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Table 1.  Determination of the proton-electron mass ratio through precision spectroscopy of hydrogen molecular ions.
E4y EEWITIM) BT (v, L) — (v, L) B3R /MHz A /MHz iinidia
HD+
Koelemeij .
| 0,2 4,3 6(0. ) [62) _
2007 (HHU) 1 (0,2) — (4,3) 214978560.6(0.5) 214978560.88(7)
2016 etB :fs}(lglgilm] (0,2) — (8,3) 383407177.38(41) 383407177.150(15)2  1836.1526695(53)
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0,0) = 0,1) 5 5. a 5. b ,
2018 S (HHU) (0,0)j=2 = (0,1) =3 1314935.8280(4)(3) 1314935.8273(10) 1836.1526739(24)
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‘ 0,0 0,1 5. . be
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Table 2.  Comparison of the combined mass ratio R determined from the measurements of different rovibrational tran-
sitions in HD* [17],
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2020 (0,3) = (9,3) 1223.899228735(28) 2.3 x 10711 VUl
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Vo) — 0,767 x 1076750 | (55)

Vime) = —32.616 x 10~ V0@ (56)
Vb — 138,256 x 100150 (57)

(55)—(57) A Z W T MM TTRK. (55) =X
R A R DTk R, R K TR a(Za)? In(Za)
W, (45) AHEE ARSI TE (56) 2XUF (57) =X
Hh, AR R BT R (Za)? (m/ M) B 89, 3L
AIT TTERAE A% B 2 L. R, T B SR
AL AE R A = B 1R 22, Rl HY A AE 4nEY
SLZH bp VU HD G 0B 2L 250 B, M B 1)
EI B IE SR 2

AB 2~ 0.93 x 1070V30W

AE™ ~0.93 x 10757300

AESM ~0.93 x 10767504 (58)

3.3.3  ©F AR TH A4 EAERKEDR

Haidar 4 9 §8 1, NRQED H&1#) ma” In(a)
I A5 R B i AN e 1A e SR B T, ME—
A TTHERITOE B T g i
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S =2 (HVQ (By — Ho) ™ QH™) .
4 BERBAFRBETEMER

4.1 HEITE

SRR T3 TR %3 0 PR AE ZR I A8,
H AP RGeS Eq FIE PREL Wo & 38 1o A8 4370 5K fif
AEAHXHE B B T PR A1

HoYy = FEo¥y, (59)
2 P2 P2
Hy=Le p “o L0 Ly (60)
2m = 2m, 2my

Zelq n VA n Zo Ly, 7
Ta Tp R
Hrp Hy 2280 B AEEXT ISR B, Vi
PECH, o M0 I FRR PR T, th THEC =1k
(] RBTC L AT SR A, Eo N W 387 il I AR ik g A
Hylleraas & pR BT HUE A, BRI v 210
SCHk [27-29).

B AN EF 2L QED & 1E 1Y 55 R0 G 56 0l & 1) —
Ml il AFEZ B R BB - T3 — T Re 1Y
SEAT R B o0 AT D ok figp B 4 S R A BT 001, B SR
FrATREEA A1 Sk, PR 2 A AT S AR5 1900, f
R XA RIUEC S ER O PIVAR GRS 7/ Bl v N Y P €1
FRAY. SEPRT SR B, B A iy A& B BE % AH B A%
T 7. HRS 4HE¥ 24 QED & 1E /Y B A& 1E 3 ]
PIKH Dalgarno-Lewis J5 i iE 471148 91.92),

SN S ¥ S B R s R S | I 7 e )
A LRI T SR TR O TR AU TR A R Ak
R R A B 2R B BAR T L, AT S S AL RN
BFF3 A2, 3 G VT ROERRS AN BT 435 SR S i
(Y HE B T IR R B A T X0 FR Ak, AT AR AR AH 1L 1 A
R BT I, T 0L T 3

V =

(61)

4.2 Hi BIEMEN

Hy KA RZE0D, be, o M1 d) AEUAE
R = A F8L, SR B 240 R oRTE. AL
2T, HAPIAZEL ¢, 1 dy MU T BSOS L.
BT bp 255 WL TSGR [49] 1922 II1 P, 6 T (v =
0-10,L =1,3) IR A, HiR2ZWH R 0.7—
0.9 kHz. ZH ¢, Ml d; 1Y e 25 5 00 43 51 51 F 3¢
ik [59] B2 T AR TV o, Horr e, AA (v = 0, 4—6,

