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Fig. 1. A simple example of two different types of hypergraphs: (a) Simple hypergraph with 11 nodes; (b) 3-uniform hypergraph

with 9 nodes.
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Fig. 2. Correlation diagrams of the simplicial network: (a) A set of temporal higher-order interaction data; (b) a simplicial network

with 11 nodes; (c) a skeleton network based on the simplicial network in Fig. 2(b); (d) a clique complex with 11 nodes.
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Fig. 3. A hypergraph with 3 hyperedges and its correspond-
ing weighted line graph™: (a) A hypergraph with 3 hy-
peredges; (b) a weighted line graph corresponding to
Fig. 3(a).
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YEH G #4% (shortest path), HAK B b g i K
JE 081 AN A 2 ) ) e e B A K R [ e Y, H
B LR AR T BEANME—.

i3

3.5 &

R (density) SR I8 1Y% 2 R TR B L)
RS 5 Z A EL G R B EEBLAR AR, 1 2 B I 2 v Y
R R b A R, AR R 4 ) i 4
AR A . 76 B v, [RIAE RT LR %85 B R Ak D) 2%
MR, H TR E G IR ST B e,

3.5.1 MAXE

1% (hyperedge density) &k T T8 M
2y TR T g P R S AR
TE— MR BRI, Y — 0 5 v FT7E R
NECH kB, E R R R E R

25

Dy(i) = —, (12

Zmax

~—

Hdp 2 MBI EL (coordination number), A7 A5
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op BLHEFEBER ARE, B 0 O S AT
N SE R A B AN, 2BURK A, 2 =

D ep, o1 B A o BRI
Rk, LA s — 5 T TE
™ 7 T 00 O BE (8, AR BB R
i+ BT LAFIR A Dan(i)
.

. Zmax
D = .
dh(Z) Zmax — “min

A TR S E A 3 25 S U R, R LA
X NSRS E R R R B R 1 4
P 2max = (d = Dk, EIZHET 2min HIHESE
JEREE d BN, BT L E RIS R UL
I BT 3-SR BCAT L A, 2in = [(1+
VBE +1)/2], B 4 0y 35 5 R T A
(10) AT ZlaticSF M) 38 458 T — FhpkE ik
1) 3-X5 508 I B % B 208 [ R R e gy
3R R AR B 3 O [ ZEBAY
R DEEE AT DAHE S 1 s B O A X
qlg— 1)<k < ¢, zmn=2q; M T ¢*<k <qlqg+1),
Zmin = 2q + 1; ¢ BUFSEEL. Toig R AE 34508 B &
XTI, 1 % A LA AR 2 [0, 1]

35.2 MMEAFTE

#B % (hypergraph density) J&+8 B A7 1E
1) 8 30 e 5 P BRAEAE B A R L B 2 L. X
T A5 IRk, Ml r Ty S BRI E 4,

(13)

P 11 %85 B o S
M M- dl
d(dH)= ( d ) "NV D v _ary M
N

XEF AR ST R UL, TR A EE A 2,
P REAETE R S By 2N, BB M /2N s T
OrREREE T RO BRI K, 182 TR AR
FRITEETLL, DRT I RS P 2 PR T AR N

3.6 M X

M (curvature) Fe 38 £ X AR S PRI
R nh sk il ) 1R BT I S EEE ROk T
HLAERS LD, MRAE R ge i i Y A2
JEE o P JUART RS B () 5 A, SR JLART o 1) B i AF
FENEE B R AE B A R R R X, At
ST LA AR il 2T DL R e 12 B DI 2R
AR B AR FORAT B AR R R, B A A

