.5 .
--=211 points —=— 2'° points
= 0 /Kpoints —o— 214 points

—=- 213 points —— 2'¢ points

—05 . . . . . . .
04 06 08 1.0 1.2 1.4 16 1.8 20

e}
B4 (RFDR ) X 1 27 RS 5 BOAS R RE AR B2 A H
DTCWT-MFDFA 32/ 7(q) (a) 1 f() (b)
Fig. 4. (color online) Curves of the multiplicative cas-
cading series with different length through DTCWT-
MFDFA approach: (a) 7(q) curves; (b) f(«) curves.

10 —
() DWT-MFDFA  —e— DTCWT-MFDFA
a —— MODWT-MFDFA pesmomenm e
— 0F
o
=
710 L
20 '
6 8 10
q
1.0 . . .
(b)
0.5 | ]
&
0y DWT-MFDFA —e DTCWT-MFDFA 1
—— MODWT-MFDFA — - -Theoretical
o5 X X , X .
210 -05 0 0.5 1.0 1.5 2.0
«

5 (TR ) X5 ZOAE 5 2 T A R B Al A e
MFDFA #E 7(q) (a) Al f(a) (b)

Fig. 5. (color online) Curves of the multiplicative cas-
cading series with different discrete wavelet transform
based MFDFA approaches: (a) 7(q) curves; (b) f(a)

curves.

3.2 SHMEAED

A i F H DTCWT-MFDFA 77 ¥ X #L # [fg #
ST 0 B B is sh 3 5 HE AT 2 M
oy BAT BRI B R AR 2y TR i i N iz, FINER

090502-6


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

38 F W)

Acta Phys. Sin.

Vol. 65, No. 9 (2016) 090502

2 1)) ] 22 0 8 0o 41 il X R U 2 D B g AT
S TECERBL, T T A Y [R] 41 B TR AR 4
Holder P& #5; Lin 25 52 5| iZ 8 3047 CT BEIG 2
B FEACAY TEARFAE S0 R PR ACE MR I X 2.
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FIFH DTCWT-MFDFA J7 % iR (5 5 24T
34T, AT RASKR 1S Hurst 48 B HUE . [FIAE, 1A
SR, A 2 I gl = 1, 2, 3, FIHETZ
I A B 1) 25 e 38 ) 2 03 T 7 14T Hurst 45
HORfE. U ETERRE R TR2. Rl
DL 3, Xt Hurst $85008 0.4 KI5, 2T E0N

1 &5 S i 5 A AT A B K, IS 21 0.02; B 2 3
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Table 2. Estimated Hurst index values of the fractional Brownian motions with different analytical Hurst
index through polynomial MFDFA (1-MFDFA, 2-MFDFA, and 3-MFDFA3) and DTCWT based MFDFA

(DTCWT-MFDFA) approach.

Hurst index 1-MFDFA 2-MFDFA 3-MFDFA DTCWT-MFDFA
0.4 0.42 0.41 0.39 0.40
0.5 0.47 0.46 0.47 0.48
0.6 0.62 0.60 0.60 0.59
N a 3
4 % B 5% Y

ARSCHET R /N A e, FEST T — i 2
AW BN 2 B T M 7715 DTCWT-MFDFA, 1%
Ji kR SRS AR A S R BEFR 2 T X
Hurst 5 £0f1 2 H 53 JE il 5 2 8 3 JRRFAE.
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PP B o W 7 i 2 I o LU E 1 1) A
I B ECN AR AR L, O RN A (S S
IIRETPREAANE ) RIE T 2 B A AE R B v
e, XRS5 KIEM TR, Frigisk B h
RO )RR My SOURE 52 /NI o3 e R P 4 7 B
BV, PAR G i) R T A OK B B B /N A R
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Abstract

Multifractal detrended fluctuation analysis is an effective tool for dealing with the non-uniformity and singularity of

nonstationary time series. For the serious issues of the trend extraction and the inefficient computation in the traditional

polynomial fitting based multifractal detrended fluctuation analysis, based on the dual-tree complex wavelet transform,

a novel multifractal analysis is proposed. To begin with, as the dual-tree complex wavelet transform has the anti-aliasing

and nearly shift-invariance, it is first utilized to decompose the signal through the pyramid algorithm, and the scale-

dependent trends and the fluctuations are extracted from the wavelet coefficients. Then, using the wavelet coefficients,

the length of the non-overlapping segment on a corresponding time scale is computed through the Hilbert transform, and

each of the extracted fluctuations is divided into a series of non-overlapping segments whose sizes are identical. Next,
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on each scale, the detrended fluctuation function for each segment is calculated, and the overall fluctuation function can
be obtained by averaging all segments with different orders. Finally, the generalized Hurst index and scaling exponent
spectrum are determined from the logarithmic relations between the overall detrended fluctuation function and the time
scale and the standard partition function, respectively, and then the multifractal singularity spectrum is calculated with
the help of Legendre transform. We assess the performance of the dual-tree-complex wavelet transform based multifractal
detrended fluctuation analysis (MFDFA) procedure through the classic multiplicative cascading process and the fractional
Brownian motions, which have the theoretical fractal measures. For the multiplicative cascading process, compared with
the traditional polynomial fitting based MFDFA methods, the proposed multifractal approach defines the trends and
the length of non-overlapping segments adaptively and obtains a more precise result, while for the traditional MFDFA
method, for the negative orders, no matter the generalized Hurst index, scaling exponents spectrum, or the multifractal
singularity spectrum, the acquired results each have a significant deviation from the theoretical one. For the time series
with different sizes, the proposed method can also give a stable result. Compared with the other adaptive method such
as maximal overlap discrete wavelet transform based MFDFA and the discrete wavelet transfrom based MFDFA, the
proposed approach obtains a very accurate result and has a fast calculation speed. For another time series of fractional
Brownian motions with different Hurst indexes of 0.4, 0.5 and 0.6, which represent the anticorrelated, uncorrelated,
correlated process, respectively, the results of the proposed method are consistent with those analytical results, while the
results of the polynomial fitting based MFDFA methods are most greatly affected by the order of the fitting polynomial.
The method in this article provides a valuable reference for how to use the dual-tree complex wavelet transform to realize
the multifractal detrended fluctuation analysis, and we can benefit from the signal self-adaptive trend extraction and the

high computation efficiency.

Keywords: nonstationary time series, multifractal, detrended fluctuation analysis, dual-tree complex

wavelet transform
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