L=1)M(v=0—1,L=2) %R, =2 0.10—
0.15 kHz Z[a], 1 dy WA (v =0,4—6,L =1) 1Y
g REEVERIN 11—17 Hz, B8 ¢ F1 dy 735505
N TR AZ ) A E- U A E- H AR B AR H 3K
T, ANE E T ma? By i) Breit-Pauli B 2510 &, H
W2 O/ N T HAL = A R EBUW R 22, B, XA
ARBATEEHEENRN. £ 35 T —efRi s
B R R 2B L R B P (0 = 78, L = 1) IREE S
HATA bp MEIREHE, 1 ., o, d Al dy MAKA
R KRR, TEFE IS, 1969 4F Jefferts SCH
TR ARG i 5 (9) e AT AN

Heg =b(I - se) +cI?sZ+d(L-se)+ f(L-I), (62)

Horble b T A% A TERAR AR R 5K REL 4,

It G130 REL ¢, WA 5 WA IER. X HAY

FH05 (9) X RECZ BIFETE DT e o &
b=br—¢/3, ¢c=dy, d=c., f=c. (63

1995 4F, Babbli6) %} Jefferts i 5256 80 #4717 &
B, FE T, BUMH, RiBRE] 2 FARBCF, =
254 1.5 kHz, HARZERILE 3.

BN, R G AR A R A  EORG 20 B R
FH, bp WSCEORS B e, IR TE JE ma® B I
B OO0 I s B 1A 2 RORGRE 0 AR 3 0]
VI, bp RBMSES SR EAMAT S, MRIE T
KT ZE bp WHEIRTE A T B TR 45T 2P Y
TERAYE. A TR b RUREEE, BRIR RS
fE‘: ma’” IKJ/I\E:E ma® FJ/I\EM'%IE %? Ce %ﬂ d1 %é&ﬂ’]
ma® B L & ma” In(o) B & 1E B BF5E 2 B Haidar
0N SERK, AR (v =4—6, L = 1) RS EUETT
BT o M dy BB, R mat BrELEE 58
R0, IF HISE SRR EZ MR EC 2/ T
SLH iR 2E B,

XFHY, TR s &G I %, H
TR A B SRR KR b BOBUE IR, T LLE Sk
HL T EIE s, 5T 4% A IE THb&, 15258 A e F.
R, BHIE F RS8P0 M LG, &2
S J

I=IL+I,, F=I+s., J=L+F. (64)

ARIEIFAAH A, AN ST AS AT REAL T AR R AY
HTA, (AN A B R S BRIk, ST A
ERR SIS, EATTAY L A e TR 108 0, XEERE
EANTHEE S T RBOR ), DY S A BE A 3l
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L SRIFEARERL. 105 PS5 FOBEAH R, e AT

L+1
Bu (F=1/2,7 =L—1/2) = _%Ce,

SH R TR TN 1, RN M AR, &

s L35k, Karr 25 931 7F 2008 4E45 11
THS fashwe S50 (1 F,J) W] REEBUE, 1RILE 4.
I, AT LU |FJ) K37s HY ARG AnEE 2428500 3l

L
B (F: 1/2,]2 L—|—1/2) = §Ce.

X TR THON L = 0 U3, AETEER A8 2L,
A —AREG. 2 LEarfin, 24 6 Mgl

(66)

EURAL. H LA, T =0, SRR0E T T

HA AN

ZEHS N, AER R A AP B B 2R

JHE B IS

7 AR

|F =3/2,J = L+3/2),
\F=3/2,J =L+1/2),
|F=1/2,J = L+1/2),

ths:ce(L-se):%(Jz—LQ—sg) . (65)

(67)

9, 3

£33 HF SRR ERE (9) IR OB R B, B0k KHz, AR I T RIS, BS R IE. 4 F

dy TFEFRLAF T 3(2L — 1)(2L + 3) A5 3CHk [51] thAy{EITAL
Table 3. The hyperfine splitting coefficients in the effective Hamiltonian of H;r , as appeared in Eq. (9), in units of kHz.

The first line of each rovibrational state is for the theoretical values, followed by the experimental ones. d; and d, need to be

multiplied by 3(2L — 1)(2L + 3) to match the values in Ref. [51].