DI LA A R, 2R 25 . BIF
AL LUTE A 5 ST B 2R M4 b, S
TN S ELAE FH 10 28 01 P ) il 5 S

3.6.1 Forman-Ricci # %

Forman-Ricci i & & X i1 i g 1T e b, 7€
WA an ™. B 5%, Forman-Ricei fiR 0] fF
FHHE M2 0 LA R A A N 4. B R T — ey
L e SN LS Tk c iR N iibu Ny s A e S R T €
P11 Forman-Ricci # R8T BT 5046, 7] L
T RS AR A E S . IR Forman-Ricei fHff
IR F TR 45 v ) 00 B M R A1 & 21
a5 HA ) 2 S AR A GNP A
JEE R A BE AR DGR LR, T LA 75 I 28 H ) G
BN E A H 454 . @ 14 Forman-Ricci 2 1
G0, AT LATE LMl T i 52 2% IR 28 A 2 ) | 3 A5 R
b, M FE P 465 b2 RS2 Bz FH B R 2 R fig e
5% AT HA B B Forman-Ricei 122
301, BT T BEAE XI5 F a2 30 P DA L b 470 i
B B e, AT LT i R e 4 X 4
TR 25 R ZE A AT RE 25 G F 2L T XS 1 W 465 1) 2
IRGEF R, 1) Forman-Ricei i 4 5 A5 71
(AT DA A A i X 2 P () — A~ 2 Ry b 75—
BEIEMT, AR 4519 Forman-Ricei fi 2R a] LI
PR 45 AR ZER B 0L, AN PRI 28 S 5 v P AR R
S AFAE I A4 X Z5 4. FE T A AU 4, —
£5%E3H € B Forman-Ricci H3R5E LANF B1:

F(é’):wg(wi-i-wj— y =

we  we S\ UgWE,
w.s
S ) (15
geE~e vV IETE

Hoh we 7R3 € WRCE, w; Flw; RN € Pk
PS5 v F oy BIAUEE, B 781 @ T
BEIEES, B ~ EMFRNME B h LR €.
WERAETE ) AL B4 (15) AT AR AL

F()=2—(D;—1)—(D;—1) =4—D; — D;, (16)

Horp Dy 1 Dy 7R 13 v R 5 v L.

T2 T b BN A2 EAE FH I 26 it o3 A S
Leal 45 520 F1 Eidi &% 531 43 5% # & 1 Y Forman-
Ricci #1770, MATRYE i S e —
Z831 e By Forman-Ricci MRt R 58 HAE H
M2 T AR 3 I H il T—458ih e v
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BT, AR AAETC A AU A 2T DL
&N

F(e) = we n_ il )] (17)
Rz

ﬁ:iﬁmﬂxﬁ@#ﬂ, %B/ 2 (17) Tiulmﬂ:ﬁ
F(e) =Y _[1— (HD(vi) — 1)]

hee

=2le| - > HD(uvy). (18)

hee

3.6.2  Ollivier-Ricci # %

Ollivier-Ricci 1% B 2 AR 40 JL 0] i 25 48 2
Ko UYL BT K BT SR Wasserstein
A FIME R o A . 7 B 28 5 W 4% 7, Ollivier-
Ricci MERMITEIEATT: 56, MT—2%0 e Wit
BT A5 vy B vy 8 MRS A BN, X A~4r
Z"ETUEi’J S50 A1, BT 8 vy o, $EHESRIA 2] 53
LA E HCEMERELRE. %5 i H Wasserstein
Eﬁ%(i‘l‘%:%)ﬁ vy Fl v, FIHEAR 531 ] AU PR 5. X
W R E R — A R AL T AL Ollivier-Ricci
0] o HE R A v, A v, B Wasserstein FH 25 il
HAE I g S PR iR s ke . Bk, HatEa
B W)
W (ftus po)
d(vy,vy)
Hor, W (g, o) J2 719 55 00 B 0y BIMEZR I3 A g, F
fo [ 1Y Wasserstein B 25| d(vy, vy) A& 19 85 vy, Fl
vy, [A)7E TP Y e e B AR
Wasserstein BEE], KA “Earth Mover’s Dis-
tance” (EMD), J& 2K JBE 5 L5804 1] 22 5 19
— Rk, TR I, Wasserstein 125 0] DA FHZ F
e X, Hidr—Fheg WL e 3t AR E R R ok
A, Hatim AR
W (s o)