L v b Ce el dy dy

1 0 922 930.1(9)* 42 417.32(15)" ~41.673¢ 8566.174(17)" ~19.837¢
922 940(20)5 42 348(29)31 ~3(15)5 8550.6(1.7)53
923.16(21)6

1 4 836 728.7(8)" 32 655.32(11)" ~35.826¢ 6537.386(13)" ~16.414¢
836 729.2(8)152 32 63607 ~34(1.5)° 6535.6152

1 5 819 226.7(8)* 30 437.80(11)" ~34.148¢ 6080.400(12)" ~15.531¢
819 227.3(8)P2 30 42102 -33(1.5)° 6078.7552

1 6 803 174.5(7)* 28 280.95(10)" ~32.385¢ 5637.627(11)" ~14.633¢
803 175.1(8)152 28 266052 -31(1.5)° 5636.052

1 7 788 507.5(7)"
788 507.9(8)6 26 156652 -29(1.5)° 5204.9152

1 8 775 171.2(7)*
775 172.0(8)P2 24 08002 -27(1.5)° 4782.252

TR A S BB IR TR, Sk [ SCHR[49]; P AL S R BB IR BTIR, Sk [ S0k [59]; © ORI mad MK Breit-Paulifg 545 (1 51k,
IRZENAHRETLL o ~ 5.3 x 1075 | 2k A CHK[51]; I UTE LT ma?* By i Breit-Paulilfs 80w 1Y STk, 1522 0 A W (B 3R LA
a? 2 5.3 x 1078 | 3 [ 3CHR[30]; © i Babb T 19954E F 3 L& SC U AR 3515, Sk 1 SCRHik[46).

F 4 HY TERRENEEhI A LR, WRERA MORIRLE B e T80 F RUE A S T80 T IME. n R AR R AR 408
ZEMEE , WS [93]) & 1

Table 4. Possible values of different total spin quantum number F and total angular momentum quantum number J that

H;’ may have under specific rotational quantum number L. n is the number of corresponding hyperfine splitting states, see

Table I in Ref. [93].

L 56 I F J n

0 1/2 0 1/2 1/2 1

1 1/2 1 1/2 1/2,3/2 5
3/2 1/2,3/2,5/2

1 1/2 0 1/2 L—1/2,L+1/2 2

¥ 1/2 1 1/2 L—-1/2,L+1/2 6
3/2 L—3/2,L—1/2,L+1/2,L+3/2
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\F=3/2,0=L—1/2),

F=1/2,J=L—1/2),

\[F =3/2,] =L —3/2). (68)
F1EB/ART L=1fL=3FFEL TSN
SURTEKE, L=10{0A 5 M HFEEFRE. @il
A FS T AU B i Her A IETT, 15
Bl Hegr 70 ERS 20 BF 2425 MO0 [

A0 0 0 0 0
0B C 0 0 0
5 0 C D 0 0 0
HS: 9
i 00 0 & F 0 (69)
00 0 F G 0
000 0 0 H
Hrp
be L
A=+ 5 lee+2e— (2L~ 1) (2d1 + dz)], (70)
b L—3 1
B—5+T(Ce+201)+§(l’+3)
x (2L —1) (2d1 + d2) , (71)
L(2L+3 1
Czﬁ(%_q)_f(u—l)
3 2
x /L (2L +3) (dy — dy) , (72)
D:be—g(cefllq), (73)
bp L+4 1
5_§—T(Ce+2cl)+§(l’_2)
x (2L +3) (2dy + do) (74)
L+1)(2L -1 1
7 VLD ) eom o)+ L 2L +3)
3 2
x /(2L = 1) (L +1)(dy — dz) , (75)
L+1
G=—br+ 6 (06761)7 (76)
bp  L+1
M= - %[ce+2cl+(2L+3)(2d1 +da)]. (77)

TR, R Z AT E L, T2 d F dy LI R
$3(2L — 1)(2L + 3) , LAS3GHR [93] 1 (12)—(19) =X
PRFE—30 BAh, AEXT A TTRE RN T B A Bhit JAH[R]
ENSNEN A NEEIEN

H RS 20 B R4 380 1 W] LA o % A Ak e
Hug 3615, 32 5 M T HRS 4H5F 2478 2 (R BR A4 %
MESAEFISEI(E, A 1.2—1.6 MrfkiRzEl
Bl A — 2. T REAY R 22 R 2 ¢, REUT ma™ B1E