= min E E d(v;,v;)€
SEH (B spv)

1€EN(u)jEN (v)

Horp ) N(u) F1 N (v) 53 51 875 85 vy o, 148 5
(v, v;) R PG T A 25 0 B9 2 o, 10 S 72
K, £ (v, 05) TR 1 v B9 15 o) HORERE IO
A, T (o, 1) S TTRERIFERT OB 47, 3K
SRR D (i) =) 1Y Evivy)=

k(e)=1-— (19)

Um Uj)v (20)

1o (5) . Wasserstein 23 1 (1 PHSHEAR 70 A5 AH
LR i fe/ N < TAE R 8AR. Ollivier-Ricci 1%
BFRER A, LK A5 B T s ZE 28 T i
FHAM R B
EAEE HY = {V, B4} A, Ollivier-Ricci B
P E LT Bl E B A I e M RN N
A={ar,- 20} S B={y1 g} (0,m) < |V,
BIFEME L et b, A={xy,-- ,an} M B ={y, -,
Y AP SRS, AT 10 R YT S5 4E A 45
W SAE B, AR A TR s RS 1] A
£E B g . IR 2% @B 5 Ollivier-Ricei M1

k(eq) =1 =W (pan, pipon ) , (21)
H pan AT SRR, H:

1L Ain —Z,uIHVlgigm VzeV, (22)

0, z=v; &dy #0,
1/n, zzvi&diﬂ‘i:O,
oy (2) = 1 (23)
‘ - i & B,
anm|B|, z# v, &z €
zeB i
0, otherwise.

ot din FR A v WA
[FIREHL, popon S99 S5 ORI AT, HAHTT
Zuout

Vi<j<m, zeV(H),

0, z=v; & df}‘;t #0,
1/m, zzvj&dg‘;t:O,
t)
poy (2)= Z dg;“ o cFukzeA
0, otherwise,

(24)
Horp, a)r FORTT R v U,
miAl LUt B = 3% B9 Wasserstein f 55
W (pan, oo ) :
W (pgin , prpon)
= min >3 dw,v)E(u,v),  (25)

EEM (i tipot) 54 By
Hru — AFRRRIE R SES APEE—1T
JIT A, B — v R T HES BT TR
— AT AR T AL d(va, ve) N vy, Bl v, (R
TSR, €(ve,vy) R NI, v, 5555 5
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T vy BIMBESR, IT (pam, ppon ) 2 T T BEAY A% 50
RIS, HL R

> Ewv) =D pigt (v)

S Eww) = 3w (w).
B—wv i=1

e — R AR LY Ollivier-Ricci M.
5 Forman-Ricci M %4 kb, Ollivier-Ricci i %%
JEIFJERET Wasserstein BB (G H AR A5
i, EFEMES E R TS L TR A 2 Ricci
2%, 3 R e BB A B 4 T M Sz B 245 1) 4 SRy A
FEOE. EAMUAE & T B ARk, M HAETH5 7 55
[B] (] Wasserstein I 250, 7] LU HE 2 B2 5632
DX . (B2, Ollivier-Ricei 28 1145 5 4%
FET R, P DA ANGE S e B R I

3.7  HuLEIEHR

HPE (centrality) FEAR B FE R H M 24 v 81 22
DR AN IR =W b oA E A a G ESN D RN
b, Hh iR B 4 5t — & SCh— DA M A5
B, NO W RAEEH = {V,E}.

3.7.1  E¥umH

S EEHOE (degree centrality) S f f] H
EOULAY O PR bR, BT 7 R T R
JEE, JEE FR O i AT R A P 5 A Y A
B2, Al RETE(R RAL T | S EL NG VRAE )y T K 45
BAER. AETCRUE T 1 R BE rPO PR RO 52
AP ZS i BE O MR, FTHE SO AU
A R FE T AR, AT LA o i PR A QR4
HEATIF (PRI (1) 2X), 0 n] DU HA i B2 AR SOG4
PR T X (FEDL 3.1 99).

TERBIE TR, PIASARSR Y A 2 (6] AT LAAFAE 22 45
1, PR, AT AR 35 5 2 ()7 7 AR 120 K
IO, T R RO CF () e S B9

N
Ch(i) = Ay (27)
k=1

HE— 20 T LR WA 1Y A5 22 8] B R4 Y G
FE SCHET R Z IR RCEE, T 5 SO Fhca Pk
FEIR, FERXFRZEAE T, IR At S B

N M
A= S e @9

Jj=1,g#1 k=1,{v;,v;}Cex

Ho ) wy JEREAOB I AR . 0 AR AT DL
LRy AT B T DR IEZE Rk e X, i,
I ZE M (BRI EE ) 5
MEIIIEE (BB ); o T MR S B i Sl Rk e
ST BAL .

B TAKEETT s AR, 3 T LA AT Y

SR E R X ), dh o P i 5y ik i
G B, Foh, SRIE R R BN L R
IAFRER, IEN EBNIN A, XFPEECR
o 8 B DL E BB B, A SRR A A (DU RN %
15 I I AR . T 55 3 B2 48 R R KR A R
KFEF M NPRIE R BXFEHECR TP LA T REAS
2% 5B, RSB E Wt nT R /b, HE
AL SR BEE N EEEN. AT Lk
S, Kapoor 45 561458 7% 42 B rfrCo Mk C1y (4) RN 3%
FERE O O (6) FER T :

N L
Chiy= Y >

j=1,j#i k=1,{v;,v;}Cex

Iy, >MEAN+SD;  (29)

N L

Caal) =) >

j=1j#i k=1{v;,v;}Cex

Iy, <MEAN—SD,  (30)

Hodr, MEAN Al SD 7R fIr A AL R Y 24 {8 Al b
HEZE.
3.7.2 B EFOK

b EEH L (coreness centrality) J& 3T
PR Lo o3 A T S SCROTE AR, B P A A2 O 0 il
K93 Z2 %0, Hoh B %O Je — AN Lt 4
BT SRR I . A%0 BE TP U e B L T PR
Booghthy i, ERIOCH A ZUREAE . TS
SEHAEHIMES T, O O EFROREITE -0 Y
T R B RO R, § R R I &
Koy o3 i B B B R Z L, AR PRIE T S
LR AR Sl i

Mancastroppa % 01 48 H T HAZEE S, ©
IR B R YT R —— A A
Ry, TR RBON—E, BT DAZ
FAEMADSE—— B R & FMREILEE ¢, i
Kk, (k,c)-BZPRYPIAT A EDET EHE
HERTET cWlh. BEZEM, (k) -B#
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35 (k+1,¢) MR (k,c+ 1) -8, 35, fbf]
BT 1Y e RBIE SN Cu(i) = k , AT 45
v J&TF (ko) -1, HEARNETF (k+1,0) -8, |
W v T RN ¢ WM. IBA (k,c)-
7 S(k, ¢) WA AR E XA T Ce(i) = k 171 5 4
G, MM ERET kBN o MBI S 5%
G gk ] LAZE kS, R AE Sk, e) AN RAS B kB
KAB. 2B, W 5t 5 A7 5 i,
BT SR T 2 BN 2 T, FilE
) Cy = 2. (2,2)-7% S(2,2) B SRR (R 35 5
EE, RAENIEBRERE T 2 B E R 2
M. k2 R S(k, 2) AN RES I kIR, 7E
K5 AT 2, [N S(3,2) NasdE, WA kR
3NN 2 M. I, BRI ¢ 0 B
DPERE

M
R(i) =Y g(e)Ce(i) /Ky (31)
c=2

Horpr MOZ I B i KB, g(c) AL EAL R
B, el LA s B AR B AR AT A 5 fa
YRR BEA A AR, Bl g(c) = 1.