AR AR RS R P A AR

i LRTR, Hy HURTARES S oL T R AL bp
A C 242 A AL, (BT ¢, M dy BT
DA B 5 SR A R — BRI L, 7T AT 2
RSB A E-PUE ma” BirfE b AR £

J

3/2
F=3/2 5/2
(v, L=1) 1/2
3/2
J
9/2

7/2

5/2
3/2

5/2
7/2

1 ANTETHSRES (v,L=1,3) KB40 5 2
=yt
Fig. 1. Hyperfine structure of hydrogen molecular ion H;r

rovibrational states (v,L =1,3).

4.3 HDBFEHELEM

HD KB R BT A TR 6, Hrp (U
TS ¥ KIS (v, L):(0, 0), (0, 1), (1, 1),
(6, 1), (0, 3), (9, 3) HYZE S, HD RS 40 BF 2 &
$4 Breit-Pauli P52 i 119 5TER 7T 2% 5| 3C [47] 11
TABLE II, Hrp 8l e K =4 R85 E),
E5 F1 By, 43 56 b B F - F e BAE R Y
P I, L E BE- ST AR AR FH 04 1 R
L [ -5 £ i A BAE . k2 B Al
B, o B N TR L, SRR L A E- T
T B AH ELAE FH ) 5K 2 500R HL T A - A EFH
HAEF R kT HA REL By, B3, Ex F Ey L6 B,
IN A EHRLL L. B ) mal ERSAT T A Korobov
L HAVEZ SR, $EUL513C [48] ) TABLE 111 E,
By 1) ma® PHEIETHA B Karr 5858 1, 7051
X [49] B TABLE V. E; il E; fima® Fiflma’ In(a)
K QED FREFAH Haidar 255258, FEWLE]SC [50]
) TABLEII MITABLEIIL E, fma” In(a) B QED
TR ZE RG] F5]13C [50] 1) TABLE L. 4 6 i85 1
THREEAS (1,0) MRG0 BT 2 A E-H0E M gh A0 b
VEFRE G 2B By, B Ml E; B2 (E. XX =4
A SLRE SIS0 IR 2575 2.0—3.3 FrifE 2
PN, JE T BHE L
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*£5

HY 7RG (v=4—8,L =1) T, BRFAEFAE (F, J) Z BT FRBIE S I A5 R K, S MHz. 5

—A714& Korobov &5 P8 157 (Y BS54 — AT AYSEIR(EDR IR T SCHK [52]. X T v = 4—6 FIBRIT (1/2,3/2)—(1/2,1/2) ,
HBEC T 2022 AFFFRVEHT P, ARRL A SEIR B A 513C [94]

Table 5.

al state (v=4—8,L=1),

Comparison of theoretical and experimental transition frequencies between hyperfine states of H; in rovibration-

in MHz. The first row shows the theoretical values calculated by Korobov et al.l’8; the experi-

mental values in the second row are from the Ref. [52]. For transitions (F,J) = (1/2,3/2)—(1/2,1/2) for v =4—=6, the

theoretical values were updated in 2022/, and the corresponding experimental values are cited from Ref. [94].

!

33\ _(35
2’2 272

33\ (31
2’2 272

(23)~(52)

(23)-(2)

33y (13
272 272

4 5.7202 74.0249 15.371316(56)* 1270.5504 1276.2706
5.721 74.027 15.371407(2)" 1270.550 1276.271
5 5.2576 68.9314 14.381453(52)* 1243.2508 1248.5084
5.258 68.933 14.381513(2)" 1243.251 1248.509
6 4.8168 63.9879 13.413397(48)* 1218.1538 1222.9706
4.817 63.989 13.413460(2)" 1218.154 1222.971
7 4.3948 59.1626 12.4607 1195.1558 1199.5506
4.395 59.164 12.461 1195.156 1199.551
8 3.9892 54.4238 11.5172 1174.1683 1178.1576
3.989 54.425 11.517 1174.169 1178.159

2R A 51309 RIS P ok A 51 3C[94) ) SE5E.

#* 6 U R HD YRGS AL, S0 kHz. IRFEES (0, 1) RS B, Es M E; SX8{E (3£ =14 H) i Haidar

252 150) J\ SRR 23 PP

Table 6. Hyperfine coefficients for rovibrational states of HD*, in kHz. Experimental values (the second entry) of coeffi-
cients Ej, E; and E; for rovibrational state (0, 1) were extracted by Haidar et al. in Ref. [50] from experimental data(®.
(v, L) (0, 0) (0,1) (1,1) (6, 1) (0, 3) (9, 3)
A 31985.41(12) 30280.74(11) 22643.89(8) 31628.10(11) 18270.85(6)
31984.9(1)
Eyl17) ~31.345(8) ~30.463(8) ~25.356(7) ~30.832(8) ~21.304(6)
E,4 —4.809(1) —4.664(1) -3.850(1)* —4.733(1) -3.225(1)
E) 925394.2(9) 924567.7(9) 903366.5(8) 816716.1(8) 920480.0(9) 775706.1(7)
pAL 142287.56(8) 142160.67(8) 138910.27(8) 125655.51(7) 141533.07(8) 119431.93(7)
Eg50] 8611.299(18) 8136.859(17) 6027.925(13) 948.5421(20) 538.9991(12)
8611.17(5)
E, P 1321.7960(28) 1248.9624(27) 925.2072(20) 145.5969(3) 82.7250(2)
1321.72(4)
Eglt] -3.057(1) ~2.945(1) ~2.369(1)" -0.335 -0.219
Ey) 5.660(1) 5.653(1) 5.204(1)* 0.612 0.501

T RIT kT, A SRR T

XF HDT, ok AR B R AR MO T
5 #9 A Jie- A AR EAE AR R By, HUCOR T
5T FE- FURER FAE IR 300 B, hiFL 5
Jie- B TE AR EL AR H BT XS LA R B B LE B/ 5 A7
Pt o0& B A Sl i T U

F=s.+I,, S=F+1I, J=L+S§. (78)

5 HS B0, SFFIRES (v, L), AT H AT REAY
KEANEF RS | FST) (FEWLER 7), 115 HD 155300

Wi (5) BIFEREIT, SR 5 XA M AT A, B
AT BRAGAH R PRI A (A B A A0 B 2.

MFE 7 HET T, — A HDHRTE S0 24
KEAnEs s, | 2 J& HDHREEZ (v, L > 2) RS
YRR, M L =00 4 MEBRAEFAE, 7
FIXERE (F,S) : (0,1),(1,0),(1,1),(1,2) 5> X4 H—
ARG AN B S RE DL, L= 1H 10 S HE
B, Horh (F, S) = (1,2) 8328 L > 2y fE /b
TJ=L-28J=L—1W ML L>2
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AT 12 ISRRANEY 2, WLIAT 2. %5 1 2 e e S 2Z ) i i 2578 2—5 INAREZE Z [8), R BRAT
AF =0, AS=0H AJ =0,£1, FIMREEAN S IS 2 (8] A 22 KT 5 MRifEZE, Do

BRI BRA ARG A 45 . UL (v, L) = L2 RF] 9 AFRE2E. Haidar 4576 3k [50] s
(0,0) — (0, 1) sl ZRITERA 32 SHATANETR . J
F 8 BT SRR BF LRI AT 1 2878 i 5 P/ —
KA. Rl LI (A #8730 1) Al 22 b I
6 1 AFRUEZE LA, B4 (0,0) — (1,1) MG 0EF 2L e | osen i
12 — 16 [ ABREARF (0,0) — (0, 1) HREAIEF \ . I
19 — 21 [A] BRI AR AR - BRAT A 4 1 BRI Al r
(v, L)
R 7T HDHREEZS (v, L) WTRERA BB A IE M 3l
i FALEMBhE TRYE
Table 7. Possible total spin angular momentum F
and total angular momentum J values for HD™ rota-
tional state (v, L). F=0 S=1 §+1
L F S J L-1
Lo Fhne 12 SUNTE T HDAREEA (o, L > 2) BRI 41052
1 0 S
B
1 L-1,L,L+1 Fig. 2. Hyperfine structure of hydrogen molecular ion HD*
2 L—-2L-1,L,L+1,L+2

rovibrational states (v,L > 2).