- - (1,2)-%
- = (2,2)-%
- = (1,3)#

Bl 5 —ANEA 5 5 08 Y kA% i s 7 1 Y
Fig. 5. Diagram of a k-core decomposition of a hypergraph

with 5 hyperedges,

3.7.3 AL PIH

Aksoy S5 M T s-RAFNERL L (s<clo-
seness centrality). 1 55 CAEH K L IE
K s, FFREHOE SCR—A1 U, XA A
FE 5 rh i AR s[RI TE s AN (178 385 38 ) 2%
Hh B Z B2 R 1 450, Bt LATE 38
26 WA 10k ). ST, PRAHEE FAT g ZIAIAY s-BE

BT LLRE SOl il 2 [ B R s- e B, H):

ds(f,9)
RSB WAL f g
s-UFE K, 2 [T -5, (32)
o 4B f Rl g
’ AT 5T AE.

P oRE XA — 2R I s-IRAE L 0
]

|Es| —1
Cp= —>——, (33)
! > du(f.9)
gEE;

Hih B, ={ec E:le| > s}, MBI SAHOK
TEET s W

3.74 NP OM

A HF o PE (betweenness centrality) 12 T
R AEMZ8 {5 A REANE A T i . A
oo PEGE, BRI FUTE M 48 Ty i B
RO, T VP2 O RAR, INIMTETS15
STE ML S G AL RE A E) . R S EAE I 45 1
A B O M TR R R AR B LAY
UREIOR A B9 SR 46 TP B M. Xiaol™) R %
R 22 BAE T 4% E 54 B0 o M RE S )T 5
EEE L. A S LT A (hyperpath) BOMES
R R R AS R AR, AN ve, er, va, e, -
Vg, €q, Vg1 s R KE N ¢ RIS, HEETR AR
HFHE ™t P AR A 5O AR T R T L B
1 b AL

—x— 9k ()
B z”: s
(v;) = m

Forpr, gi AR v; 3] v, B4R B S A2 1 B
T gre (4) Frn 2319 s vi WO PITAT SRR B AR O S0

Lee Af 90 14" Ji& 17 Box 52 ELAE FH R0 45 1 4 %
L PEEE A . ARG ABITAILEL, — MU
BAZTRIR R 64 3 BirFAT, P AR A Ry vl T %o 2
(4 3 AN S H G R, BT I, AT i 6
BEAECTUHE (b-BO). S TR AEER, 58
s ZAL [ e e R IR, Ferp B2 i i
TR, T2 T RUR R4S R 1Y . 455,
Fa I — Ao LA, P i S I s Y
SO . AR A RS P 4 a5 A B o A

ciFkFL G<k (34)
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B A B O PR T LA AL B ) X 28 H )
KB BOEEE TE
3.75 HEmEPOMR

TE RS AR LS ) REAE ] 2 o R 3T
DORE A HLE: — AN S A E BRI T B 4R
JEAT SRR, I T X e S XA
WE7E 1972 4E il Phillip Bonacich #2 i} 01, 378
FE 22 L AT AR BT IZ N AR [ O T
&7 — AT AT R 4B ) E B R TR R
W HE B S AEE R SR E . RRE M
T R P 4 8 2 R O ) e AR IR AEL \ X JOE 1Y)
FRAIE 7]

1
Ei=5 Y. B

ter(i)
Forp o (0) 9749 a5 v BOARSE T AR
i 2 b, H oA A e T A E
FRAE ] B PO MRS E L0 AR d-S A d-H =
(V. B} b, 4 5 v BORFIE ] B O TR R

(35)

1
Ei:X Z F(Ejlﬁ"' ’Ejk—l)7 (36)
{i,j1,,jp-1}€E
,ﬂ\:':':‘%‘){—f': Vi ;Fﬂ%"f—i Uiy 5 Ugpa Iﬁj}%ﬂ:—‘%ﬂtﬂiﬂ,

FRAEEREL, —Fh g sy Jr v 2 Bk fn, |/
F (w1, ap—1) =a1 + -+ 31 . GRWAT LI
PER PREL, FEXFIMEDL T, O M A7 A PR R
—ER] DL i JE e PE Perron—Frobenius FiE 3 HIE
] 193,