# 8  HDHBRGABZERITIAR f; (IS IHASIRE AL, B kHe. fi; = f5 — fi, XB f BREERIT (v, L) — (v, L)
TG i ERABE A%, 255 SR (23, 24, 64]. Ay = 57 — Sl R SIEZ IR, oo = {[u(f5")*+
[u( fheor)|23}1/2 S0 5 S L2 I RUPRIEDR 2E, SXHL w(f) F7R fHOAIDR IR 22

Table 8.  Comparison between experimental and theoretical results for some hyperfine intervals, in kHz. f;; = f; — fi,
exp

where f; is the ith hyperfine component of rovibrational transition (v,L) — (v',L’), see Refs. [23, 24, 64]. A;; = f.*

7
fl?l}e"r is the deviation between experimental and theoretical frequencies, and oc = {[u( ffj’.‘p)]2 =+ [u( fl?l}e"r)]z}l/ 2 is the

standard deviation, with w(f) being the relative uncertainty in f.

i FSJ — F'S'J j FSJ — F'S'J 5 fiheor g, Aij Aij/oe

(v=0,L=0)— (' =0,L' =1) fi;" K[1313[23]

12 122121 14 100101 2434.211(75) 2434.465(23) ~0.254 32
12 122121 16 011012 31074.752(43)  31074.102(56)  —0.350 4.9
12 122121 19 122123 43283.419(54)  43284.10(12) ~0.677 5.0
12 122121 20 122122 44944.338(72)  44945.289(64)  -0.951 9.8
12 122121 21 111112 44996.486(61)  44997.14(11) 0.652 5.3
14 100101 16 011012 6939.541(66) 6939.636(42) -0.095 1.2
14 100101 19 122123 1949.208(47) 1948.63(11) ~0.423 32
14 100101 20 122122 20810.127(88)  20810.823(63)  —0.696 6.5
14 100101 21 111112 20862.275(79)  20862.673(91)  —0.398 -33
16 011012 19 122123 12200.667(41)  12209.994(72) 0327 4.0
16 011012 20 122122 13870.586(62)  13871.187(42) 0.601 7.9
16 011012 21 111112 13922.734(49)  13923.037(51)  -0.303 4.3
19 122123 20 122122 1660.919(70) 1661.19(10) ~0.274 22
19 122123 21 111112 1713.067(59) 1713.042(25) 0.025 0.4
20 122122 21 111112 52.148(6) 51.850(75) 0.298 2.8
(w=0,L=0)— (=1, =1) [} FHFIX64]
12 122121 16 122123 41294.06(32) 41293.66(12) 0.40 1.2
(v=0,L30) — (v/ = 9,1 =3) fi}’ FH5I3[24]
F=0 014014 F=1 125125 178254.4(9) 178245.89(28) 8.5 9.0
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SPECIAL TOPIC—Precision spectroscopy of few-electron atoms and molecules

Review of the hyperfine structure theory of
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Abstract

The study of high-precision spectroscopy for hydrogen molecular ions enables the determination of
fundamental constants, such as the proton-to-electron mass ratio, the deuteron-to-electron mass ratio, the
Rydberg constant, and the charge radii of proton and deuteron. This can be accomplished through a
combination of high precision experimental measurements and theoretical calculations. The spectroscopy of
hydrogen molecular ions reveals abundant hyperfine splittings, necessitating not only an understanding of
rovibrational transition frequencies but also a thorough grasp of hyperfine structure theory to extract
meaningful physical information from the spectra. This article reviews the history of experiments and theories
related to the spectroscopy of hydrogen molecular ions, with a particular focus on the theory of hyperfine
structure. As far back as the second half of the last century, the hyperfine structure of hydrogen molecular ions
was described by a comprehensive theory based on its leading-order term, known as the Breit-Pauli
Hamiltonian. Thanks to the advancements in non-relativistic quantum electrodynamics (NRQED) at the
beginning of this century, a systematic development of next-to-leading-order theory for hyperfine structure has
been achieved and applied to Hf and HD" in recent years, including the establishment of the ma” In(«) order
correction. For the hyperfine structure of Hj , theoretical calculations show good agreement with experimental
measurements after decades of work. However, for HDT, discrepancies have been observed between
measurements and theoretical predictions that cannot be accounted for by the theoretical uncertainty in the

7

non-logarithmic term of the ma" order correction. To address this issue, additional experimental measurements

are needed for mutual validation, as well as independent tests of the theory, particularly regarding the non-

7

logarithmic term of the ma’ order correction.

Keywords: hydrogen molecular ions, hyperfine structure, quantum electrodynamic (QED) corrections, spin-

orbit and spin-spin interactions
PACS: 31.15.aj, 31.30.Gs, 31.30.J—, 31.30.jy DOI: 10.7498/aps.73.20241101

CSTR: 32037.14.aps.73.20241101

* Project supported by the Key Program of the National Natural Science Foundation of China (Grant No. 12393821) and the
National Key Research and Development Program of China (Grant No. 2021YFA1402103).

1 E-mail: zxzhong@hainanu.edu.cn

203104-20


http://doi.org/10.7498/aps.73.20241101
https://cstr.cn/32037.14.aps.73.20241101
mailto:zxzhong@hainanu.edu.cn
mailto:zxzhong@hainanu.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Chinese Physical Society

%ﬂ *ﬁActa Physica Sinica

Institute of Physics, CAS

AN TETRRALAERIER
A IRAE

Review of the hyperfine structure theory of hydrogen molecular ions

Zhong Zhen-Xiang

5] Fi{& B Citation: Acta Physica Sinica, 73, 203104 (2024) DOI: 10.7498/aps.73.20241101
TEZE RT3 View online: https:/doi.org/10.7498/aps.73.20241101
BHAPIZS View table of contents: http://wulixb.iphy.ac.cn

FEAT ARG HoAh S

Articles you may be interested in

WS HD 23 IR BRI AR AR 2 1

Hyperfine structure of ro—vibrational transition of HD in magnetic field

WIFEAEA. 2021, 70(17): 170301 https://doi.org/10.7498/aps.70.20210512

BrF 31 HL R AF A R S Sl A I TS

Simulation of hyperfine-rotational spectrum of electromagnetic dipole transition rotation of BrF molecules

PrPReEd. 2023, 72(4): 043301 https://doi.org/10.7498/aps.72.20221957

AR T PRI RES A RS AR A AL KR I el 1
Hyperfine interaction constants and Land é g factors of clock states of Al-like ions

PFEEEAR. 2023, 72(22): 223101 hitps:/doi.ore/10.7498/aps.72.20230940

EnACIEIDN Al D P R i e €0 Tl R S a2 it DR 7B R

Physical origins of complex interference structures in harmonic emission from molecular ions stretched to large internuclear distances

PyFEEEAR. 2023, 72(8): 083101  https:/doi.org/10.7498/aps.72.20222410

FRLRAEAH LA IR FBE- BB RS & B -2 N T EER R i Pk 3l Ty 2
Quench dynamics of a spin—orbital coupled Bose—Einstein condensate with nonlinear interactions

YrHE2E 4. 2023, 72(10): 100309  https://doi.org/10.7498/aps.72.20222401

AT A BE- PR A - N T SRR A BE 55 50 T2

Tunneling dynamics of tunable spin—orbit coupled Bose—Einstein condensates

YIBR2A 4. 2022, 71(21): 210302 hitps:/doi.org/10.7498/aps.71.20220697


https://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.73.20241101
http://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.70.20210512
https://doi.org/10.7498/aps.72.20221957
https://doi.org/10.7498/aps.72.20230940
https://doi.org/10.7498/aps.72.20222410
https://doi.org/10.7498/aps.72.20222401
https://doi.org/10.7498/aps.71.20220697

	1 引　言
	2 氢分子离子超精细结构的研究历史
	3 氢分子离子超精细结构理论
	3.1mα4阶自旋相关的Breit-Pauli哈密顿量
	3.2mα6阶相对论修正
	3.2.1 电子自旋-原子核自旋相互作用标量项
	3.2.2 电子自旋-轨道相互作用
	3.2.3 电子自旋-原子核自旋相互作用张量项

	3.3 更高阶的修正
	3.3.1 电子自旋-轨道相互作用
	3.3.2 电子自旋-原子核自旋相互作用标量项
	3.3.3 电子自旋-原子核自旋相互作用张量项


	4 超精细劈裂数值计算和结果
	4.1 数值计算
	4.2H2+超精细结构
	4.3 HD+超精细结构

	5 结　论
	附 录A 超精细劈裂的角动量代数
	A1 一阶微扰算符[59]
	A2 二阶微扰算符[48]
	A2.1 不可约张量积约化
	A2.2 不可约自旋算符
	A2.3 轨道算符的约化矩阵元


	参考文献