3.8 /@

TER Z2 M4, AT LU A (entropy) BE i K
LREER N S 2 B E B, AT LRSI TR
FIRIHE . i Clausius® # H, J5 2K Claude Sha-
nnon 55— UK LS5 A BIE B e, e
T AR (Shannon entropy). Bk p = {p1,
pa, ot B HMR A, FFHWE < p <1
MY pi= 1, IAFARGE O

n

I(p) =— Z(pil()gpi)'

=1

(37)

TERE ) B TR TR Z A6
HIAEEE E L. Bloch F11 Brettol®s) N2 A1) FH ¢ B JE
e TR R, i1 ST —ANHr B 58 B

L=1II"= ((leiNe;]))ijeqi - FEIX B Bloch il
Bretto HZ5H T —FRERER I BRI ——
P5) HA 50 A SR IR R T Ak I
A 3c e Ho B — 3, BOBE Rk r(H) (K
) FE R —AN W BN/ M, SETT L A5k F
BB Z M a(L(H)) = Zl_ev d(z) . FrLLE
B A A0 T LAE SR

I(H) == pilogp
i=1

. le] le]
== tr(L(H)) log (tr(L(H ))>

eck

o (5) - ()

= log(N) — log(r(H)) = log(M). (38)
B2 Bk RREE TR R RSB R ] i
Hu 55 071 ) FH 50 B2 B0 32 00 A R 45 1 R
T, TR . RS R M P G a5
JEFS N {HDy, HDy, -, HD,,} , IR & 45 U]

- HD; HD;

=1 \> HD; Y HD;
j=1 j=1

log HD;

= log (i HDl-) — Xn: nHDi

i=1 i=1 ZHDj
j=1

(39)

Wang 45 O5 JUAE EE T I ASOHE P&T B TRT O,
Jedi i R S AR 2R AR B Y. T InAGE 1K
Kt TE S qi PR R AA B R A B
2, WA R A 220040 N

qi
M )

pi = Z]’:l %

&, otherwise,

Horp, ¢ FORHCBUNYIESE, ABESRRR 2. 15 24
H Y200 Z )5, e n] AT SRR A i

qi > 07
(40)

M
I(H) = — Zpik)gpi- (41)
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Table 2.  Summary of statistical indicators of the simplicial network.
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Fundamental statistics of higher-order networks: a survey
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Abstract

Complex networks serve as indispensable instruments for characterizing and understanding intricate real-
world systems. Recently, researchers have delved into the realm of higher-order networks, seeking to delineate
interactions within these networks with greater precision or analyze traditional pairwise networks from a higher-
dimensional perspective. This effort has unearthed some new phenomena different from those observed in the
traditional pairwise networks. However, despite the importance of higher-order networks, research in this area is
still in its infancy. In addition, the complexity of higher-order interactions and the lack of standardized
definitions for structure-based statistical indicators, also pose challenges to the investigation of higher-order
networks. In recognition of these challenges, this paper presents a comprehensive survey of commonly employed
statistics and their underlying physical significance in two prevalent types of higher-order networks:
hypergraphs and simplicial complex networks. This paper not only outlines the specific calculation methods and
application scenarios of these statistical indicators, but also provides a glimpse into future research trends. This
comprehensive overview serves as a valuable resource for beginners or cross-disciplinary researchers interested in
higher-order networks, enabling them to swiftly grasp the fundamental statistics pertaining to these advanced
structures. By promoting a deeper understanding of higher-order networks, this paper facilitates quantitative
analysis of their structural characteristics and provides guidance for researchers who aim to develop new

statistical methods for higher-order networks.
Keywords: higher-order network, hypergraph, simplicial network, statistics
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